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Preface

Scattering of electromagnetic or acoustic waves is of widespread interest, be-
cause of the enormous number of technological applications developed during
the last century. The advent of powerful computing resources has facilitated
numerical modelling and simulation of many concrete diffraction problems
and the many methods developed and refined over the last three decades have
had a significant impact in providing numerical solutions and insight into the
important mechanisms operating in scattering problems.

It is fair to say that the study of diffraction from closed bodies with smooth
surfaces is well developed, from an analytical and numerical point of view,
and computational algorithms have attained a good degree of accuracy and
generality. However, the accuracy of present-day purely numerical methods
can be difficult to ascertain, particularly for objects of some complexity in-
corporating edges, re-entrant structures, and dielectrics. Historically, these
structures have been less tractable to analytical methods.

Our objective in the second part of this two-volume text on scattering and
potential theory is to describe a class of analytic and semi-analytic techniques
for accurately determining the diffraction from structures comprising edges
and other complex cavity features. This is a natural development of techniques
developed in Part I [1] for the corresponding potential problem. Various
classes of canonical scatterers of particular relevance to edge-cavity structures
are examined.

There are several reasons for focusing on such canonical objects. The ex-
act solution to a diffraction problem is interesting in its own right as well as
of direct technological interest. As Bowman et al. [13] state, most of our
understanding of how scattering takes place is obtained by detailed exami-
nation of such representative scatterers. Their classic text is a collation of
well developed analysis for closed bodies of simple geometric shape; our anal-
ysis quantifies the effect of edges, cavities, and inclusions by examining open
scatterers of similarly simple geometric shape. Such results are invaluable
for assessing the relative importance of these effects in other, more general
structures. Some solutions developed in the text are analytic, others are semi-
analytic, providing a linear system of equations for which the solution accu-
racy can be rigorously determined. Canonical scattering problems highlight
the generic difficulties that numerical methods must successfully tackle for
more general structures. Reliable benchmarks, against which a solution ob-
tained by such general-purpose numerical methods can be verified, are needed
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to establish confidence in the validity of these computational methods where
analysis becomes impossible. This is important in wider contexts such as
inverse scattering.

Mathematically, we solve a class of mixed boundary value problems and
develop numerical formulations that are computationally stable, rapidly con-
vergent and of guaranteed accuracy. The diffraction problems are formulated
as dual (or multiple) series equations, or dual (or multiple) integral equations.
These were intensively studied in Part I with analytical regularisation tech-
niques that transform the part of the series equations to a well behaved set of
equations (technically, second-kind Fredholm equations).

All the problems considered in this book are analysed from a common per-
spective: a mathematically correct formulation of the scattering problem is
subjected to rigorous analysis followed by solution and extensive physical in-
terpretation. Chapters 2—6 examine a variety of acoustic and electromagnetic
scattering problems for spheres with apertures and slots, with some consid-
eration of dielectric or metallic inclusions. In Chapter 7 we examine the
analogous problems for open spheroidal structures using a specially adapted
version of the method of regularisation. Although the main thrust is three-
dimensional, some canonical two-dimensional structures, such as slotted cylin-
ders and strips, are considered in Chapter 8. The adaptation of regularisation
methods to noncanonical structures is illustrated by the study of the singly-
slotted cylinder of arbitrary cross-section. Discs of circular and elliptic shape
are analysed. Illustrative applications of these methods to periodic structures
and waveguides are provided.

We hope this book will be useful to both new researchers and experienced
specialists in mathematics, physics and electrical engineering. In common
with Part I the analysis is presented in a concrete, rather than an abstract
or formal style. It is suitable for postgraduate courses in diffraction and
potential theory and related mathematical methods. It is also suitable for
advanced-level undergraduates, particularly for project material.
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Chapter 1

Mathematical Aspects of Wave
Scattering.

The scattering and diffraction of waves is universally and ubiquitously observ-
able. It involves the transfer of energy and information without bulk motion;
light, sound and elastic waves as well as less obvious varieties are important
to us in natural and technological senses. Whilst human perception of the
natural world depends heavily on interpreting light and sound waves, the last
century has seen the birth of many new technologies exploiting electromag-
netic waves, such as telecommunications, radar (including remote sensing and
imaging radars) and lasers; in the acoustic domain, ultrasonic imaging finds
application in non-destructive testing and medicine.

Further development and exploitation depends crucially on mathematical
modelling and analysis of wave phenomena — radiation, propagation, interac-
tion and diffraction by obstacles and detection of the scattered field by sensors.
Such models allow us to interpret the intrinsic information contained in waves
that are otherwise invisible (or inaudible), to infer the presence or absence of
certain types of scattering features in the environment and ideally, to identify
the shape and location of the objects responsible for the wave-scattering.

At a fundamental level Maxwell’s equations or the scalar wave equation
completely describe all electromagnetic or acoustic phenomena, when supple-
mented with appropriate boundary, radiation and edge conditions. A vari-
ety of analytical and numerical techniques have been devised to solve these
equations, but certain classes of direct and inverse scattering problems still
challenge us to devise reliable, robust and efficient methods for their solution.

Our principal interest is in the scattering and diffraction from canonical
structures having edges and cavity regions that possibly enclose other scat-
terers. Apart from their intrinsic interest, such results provide insight into the
relative importance of the diffraction mechanisms operating in complex scat-
terers. Because these canonical objects contain geometrical features that are
representative of the larger class of such scatterers, their intensive study of-
fers insight into the important mechanisms (such as edge scattering, aperture
coupling mechanisms, and internal cavity oscillations) that may dominate the
scattering response of other scatterers with similar features. Moreover the an-
alytical and semi-analytical solutions developed in this book provide accurate
benchmarks for the development and testing of approximate scattering meth-
ods and general purpose numerical algorithms designed for three-dimensional
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finite open scatterers with cavities.

The purpose of this chapter is to survey mathematical aspects of wave scat-
tering. Thus we shall formulate the appropriate wave equations and discuss
the conditions under which existence and uniqueness of solutions can be as-
sured. There are several classic texts that provide a greater depth of our
necessarily very brief treatment, for example [41], [42], [17], [74] and [38].
The method of separation of variables is surveyed as are Green’s functions,
integral equation formulations of scattering and dual series equation formu-
lations of scattering that are shown to be equivalent. Methods based upon
dual series equations and dual integral equations are central to our studies in
subsequent chapters on diffraction from spherical and spheroidal cavities and
other structures with edges. These methods were introduced in Part I [1] in
the context of potential theory, and this volume extends their application to
the wave diffraction context. The chapter concludes with a brief survey of
various numerical methods for scattering.

1.1 The Equations of Acoustic and Electromagnetic Waves.

In this section we describe the equations governing the propagation of acous-
tic and electromagnetic waves, namely Maxwell’s equations and the Helmholtz
equation. Our treatment is brief and the reader is referred to [41] for a more
substantive development.

Acoustics may be described as the theory of the propagation of small distur-
bances in fluids, liquid or gaseous. The propagation arises from the rarefaction
and compression of the fluid that causes a change in the density. In a medium
in which viscosity and thermal conductivity can be neglected, and the flow
is isentropic, i.e., is constant throughout the medium, the pressure p is a
function of density p only. The equations of motion connecting the density
p = p(7,t) and the fluid velocity ¥ = ¥ (7,t) as functions of position 7
and time ¢ are given in [41]. The first is the conservation of mass law,

op | oy
Eerlv(pv)—O. (1. 1)

Defining the total derivative by

Df _of
Dt o TV oeradS

for each scalar function f = f (77,t), Equation (1. 1) is equivalent to

Dp oy
Eﬁ‘ﬂle(U)—O. (1 2)
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In the absence of external stimulus, the second equation of motion is then

DV 1 2
Tz:—;gradp:—%gradp, (1. 3)

where
2=
dp
is the square of the speed of sound; it may vary throughout the medium.
Suppose that at rest the fluid is uniform and has constant density py. Now
consider disturbances in which the velocity stays small, so that the corre-
sponding perturbation in density p; = p — po is small. Neglecting second
order terms of magnitude p|7’|, the governing equations become

9P1 | o div (T) = 0, (1. 4)
ot
ov a?
= — O orad 1.5
= grad (1. 5)

where

0= (dp) |
dp P=po

The sound speed ag is uniform throughout the medium. Eliminating @ from
(1. 4) and (1. 5) produces the wave equation

1 8°p

Vp = = —.
P~ ag ot?

(1. 6)

Introducing the velocity potential U = U (7, t) via
U = —gradU,

the perturbation in sound pressure about its mean value pg = p (pg) equals

ou
PL= 0y
The velocity potential also satisfies the wave equation
1 0°U
VU = & ——. 1.7
at ot? (1.7)

When the density perturbation p; varies harmonically in time it may be
represented by

p1=p1 (7)) e ™, (1.8)

and equation (1. 6) reduces to the Helmholtz equation

V2o (7)) + k1 (7) =0 (1. 9)
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where k = w/ag is the wave number; the velocity potential also satisfies the
Helmholtz equation, and
p1 = —iwpoU. (1. 10)

We shall be interested in the scattering or diffraction of acoustic energy
by obstacles that are hard (or rigid) or are soft. The appropriate boundary
condition to be applied at each point P on the surface S of a hard scatterer
is

v =0, (1. 11)

where 70 is a unit normal vector at P, i.e., the normal component of the fluid
velocity vanishes on the surface. Equivalently

au
on

on S. The soft boundary condition asserts that the pressure perturbation p;
vanishes on S, or equivalently,

n-gradU =0 (1. 12)

U=0 (1. 13)

on S. For a fixed interface where there can be motion on both sides, we require
that the normal component of velocity be continuous across the interface,

w-v =1 Uy (1. 14)

where 7 and v5 denote the velocity on either side of the interface. This is
equivalent to continuity of g—g across the interface. Also continuity of pressure
will be enforced so that U is continuous across the interface.

The acoustic (or sound) energy density is

1 , 1
AL +§a§ lo11? /o (1. 15)

and may be recognised as a sum of densities of kinetic acoustic energy and
potential acoustic energy arising from compression of the fluid. In terms of
the velocity potential (in the time harmonic case) it equals

1
W, =50 {|gradU|2 + K2 \U|2}. (1. 16)

Related to the energy density is the acoustic intensity that is the rate of
energy flux per unit area across a surface and is defined by

ou
T = agp v = —Pogy grad U. (1. 17)

In the time harmonic case the complex acoustic intensity is employed and the
change in energy flux per unit area per oscillation cycle equals

590 Re (plv ) =-3 Re (iwpoU grad U™) = —5wPo Im (UgradU™*), (1. 18)
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where the star () denotes complex conjugate. The energy crossing a closed
surface S with outward unit normal 7’ is thus

/T-Wd :—prIm/U—ds (1. 19)
S

If U represents the total velocity potential in a source free region bounded by
S, this integral vanishes; this statement represents the conservation of energy
law.

The electromagnetic field is described by Maxwell’s equations (see [41])

OB

1E = —— 1.2

cur 5 (1. 20)
. 9D -

l|H = — 1. 21
cur o +J ( )

divD =p (1. 22)

divB =0 (1. 23)

where the current density J and charge density p are regarded as sources of
the electromagnetic field. The vectors E and H are known as the electric and
magnetic intensity, respectively; the vectors B and D are known as the mag-
netic and electric flur density, respectively. The current and charge densities
are connected by the equation of continuity or conservation of charge law

ap
div.J + == =o0. 1. 24
ivJ + 9 ( )
For electromagnetic fields varying with time harmonic dependence e~ *?,
Maxwell’s equations take the form
cwl E = iwB
curlH = —iwD + J
divD = p
divB =0 (1. 25)

where all field quantities are vector functions of position (but not time).
The macroscopic electromagnetic equations must be supplemented by the
constitutive equations connecting field intensities with flux densities. In free
space
D=eyE, B=puH (1. 26)
where g9 and pg are the vacuum permittivity and permeability, respectively.
They are connected by the relation

1

c= (eopo) 2,
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where ¢ is the speed of light in free space ( 3-108 m/sec) o has value
471077 henry/m and so g9 = 1/ppc? = (1/367)-10~? farad/m. The quantity

Zo = (Ho/%)é

is known as the impedance of free space; it has approximate value 1207 ohms.
In isotropic bodies the constitutive relations are

D=c¢E, B=puH (1. 27)

where ¢ and g are the medium (possibly position dependent) permittivity
and permeability, respectively. In isotropic metals the current density J and
applied field E are connected by the medium conductivity o via

J=0E. (1. 28)

For most metals o is so large that it is reasonable in theoretical investigations
to replace the metal by a fictitious perfect conductor in which o is taken to
be infinite.

Thus in a homogeneous isotropic medium Maxwell’s equations become
curl E = iwuﬁ
cwrl H = —iweE +J
divE = p/e
divH = 0. (1. 29)

When the medium is free from charges and currents (p =0, J = ()) Maxwell’s

equations can be reduced to the pair of vector wave equations relatively E
and H

curlcurl E — K?E =0 (1. 30)
curleurl H — k*H = 0 (1. 31)
where
2 2 w?
k* = wep = —aCrlir (1. 32)

is the square of the relative wavenumber, and &, = €/gg and p,. = p/po
are the relative permittivity and permeability of the medium, respectively.
Throughout the text we will denote ¢, and fr by e and Iy respectlvely

For any vector A with Cartesian form A A1 1+ A2 1o + A3 i3, the
identity

— — —
curlcurl A = graddiv A — V24 (1. 33)

holds, where the interpretation of the final term on the right hand side of (1.
33) is
— — —
V2A = V2AL0y + V2 Azis + V2 A3is.
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Consequently Equations (1. 30)—(1. 31) simplify to

V2E+KE =0 (1. 34)
V2H +k*H =0 (1. 35)

In the general case (p # 0, f;é 0) we have

R . - 1 -

V2E + k’E = —iwpJ + 7 grad div J (1. 36)
1w

V2H + k*H = — curl J. (1. 37)

Corresponding to the acoustic energy density is the electromagnetic energy
density:

1 L2 L2
WZQ{EQE‘E‘ +u0,u‘H‘ }7 (1. 38)

representing a sum of electric and magnetic energy densities.
- =
The Poynting vector % (E X B) measures the energy flux density per unit

area across a surface in the normal direction. In the time harmonic case, the
average energy flux density per oscillation cycle (per unit area) across the
interface is %Re (E x B*).

Suitable boundary conditions for the electromagnetic problem will be dis-
cussed in Section 1.5.

The direct solution of the equations (1. 34)—(1. 35) or (1. 36)—(1. 37) is not
always convenient because of the presence of many unknowns. For this reason,
alternative representations of the electromagnetic field are used. One such
representation uses scalar and vector potentials denoted ¢ and fT, respectively.
For a homogeneous isotropic medium, the divergence free magnetic field may
be expressed in terms of a vector potential A as

- 1 -
H= —curlA
7
and hence the electric field may be expressed in terms of a scalar potential ¢

as
E = —grad¢ + iwA. (1. 39)

There is some arbitrariness in the choice of the potentials; they may be chosen
to satisfy the Lorentz gauge condition

div A — iwepd = 0 (1. 40)

from which it follows that
V2A 4+ kK2A = —ul, (1. 41)
V26 + k¢ = —p/e. (1. 42)
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We will also find it convenient to use the Hertz vector to describe the
electromagnetic field. The Hertz vector II is connected to the vector and
scalar potentials by

A= —iwpell, ¢=—divil (1. 43)
and satisfies the vector wave equation
VI 4 K0 = —p/e. (1. 44)
In turn, the field vectors E and H are connected with the Hertz vector by
E =cuwlewlIl, H = —iwe curlIl. (1. 45)

It should be noted that the representation of the electromagnetic field in
terms of a Hertz vector is gauge invariant in the sense that, if I is replaced
by o+ grad x where

V2x + k*x =0, (1. 46)

equation (1. 44) continues to hold while E and H are unaltered (see [41]).

This gauge invariance of the Hertz vector makes it possible to find a repre-
sentation in terms of only two scalars when there are no sources of charge or
current present. The proof is given in [41] where it is shown that there exist
two scalars IT and M such that

E = curlcurl (HE) + k% curl (ME) , (1. 47)

H = —iwe curl (HE) — twe curl curl (Ml;) , (1. 48)

where k is a unit vector aligned with the z-axis. With the substitution IT1(") =
—iwe M we may rearrange (1. 46)—(1. 47) in the form

E = curl curl (HE) + jwp curl (H(m)l_c') , (1. 49)

H = —iwe curl (HE) + curl curl (H(m)E) . (1. 50)

Both the electric Hertz vector 11k and the magnetic Hertz vector MK are
directed along the z-axis. Since we are at liberty to take the z-axis in any suit-
able direction we conclude that any electromagnetic field, in a homogeneous
isotropic medium free of charges and currents, can be expressed in terms of an
electric Hertz vector and a magnetic Hertz vector both aligned in a direction
that can be chosen at will. Thus, in the absence of charges and currents, any
electromagnetic field has a representation in terms of the two scalars II and
Inm,

There is a useful classification of electromagnetic waves that we shall employ
extensively in this book. If the direction of wave propagation is defined by
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the unit vector E and the structure of the electromagnetic field is such that
E¢ # 0 and He = 0, the waves are termed transverse-magnetic (TM waves)
or waves of E-type, or TM to 5 (if the direction 5 needs specification). If
the structure of the electromagnetic field is such that Ex = 0 and Hs # 0
the waves are termed transverse-electric (TE waves) or waves of H-type, or
TE to £ Formulae (1. 49)—(1. 50) show that any electromagnetic field may
be expressed as the sum of a TM field and a TE field generated by scalar
functions IT and IT1("), respectively.

In Cartesian coordinates (z,y, z) the TM waves are obtained from a scalar
II, via

9211 0211 92
E, = 2 E,=—Z2 E I 1. 51
"= apas BV an B <a2+k) (1. 51)
= -k g =g g, (1. 52)

gy v "o

and the TE waves are obtained from a scalar Hgm) via

o™ o™
E, =ik B, — -kl E. =0, 1.
i 9y y h—_ 0 (1. 53)
32H(m) 82H(m) 62
H,= "2 ==  H, k2 ) 1mim), 1. 54
oxdz = Y Oyoz (82+ > i (1. 54)

In polar cylindrical coordinates (p, ¢, z) it is usually preferable to operate
with two scalar functions that are the z-components of electric I, and mag-
netic II{™. The TM waves are governed by

UL 10 (a? k2>

P 9pdz’ ¢’;a¢az’ 922
ik OI1, 81'[
Hy=-="2"¢%m, H, =0,
P p 06 op’
and the TE waves are governed by
277(m) 277(m) 2
L | L G e ey
P 9poz p 000z 022 i
ik o™ o™
E, == . By = —ik . B, =0. 1. 55
P p 8¢ ¢ 8p ( )

The reduction of the Maxwellian vector equations to scalar Helmholtz equa-
tions that are themselves separable is termed separation of Maxwell’s equa-
tions. This procedure that is distinctive of Cartesian coordinates and other
orthogonal curvilinear coordinate systems can be effected in only very few
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coordinate systems. Let us determine those systems where such separation is
possible.
First consider the homogeneous form Maxwell’s equations that follow from

—
(1. 29) by setting J =0,p=0
— —
curl E = jwpyH (1. 56)

— —
curl H = —ijwe E (1. 57)

In theoretical studies it is common to use a more symmetrical form of these
equations. The quantities Z = (u/e)% and v = (6u)_% are the impedance
and velocity of propagation of electromagnetic waves, respectively, in medium
with the parameters ¢ and p. Note that

iwp = ikZ,iwe = ik/Z

where k = w/v is the relative wavenumber. If we replace H by Zﬁ, the
equations (1. 56)—(1. 57) take the symmetrical form

— —
curl E =ikH (1. 58)

— —
curl H = —ikE (1. 59)

It should be noted that this form of Maxwell’s equations (1. 58)—(1. 59) will
mostly be used throughout the text; the impedance Z usually refers to the
impedance Z; of free space.

In an orthogonal curvilinear coordinate system with coordinates uy,us, us
and Lamé coefficients hy, ha, hs (see Section 1.1 of Part I [1]) the equations
(1. 58)—(1. 59) take the form

0 0
— (huyFBuy) — = (hy, By ) = tkhy hy, Hy 1. 60
o () = o O Bu) = b b, He, (1 60)
0 0 .
% (hugHug) — @ (huaHua) = _ZkhuahugEuw (1 61)
where the index triple («, 3,) signifies any cyclic permutation of the triple

(1,2,3).
Now suppose that the total electromagnetic field is representable as a sum
of two particular types of waves, characterised by

Ey, #0,H, =0 (1. 62)

and
E, =0H, #0, (1. 63)

respectively, where index u; (I = 1,2 or 3) identifies the field component along
the coordinate line u;. Thus, (1. 62) describes electromagnetic waves of T M
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type (E-polarised), and (1. 63) describes electromagnetic waves of TE type
(H-polarised).

Let us now suppose that (1. 62) holds. Then fix the value of v to be | and
obtain

0 0

o (huy Buy,) = Fun (

where both remaining indexes j, k are automatically fixed. This relationship
(1. 64) will be satisfied identically if we represent E,, and E,, in the form

hu, Eu,) (1. 64)

1 oU* 1 oU*

E, = ——— =
e B, Ouj’ Y5 By, Oug

(1. 65)

where U* is some function. Now substitute (1. 65) into (1. 61), with v = j, k
and H,, = 0 to obtain

0 By By, OU*
— (hy, Hy,) = o kL 7
ou; (P Huy ) = i hy, Ou;
0 . hy, hy, OU*
— (hy, Hy,) = —ibh——~+— 1. 66
8ul ( s ]) ! huk auk ( )
These relationships (1. 66) are satisfied identically by setting
ou ik oU ik oU
Ur=— = —— =-— — 1. 67
B ho, Ouj’ b T, Ouy ( )

where U is some function.
Furthermore, our assumption will hold if and only if the metric coefficients
of orthogonal curvilinear coordinate system uq, us, u3 satisfy the conditions

9 huj _
P =1 (hw) =0. (1. 68)

Let us substitute the expressions (1. 67) in that equation (1. 59) for which
v =1. We find that

1 0 (hy OU 0 ([ hy, OU
EF, =——|=— LA —_— J . 1. 69
L P oy, [auj <huj auj) - Oug (huk auk)] ( )

In addition, starting from (1. 67) one finds from (1. 65) that

1 82U 1 9%U
rF, =——F, =———. 1. 70
U ho, OujOu;’ YE T By, OugOuy ( )

Thus, all components of the electromagnetic field E and H are expressible in
terms of a single function U. Substitutions of these expressions into the two
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as yet unused equations from (1. 60) shows that the function U must be a
solution of the differential equation

1 0 ([ hy, OU 8 [ ha, OU PU
s L0 () * B )|+ # 0 =0 027

We conclude from (1. 71) that the expressions for electromagnetic field
components are

1 02U ik oU
Buy= — ooy H, = =i
7 huj Ou 0wy / P, Oug
1 02U ik OU
By = —-2~_ m, 1. 72
F hy, Ougdu k huJ auj ( )
62
E, =5 +kU, H, =0
ou? uj

In the TE case (1. 63) we obtain analogously

g ROV 1PV
Y By, Oug’ v hu; OujOuy’
ik OV 1 0%V
B, =——— H, = — , 1. 73
e huj auj’ b huk 6uk8ul ( )
0?V 9
E,, =0, Hul:a2 + K2V,

where V' is an auxiliary scalar function that satisfies the equation (1. 71).

Thus, in those orthogonal curvilinear coordinates ui, us,us, where condi-
tions (1. 68) are satisfied, the total field is expressible in terms of two scalar
functions U and V as

1 0%U ik OV

E, =— + -—
7 hyy OuiOup o hey, Oug,
1 0%U ik OV

E, = i
* huk Bukaul huj 8uj
o*Uu -,

1 0V ik oU
T hy, 8uj5ul Py, Auy
1 0%V ik oU
© Tour Ourdu | by, Ouy

82
H, = 5 2 + k2V.
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The conditions (1. 68) on the Lamé coefficients are satisfied in generalised
cylindrical coordinates (rectangular Cartesian, elliptic, parabolic and other
systems constructed from two-dimensional planar orthogonal systems com-
bined with the third Cartesian coordinate z, in a direction normal to the

plane) and also in spherical coordinates.

In standard cylindrical polar coordinates, based on the circular cylinder,
the Lamé coefficients are h, = 1,h, = p,h, = 1, so conditions (1. 68) are

satisfied and (1. 74) takes the form

E = aQU +%87V
P 0pdz T p Op
1 0*°U oV
E,=- —ik—
Y p 0oz ik ap
0*U
E, = —— +k?
2= 52 + kU
2 .
PV kU
0pdz  p Op
1 9%V ou
H,=- ik—
Y popdz + ap
0%V
H, = — +k*V.
9.2 + E°V.

(1. 75)

In this case we may identify the functions U, V' with the electric and magnetic

scalar Hertz potentials:

U=IL, V=1, (1. 76)
In spherical coordinates the Lamé coeflicients are h, = 1,hg = r,h, =
rsin 6, and conditions (1. 68) are satisfied and (1. 74) takes the form
0*U
E, = — +kU
or? +
B - 1 02U n ik oV
0= 000r " rsing dp
1 0°U ikoV
E,=—————— 1.
® rsinf dpor r 00 (1.77)
0?V
H, = — +kV
or? +
1 0%V ik oU
HG = -
r000r  rsinf Oy
g L OV kU
Y rsin@dpdr T 00
where U and V' are solutions ® of the differential equation
0?® 1 9 0P 1 0?0
a= —~ (sing— |+ —— T~ L K2 =0. 1.
or? * r2sin 6 00 (Sm 00 > r2 sin? § Op? * 0 (1. 78)
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With the substitution ® = r® or U = U, V = rV, (1. 78) is reduced to the
Helmholtz equation

0%2® 209 1 a(_ aq>> 1 9%®

—+ —— — — +K®=0. (1.79
or? + r Or + r2sin 6 06 r2sin? 0 Op? * ( )

To avoid some further confusion, we will always use the notation U and V
for scalar functions U and V in the spherical coordinate system context, and
consequently the expressions for electromagnetic field components take the
form

0% (rU) 9
E, = 92 +k* (rU)

_ 132 (rU) ik OV

Eo = r 000r sin@%
1 o02(rU) OV
Ep = rsind 0pdr Zk% (1. 80)
0% (rV) 9
H, =
92 + k% (rV)
102 (rV) itk oU
Hy = — -
r 000r sinf Jy
1 o02(rv) _OU
He = rsind Opdr Zk%'

The functions U and V will be termed by their historical names as the
electric Debye potential and the magnetic Debye potential.

The representation of electromagnetic field significantly simplifies when the
field does not depend upon one of the coordinates and may be done concretely
in terms of the electromagnetic field components themselves.

Suppose the electromagnetic field does not vary along the z-axis and thus
is essentially two-dimensional (0/9z = 0). Equations (1. 58)—(1. 59) separate
into two independent parts. In Cartesian coordinates (x, y, z) we obtain

1 OE, 1 9E, 0H, OH,

H, = — , H = —— , —ikE, = 1. 81
ik Oy Y ik Oz ’ ox Jy ( )
and
1 0H 1 0H OF OF

E,=——""2 = ———, ikH, = —% — L 1. 82
* ik 0y Y ik Ox ’ Ox Oy ( )

where both E, and H, are solutions F' of the Helmholtz equation
VAF +K*F =0. (1. 83)

The electromagnetic field for which only the three components H,, H,, I,
do not vanish is called E-polarised; the electromagnetic field for which only
the three components F,, E,, H, do not vanish is called H-polarised.
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In polar cylindrical coordinates we have two similar representations,

1 OF 1 0F 1[0 0H
_ z = T2 _GkE. == |=(pH.,)— =L| (1. 84

and

P Tikp 09 T ik op

1 0H, VoH, . 1[0 . 3E,
ikH. — [ap<pE¢> %], (1. 85)

where again F, and H, are solutions of the Helmholtz equation (1. 83).

The representation of an axially-symmetric electromagnetic field is also sig-
nificantly simpler. We now consider Maxwell’s equations in polar cylindrical,
spherical and prolate spheroidal coordinates. Axial symmetry results from
setting 9/0¢ = 0; in cylindrical coordinates we obtain two types of electro-
magnetic field,

1 0H, 110 0E, OE.

Ep = % 92 E, = _E;Fp (pH¢)7 ZkH(iJ = Dz - 3p (1 86)
and
1 0Ey 1190 oOH o0H
= — — H = —_———— E — E = P - z 1
r ik 0z % ikpdp (PBy). ikEy 0z op’ (1. 87)

where both the azimuthal electric 4 and azimuthal magnetic Hy, components
of the field are solutions ® of the partial differential equation

10 [ 99\ 9% 1
~9(,2= — =0+ k2D =0. 1. 88
p Op (p 3/)) p? (%)

022

Equation (1. 88) differs from the axisymmetric Helmholtz equation in polar
cylindrical coordinates (8%5 = 0) by an additional term (fp*2<I>), ie., the
Hertz vector components are not solutions of the Helmholtz equation. How-
ever it is readily seen that the functions ® (p,z)cos¢ and @ (p,z)sin¢ are
solutions of the Helmholtz equation.

In spherical coordinates we also have two types of electromagnetic field,
governed by

NGO _@'o
Br = rsinf 90 (sin6Hy), Eo= ro or (rHy),
_ 1(0 OE.
and
@t o _ o
H, s 90 (sinbEy), Hp= o (rEg),
. 1(0 0
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where both Hy and Ey4 are solutions F' of the partial differential equation

19 <r28F>+ 1 9 (Sing6F> —l piwr=o (1. 91)

r2 Or or r2sin 6 90  r2sin2 0

Equation (1. 91) differs from the Helmholtz equation in the presence of the
term — (r?sin® 9)71 F'; however the functions F (r,0)cos¢ and F (r,0)sin ¢
satisfy the Helmholtz equation.

In prolate spheroidal coordinates (&, 7, ¢) related to rectangular coordinates
by the transformation [29],

v = S0 (€~ 1)) coso,
y=5[1-7) (€ - 1)] sino,
z= gnf (1. 92)

where d is the interfocal distance, and —1 <n < 1,1 < ¢ < 0, 0 < ¢ < 2m;
the Lamé coefficients are

d (€2 = 3 d (e —p2 3 d o s 1
he = = hy == Jhey = - |(1— —1)|*.
=5 (52r) m=3 (55%) he=sl0-P) @ -)
(1. 93)
Since the conditions (1. 68) are not satisfied in spheroidal coordinates,

it is not possible to represent the electric and magnetic field vectors E: H
in terms of two scalar potentials that satisfy two scalar equations, each of
which is separable. However the separation of Maxwell’s equations can be
achieved if the scattered field does not depend on the azimuthal coordinate ¢
(0/0¢ = 0). In this case the electromagnetic problem reduces to two scalar
problems, because Maxwell’s equations (1. 58), (1. 59) separate into two
independent systems of equations:

1 9 2\ 3
He = m% [(1 — 1) E¢] (1. 94)
Hy=—+ 9 [(€-1)! B, (1. 95)
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and )
{(1 —n?)? H¢] (1. 97)

[(€-1)" 1] (1. 98)

[N

Hy = ~( )2 g{(g_?f)%Eg}

1

(*=1)% 9 [0 23

Here ¢ = gk is the nondimensional frequency parameter.
The system (1. 96) describes a field of magnetic type (H¢ # 0, B¢ = 0)
whereas the system (1. 99) describes a field of electric type (He = 0, E¢ # 0).
From the system (1. 99) we deduce the second order partial differential
equation satisfied by the component Hy = Hy (€, 1),

0 0 0 0
g (€0 ggrt] + 5 [0 g+

2 (2 2 1 1
{c (=) 1—n? 62—1]
This equation is separable (see the next section). The other field components
(E¢, Ey) are readily obtained from Hy = Hy (&, 7).

After this brief introduction to the representation of acoustic and electro-
magnetic fields, it is clear that the Helmholtz equation plays a pivotal role in
describing wave fields of various physical origins. Thus, in the next section we
examine its solution by separation of variables in some different coordinate
systems.

H,=0. (1.100)

1.2 Solution of the Helmholtz Equation: Separation of
Variables.

In this section we use the method of separation of variables to construct
a general solution of the Helmholtz equation in the basic coordinate systems
that we intend to exploit in solving wave-scattering problems for structures
with edges. Laying aside its physical interpretation suppose that the function
1) satisfies the Helmholtz equation

V3 + k2 = 0. (1. 101)
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In Cartesian coordinates (z, y, z)

Py Py Py,
32t T am RS0 (1. 102)

and in accordance with the method of separation of variables (see Chapter 2
of Part I [1]) we seek solution in the form

P(x,y,2) = X ()Y (y) Z (2).
Equation (1. 102) is transformed to
1 xr + Ly + Lo +k2=0 (1. 103)
X Y Z ’ '

where the primes denote derivatives (with respect to the relevant argument).
Thus there are constants (separation constants) v and p such that

1
YX” = 2 (1. 104)
1
Yy = 2 1.1
v n (1. 105)
and
1
72 == (V¥ +p® —k*) =0. (1. 106)

The solutions of equations (1. 104)—(1. 106) define partial solutions or sepa-
rated solutions of equation (1. 103),

Yy, y,2) = {A (V) cosve + B (v)sinva} {C () cos py + D () sin py }
x {E(u, p) eV Rz Ly, M)e—\/ﬂﬂﬂ—k%}, (1. 107)

where A, B,C, D, F and F are functions only of the separation constants. The
general solution is given by integration over the spectral parameters v and p,
lying within the intervals v € (0,00) and p € (0,00),

1/}($7y72) :/0 A 1/Jup(337y72)dVdM~ (1 108)

Both parameters v and p in representation (1. 107) are continuous. The
choice is not unique. In some problems additional conditions may dictate that
one or both separation constant may be discrete. For example, suppose that
¥(x,y, z) does not depend on the variable y, and is periodic in the coordinate
r with period [, i.e.,

W(x,z) =(x+nl,2) (1. 109)
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where n is integral. Then nontrivial separated solutions are found only when
the separation constant v takes the values v, = 27mn/l = v,. In this case
equation (1. 107) is replaced by

Yn(x, 2) = { Ay, cos (Ypx) + By sin (y,2) } {Enez VIR 4 FLe Y 73_’“2}
(1. 110)
and the general solution is given by

Y(z, 2) = Zl/)n(x,z). (1. 111)

This situation occurs in the examination of scattering by a periodic structure
consisting of an array of infinitely long and parallel thin strips.

Now consider the Helmholtz equation in polar cylindrical coordinates (p, ¢, 2) ,
10 0 102 0?
-z pﬂ + = f+71§+k2¢:0. (1. 112)
pOp \' Op p? 0 0z
As always, we can obtain three representations that are discontinuous in each
coordinate. However as we do not intend to solve wave-scattering problems
for wedges, we omit consideration of solutions that are discontinuous in coor-
dinate ¢. The method of separation of variables seeks solutions in the form

Y (p6.9) = R(p)®(9)Z(2), (1. 113)
with 1 d ( dR) 1 d?*® 1d*°Z

—— (p=—= )+ =+ =—= +E*=0. 1. 114
pR dp pdp PP dgp? +Zdz2 + 0 ( )

It is evident that the function ® may be assumed to be periodic, with period
27; so, the relevant separation constant is discrete,

1d*®
— 2

- = — 1. 11
D dop? ( 5)
where m = 0,1,2,...; for suitable constants A,,, and B,,, the solution is
® = A, cosmeo + By, sinme. (1. 116)

As there are no special requirements on the functions R (p) and Z (z), the
second separation constant v is continuous and we obtain a pair of ordinary
differential equations for these functions,

1 d dR m? 9
S (Al ) L 1. 117
pR dp (pdp> P> v ( )
1d*Z
ZaE (v —k*) =0. (1. 118)
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Rearrange (1. 117) in the standard form of Bessel’s differential equation
d dR 9 N b
o (xdx> + (#* =m*)R=0, (1. 119)

where © = vp; the general solution is a linear combination of the Bessel
function J,, (z) and the Neumann function Y,, (x) (of order m),

Ry, (vp) = Crn (V) I (vp) + Din (V) Yo (vp) (1. 120)

where Cy, (v) and D, (v) are independent of p. Equation (1. 118) has the
obvious solution

Z(2)=Enm ) e V" £ Dy (v) e VR (1. 121)

where E,, (v) and F,, (v) are independent of z. Thus the general solution
that is discontinuous in z is given by

o0

(0, 6,2) = 3 (A cosme + By sinme) x

m=0
[e%S)

{Cm (V) I (vp) + Din (v) Yo (vp)} X

{Em (v)e VK= 4 Dy, (v) eV”Lkzz} dv. (1. 122)

0

The representation (1. 122) is useful for the analysis of wave-scattering by a
circular disc.

Let us now construct the solution discontinuous in coordinate p. The differ-
ential equation (1. 115) is unchanged, but for the other differential equations
different choices of separation constant will be made, so that

d*Z 9
and
d’R dR
2 2 2 2 2 _
pd72+pd7_[(y — k%) p* +m*] R =0. (1. 124)

Equation (1. 123) has solutions in terms of trigonometric functions,
Z, = E (v)cos(vz) + D (v) sin (vz) (1. 125)

where D (v) and F (v) are independent of z. Equation (1. 124) coincides with
the differential equation for modified Bessel functions, having solutions

Ry (0) = Con () I (V2 — k2p) + Dy, (V) K (V02 — k2p) (1. 126)
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where Cy, (v) and D,, (v) are independent of p. The general solution is
¥ (p, @, 2) Z (A, cosme + By, sinmg) x
m=0

/000 {Cm (V)Im( V2 —k:2p) + D,, (V)Km( V2 —k:2p)}

x {E (v)cos(vz) + D (v)sin (vz)}dv. (1. 127)
If the function ¥ (p, ¢, ) is periodic in coordinate z with period I,
¥ (p,d,2) =9 (p, 0,2+ nl), (1. 128)

where n is integral, the continuous parameter v is replaced by a discrete
parameter v, = 27n/l = ~,. Periodicity condition (1. 128) occurs for example
in connection with the periodic structure of a finite hollow cylinder array.

Let us now find separated solution representations of the Helmholtz equa-
tion in polar spherical coordinates (r, 6, ¢)

L0 (L0 L0 (G g 00) L9,
2 or <7" 8T>+r2sin989 <sm986 t raZaagr TR W =0 (1 129)

Following the method of separation of variables, we seek a solution in the form

P(r.0,0) = R(r)© () ®(¢) (1. 130)
and its substitution in (1. 129) produces

—— dR R S (P N S
Rr2 dr r* Or2sinfdo \° ®r2sin? 0 do? e
(1. 131)

Amongst possible variants, we select the solutions that are discontinuous
in coordinate r. These are especially useful in solving scattering problems for
spherical geometry. The solution must be periodic in the coordinate ¢ (with
period 27), and we use a discrete integral separation constant m,

1d%® 9
This has solutions
D, (¢) = Ay, cosme + By, sinme (1. 133)

where A,, and B,, are constants.
The separated equation for the function © also employs a discrete and
integral separation constant n,

1 d do m?
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With the substitution z = cos# this equation is the well-known differential
equation for the associated Legendre functions,

d 9 dO m?
dz[(1—z)dz}+<n(n+1)—l_22)@_o (1. 135)
having general solution
©(0) =C'P (cos8) + D' Q1 (cos 9) (1. 136)

where C]" and D] are constants; however because we seek only bounded
solutions, we may set D" = 0.
The separated equation for the radial function R is (with « = kr)

d dR
o <x2dx) +[2*—n(n+1)]R=0. (1. 137)
The substitution R = z~2R; transforms (1. 137) to Bessel’s differential
equation,
d [ dR, ) 1\’
Bl et _ - = 1.1
xdw(xdx)+ T <n—|—2> Ry =0, ( 38)
with general solution
1
Ry =EyJ, 1 (2) +FanlJ2% (x) (1. 139)
where E,, and F,, are constants. The functions
1 1
)= () (1) _(lf @)
in@ = (55)" Jupy @0 WD @) = (52) HY, @ (1 140)

are the spherical Bessel function and spherical Hankel function (of first kind),
respectively. In this notation the radial separated solution is
R(r) = Epjn (kr) + F,h&) (kr). (1. 141)

In electromagnetic wave-scattering by spherical structures, it is usually con-
venient to use the so-called spherical Bessel functions in Debye notation

(@) = i () = () 1,

(o (z) = 2hD () = (%)§ HY, (). (1. 142)

Thus, the general solution representation of (1. 131) that is discontinuous
in coordinate r is

Y (r,0,¢) = (A, cosme + By, sinmg) x

m=0

i {Enjn (kr) + Dph() (kr)}Pfl” (cosf). (1. 143)

n=m
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For the prolate spheroidal system (£, 7, ¢), introduced in equation (1. 92)
the scalar wave equation

(A+K)U=0 (1. 144)
takes the form
Ol _n9U |, 9 {_ . 20U
73 [@ & 05] +577 [(1 ) an}
62 _,,]2 82U

+ +P(E-n)U=0 (1. 145)

(-1 (1 -n*) 0¢?
where ¢ is a dimensionless parameter proportional to the ratio of focal distance
d to the wavelength A : ¢ = k% = W%. The method of separation of variables
provides solutions of the form

Umn = Rmn (C, §) Smn (Ca 7]) { . m¢ }

sin mao

where m = 0,1,2,..., and n = m,m + 1,...; the functions R,,, (c,&) (£ €
(1,00)) and Sy, (¢,m) (n € (—1,1)) are the prolate radial and angle spheroidal
functions, respectively. These functions (with m and n zero or positive in-
tegers) appear in many physical applications exploiting spheroidal geometry.
They are discussed in depth by Flammer [29].

The prolate radial and angle spheroidal functions satisfy the ordinary dif-
ferential equations,

jg[(52—1)553}+{—A+02€2—£2m21}}2:0, 1<&<oo (1. 146)
d o d s 5 m? B
dn[(1—n)dns}+[>\—cn _1—772]3_0’ -1<n<1, (1. 147)

respectively, where the separation constants A = A, (¢) lie in an infinite
discrete set.

The solutions of the equation (1. 147) associated with the eigenvalues
Amn (€), that are defined over the interval —1 < 1 < 1 and are finite at
n = 41, are the prolate spheroidal angle functions of the first kind, of order
m and degree n, denoted Sy, (¢,n). They possess a Fourier series expansion
in associated Legendre functions (see [29], [50], [122]) of the form

Son (c;m) = Y 'd™ ()P, (n) (1. 148)
r=0,1

where the prime over the summation sign indicates that the summation is
over only even values of » when n — m is even, and over only odd values of r
when n —m is odd. The angle functions Sy, (¢,7) reduce to the associated
Legendre functions of the first kind of integer order and degree, as ¢ goes
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to zero. They are normalised by the requirement that the norm N,,, of the
p-a.s.f. defined by

/1 Spn (€:1) S (c,m) dn = {Ng”“ ”:m} (1. 149)
—1 0, n#m
has the value fixed by Flammer [29] to be
o= {2 Sz
) (2r4+2m+1)r! ’

where the Fourier coefficients d7"™(c) are those that appear in (1. 148).
A related constant that appears in calculations with this function is

m;om—n 1— 2
£ g YT (1. 151)

2mm! njgrio Smn (¢,1)

= Ny (¢) g ( S a0 (’"”m)') L (1. 152)

7!
r=0,1

Xmn (€) = Nin (€)

The radial prolate spheroidal functions of first, second, third and fourth
kind are defined as the solutions of the equation (1. 146) at A = Ay, (¢), over
the range 1 < £ < 0o, that possess the following asymptotics

R() (c,€) = L cos {c{ - g (n+ 1)} L0 ((05)72)

§
R() (c,€) = %sin [cﬁ - g (n+ 1)} +0 ((05)72)
R, (c,6) = éexp {z (cg - g (n+ 1))} +0 ((05)72>
Rinn (6:8) = éeXp {_i (Cé - % (n+ 1))} +0 ((06)72) (1. 153)

as c€ — oo, respectively. It is obvious that Rfﬁ% (c,&) = R%ZL (c, f)—i—iRgLZL (¢,§)
and RG) (c,€) = R (c,&)— —iRG (c €). Any two functions chosen from these
four are 1inearly independent.

When ¢ 5 goes to zero and § goes to infinity, so that d§ = r remains constant,
the four functlonﬁ (1. 153) reduce to the spherical Bessel, Neumann and
Hankel functions of the first and second kind, respectively. In this book we
use the radial functions of first and third kinds; their Wronskian equals

W R (¢.6), BY (c.0)] =

RY (.6) LR® (c.6) - RY (c,6) L

7

R (c,€) =
9= ey

(1. 154)

dg dg
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The radial functions of the first and second kinds have the following series
representations in spherical Bessel functions j,,+, (¢€) and spherical Neumann
functions 7,4 (c£),

R’grlLZL ) - /(2 + )' mn o 52_1 ™2
R’g‘VQl’I)’L E:g;} = (Z mT! T*dr (C) ( €2 ) X

—0,1
S I (ir+m—n (2m +r)! mn Jmr ()
go;l (ir* )774 dr (C){nmir (cf) (1. 155)

where the Fourier coefficients d"™(c) are those that appear in (1. 148).

In the axisymmetric form of Maxwell’s equations, the method of separation
of variables is applicable. If solutions of the form Hy (§,1) = R (§) S (n) are
sought to Equation (1. 100), the pair of ordinary differential equations

;7|:(1_’I72) adns:| + |:)\—02772_ 1_1n2:| SZO, —1 SUS 1 (1 156)
d 2 d 242 1
df|:(£ —1)d§R]+|:—>\+C§ _52_1]]%:0, 1 <€ <oo, (1. 157)

with a separation constant A is obtained. The angle S (1) = Sy (¢,n) and
radial R (&) = Ry; (¢, &) prolate spheroidal functions with the index m = 1 are
solutions to these equations.

The field of magnetic type (He, H;, Ey) is governed by the system of equa-
tions (1. 94)—(1. 96); a second order partial differential equation for the
component E,(&,n) is readily deduced. It is also separable, with partial solu-
tions of the form Ey4 (¢,7) = R (&) S (n) satisfying (1. 156) and (1. 157).

Also, the systems (1. 94)—(1. 96) and (1. 97)—(1. 99) allow separation
of variables for the scalar functions P(£,n) = heEs and Q(§,n) = heHy,
respectively; P and @ are known as Abraham potentials.

1.3 Fields of Elementary Sources. Green’s Functions.

In the previous section we found various solutions of the homogeneous Helm-
holtz equation that arises in representing solutions to the acoustic wave equa-
tion or to Maxwell’s equations. As formulated in Maxwell’s equations (1. 25),
the sources of electromagnetic fields are the currents J and charges p. We wish
to consider compact source distributions for these equations. Useful mathe-
matical models of real sources are the so-called point sources, simulating real
compact sources by Dirac §-functions with the assumption that currents or
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charges are concentrated at a single mathematical point of space. This repre-
sentation of acoustical and electromagnetic point sources plays an important
part in the construction of solutions to wave-scattering problems.

Thus, we search for solutions to the inhomogeneous Helmholtz equation
with the Dirac d-function,

V3G + kG = —§ (? - 7) ; (1. 158)

N
the solution G (7, ! ) is known as a Green’s function in free space. (In this

equation 7 and r’ are the variable and fixed points, respectively.) It can be
readily verified that in three-dimensional space the solution of (1. 158) that

-
is radially symmetric about 7 = r’ is given by

ik| 7=
— le ‘
e (?,r’) = Ei‘?_ﬁ . (1. 159)

In two-dimensional space the Green’s function is

— ) —
Go (F.77) =~ L1 (k|7 - 7

) : (1. 160)

As k — 0 the inhomogeneous Helmholtz equation (1. 158) transforms
into Poisson’s equation (see [1.198] of Part I [1]), and the solutions of inho-
mogeneous Helmholtz equation (1. 159), (1. 160) are transformed, in the
three-dimensional case, to

— 1 1
S (77) - gt
3 r,Tr 471_’?)77

and, in the two-dimensional case, to

—

a — 7\ _ i — 7
ol 7,7 ——Elog ro—r

).

Let us consider the solution (1. 159) under the condition that k is nonzero,

— —
but ‘?)f | = 0. Then if |7 — ' | < 1,
— 7 1 1 : Lo 7 -
Gg(r,r)z— 7_>+’Lk‘—*‘7“—’l“ +O(|7r —r
4 ’?—T’ 2

(1. 161)
This means that in the vicinity of the point source the electromagnetic field is
of a static nature. In other words, the source singularity is always due to the

—
static term that can be easily extracted from the wave function Gg (?, T’ ) or
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Gs (?, 7) Thus the wave process (k > 0) merely modifies the static Green’s
function by the addition of a smooth term. This observation lies at the root of
the Method of Regularisation (MoR) to be exploited intensively in this book.

Let us now reproduce in a very formal manner further useful representations
of the two- and three-dimensional Green’s functions in Cartesian (x, y, 2),
polar cylindrical (p, ¢, z) and polar spherical (r, 8, ¢) coordinates.

. — —/> . . —
Since G3 ( r,T ) satisfies the homogeneous Helmholtz equation when 7 #

r’, and is a symmetric function of the primed and unprimed coordinates, we
—

may represent G (?, r') = Gs(z,y,2;2',y,2') in terms of the eigenfunc-

tions of the Helmholtz equation (see [1. 107] and [1. 108]),

-
G3 (?), T‘/) =
/ cosv (v — ') / f(vypu)cosp(y—y')e Vv vt =k = g,
0 0

(1. 162)

where the condition Im (\/u2 + pu2 - k2> < 0 is imposed to ensure that the

solution satisfies the radiation conditions at infinity (to be discussed in Section
1.5). Furthermore, f (v, ) is an unknown function of two spectral parameters
v and pu, to be determined. Substitute this form into equation (1. 158),
and integrate with respect to z over a small interval (z/ — e, 2’ + ) about 2’.
Remembering the continuity of the solution at z = 2’ and passing to the limit
€ — 0, we obtain

z=2z"40

gGg (,y, 22"y, 2) =—-6@x—-2")d(y—y) (1. 163)

0z

z=z'—0

or

(oo} [ee]
2/ cosu(x—x’)/ Fv,p) /2 4+ p2 —k2cosp(y —y') dvdp
0 0
=6(xz—2)o(y—y'). (1. 164)
Two applications of the Fourier cosine integral transform to equation (1. 164)

show that
1 1

fp=ss5——mm—s (1. 165)

27T2 ,/V2+M2_k2.
-

Thus, the function G3 (77 r ) is representable as

G (—> _/>) _

3\ r,T -

1 S 00 o ,

— cosv (z — x’)/ Me* Vvitud—k?|z—z |d1/d,u (1. 166)
27 0 0 /12 + /1’2 — k2
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where Im (\/1/2 + u2— kz) <0.

We may interpret this representation as an integrated spectrum of propagat-
ing and evanescent waves. For a lossless medium in the case when v24pu? < k2,
we have \/v2 + p2 — k2 = —i\/k? — 2 — p2. The integrand (1. 166) then de-
scribes a spectrum of propagating waves, running from the plane z = 2z’ along
the z-axis in both positive and negative directions. The propagation velocity

of these waves v, defined by v = w/ ’ v2 4+ pu2 — kQ’, is bigger than the veloc-

ity of light ¢. Uniform-phase wave-fronts are planar, but not coinciding with
the planes z = const; the uniform-phase wave-fronts tilt with respect to the
plane z = const varies, depending upon values of v and p. If the uniform-
phase wave-fronts of a plane wave does not coincide with the transverse plane
with respect to the direction of its propagation, it is called an inhomogeneous
plane wave. Thus, expression (1. 166) can be treated when v? + p? < k2
as a continuous spectrum of inhomogeneous plane waves, travelling along the
z-axis with different phase speeds. If v2 + p? > k? the value \/v2 + p? — k?
is real valued, and the waves are evanescent, i.e., oscillations of exponentially
decreasing amplitude as |z — 2’| increases. The uniform-phase fronts of this
spectrum also do not coincide with the planes z = const.

It should be noted that in the derivation of the expression (1. 166), the
z-axis or the y-axis could equally be taken as the axis of propagation of the
inhomogeneous plane waves.

If the dependence upon one of the coordinates is absent, for example the

y-coordinate (so 0/0y = 0), we obtain a two-dimensional inhomogeneous
Helmholtz equation to solve,

azGQ 82G2 2

52 + 5.2 +kGe=—-0(x—2")d(z— 7). (1. 167)

Making use of the same approach the corresponding two-dimensional Green’s
function is representable as

1 [*cosv(z—2a) —VERE ||
— —_— v #=*1d 1. 168
o7 /. w7 ¢ v ( )
where Im (\/ v2 — kz) <0.

In the same way let us find the Green’s function in polar cylindrical coor-

dinates. First we construct the Green’s function Gs (p, ¢, z; p’, ¢, 2’) that is
discontinuous in coordinate z. According to equation (1. 159),

GQ (SC, Z;xlv ZI) =

_>_/) 7i€ikR
Gg(r,r)félﬂ_ - (1. 169)

where

R=y/w—a) + =)+~ )

= \/p2 —2pp/ cos (¢ — @) + p2+ (z— 2)°. (1. 170)

© 2002 by Chapman & Hall/CRC



The inhomogeneous Helmholtz equation to be solved is

10 [ 0Gs 1 9°Gs | 0°Gs
R Y R +
pOp op p2 O¢? 0722

— 8= = )bz =), (117)

+ k%G5

-
With reference to the formula (1. 122) we seek a solution for G (T), r! ) in

the form

NE

G3 (p7 ¢7 2 pla ¢,7 Z/) =

J

where Im (V2 — k?) < 0. As before, we find

z=2z"40

(2—69) cosm (¢ — ¢') x

0

0 (V) o (') T (wp) 7= Ay (1. 172)

8
SR

0 AT
82G3(p7¢72707¢7z)

=—2ilp=)s0=¢). (1T

z=z'—0

Making use of the representations of the Dirac d-function in cylindrical coor-
dinates

= 2 (2= i) conm9 =) =5 6= ).
[ o) 1, (up)dp:iaw—u), (1. 174)

/oo 6im|zfzf|(]m (vp') Jm (vp) vdv (1. 175)
0

N
where Im (\/ v — k:2) < 0.

This expression represents an infinite spectrum of plane-cylindrical waves,
propagating along the z-axis in both positive and negative directions; when
1% — k2 < 0, the waves are propagating, but if 2 — k2 > 0 they are evanescent
(exponentially damped). At first glance it is not obvious that the radiation
condition is satisfied as p — oo. However taking into account the well-known
relations

T (vp') = (=1)" T (=),
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the expression (1. 175) may be converted to the following form,

_ L

(p7¢azpa¢ Z )
s

oo
Z (2—06p,) cosm (¢ — ¢') x
m=0
/ | Hy (') I (vp), p < ¢/ @ 177)
¢ k? T (o) HY (vp), p>pf,

where Im (\/ v?— kz) < 0. It can be seen that the expressions for spectral
density of these waves are different for p < p’ and p > p’ and satisfy the
requirements that the electromagnetic field be finite at p = 0 and satisfy the
radiation condition at infinity (p — o).

Let us now deduce another representation of the Green’s function G3 in
polar cylindrical coordinates that is discontinuous in coordinate p. Using

the same procedure, we seek the solution in the form, defined by the general
solution (1. 127),

Gs(p, b, 20,0, 2) =D (2 05,) cosm (¢ — ¢') x
m=0

Am N [ B (V2= F20) Ly (V2 —F2p) .p < p!
v Ay, () cosv (= — ) Ly (V2= R20) Ky (V2 = 2p) . p > pf

(1. 178)

where A,, (v) is an unknown function to be determined from equation (1. 171).
By construction the form (1. 178) already satisfies the continuity condition
at p = p’ and exhibits the correct behaviour at the special points p = 0 and
p — 00. As before, we also find that the following relation is true,

p=p"+0
— (- )EG—¢). (L 179)

p=p'—0

0
paipG?) (p7 ¢a 2 P/7 (b/a Z/)

To derive the desired expression we use the representation of the Dirac d-
function in polar cylindrical coordinates,

%/ cosv(z—2)dv=46(z—2"), (1. 180)

0

and the value of the Wronskian of the pair I,,,, K,,,

W (I (2), Ko (2)) = —27 1. (1. 181)

© 2002 by Chapman & Hall/CRC



A routine transformation produces the desired result

1
272

Z (2—02,) cosm (¢ —¢') x

m=0

G3 (pv 9072;/)/’ 50/7 Z,) =

*° Ky (V2 —k2p) Iy, (V2 — K?p) ,p < p/
d -7 " " ’ 1. 182
/(; VCOSV(z Z){Im(/V2k2p/)Km(/V2k2p),ﬂ>ﬂl ( )
where Im (\/ v? — k2) > 0. Using the well-known relations
I, ( V2 — k2p> = (=1)" Jm ( k2 — 1/2[))
K, ( V2 — k2p> = gimHHT(nl) ( k2 — u2p>
an alternative representation of equation (1. 182) is
1 o0
G3 (pa 9072;/7/7 80/7 ZI) = Tm mzzo (2 - 69n) cosm (90 - 90/) X
oo (1) /1.2 _ ,,2 4/ 2 2 4
/ dvcosv(z —2') Hy” (VE Up){’f;( k2 —v2p).p<p (1. 183)
0 Jm (VEZ = v2p") Hu' (VK> = 12p) ,p > ¢

where Im (\/ k2 — 1/2) must be chosen nonnegative. This representation is an
infinite spectrum of cylindrical waves propagating along the radial direction
with modulation in the z direction. When p > p’ and v? < k? the contribution
is damped as is obvious from the asymptotics of the Hankel function

S e
HY (up) = \/F—We’(“"*mf*ﬂ (1. 184)

as pp — 0o, with u = Vk2 — 2.

If there is no dependence on the z-coordinate z, we obtain the two-dimensional
Green’s function Gs (p, p; ', ¢’). We make use of the Fourier method to ob-
tain the representation

G (p.g;p', @) =

- HYY (kp') I (kp) ,p < p'
Z (2-1065,) am { T (k) HD (k) p > cosm (o —¢'). (1. 185)

m=0

N
By construction Gs (?, 7! ) is continuous at the point p = p’ and exhibits

the correct behaviour at the special points p = 0 and p — oo; it remains to
find the unknown coefficients a,,. Applying familiar arguments we easily find
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the desired representation
G2 (p7 ©; pla SD/) =

o (1) / ’
! (2—-09) Hn (k:/p)b(f,lq;(kp),p<p/ cosm (¢ —¢'). (1. 186)
g T (k') H (kp) ,p > p

The result (1. 186) can be obtained in an alternative way from the addition
theorem [3]for the Hankel function of zero order

Hél)( ’ ) Hé)(k\/p +p% — 2pp’COS(<p—90’))

> (1) / ’
Hy' (kp') I (kp) ,p < p ,
= 2 -6 m(p — . (1. 187
( n) { Im (kp') HY (kp),p>p' cosmip =) | )

m=0

N
Finally we find the three-dimensional Green’s function Gg (7, ! ) in polar

spherical coordinates that is discontinuous in coordinate r. First represent
equation (1. 158) in spherical coordinates (7,6, @),

10 [ ,0G, 1 9 (. 0G, 1 96,
=Y (2928 - Y 0
2 or <T or ) t 26 90 (sm 06 ) T Eamtg a2 G
1
=——0(r—1r)00—-0)d(p—¢'). (1.188)

r2sin 0

Make use of the general solution (1. 143) to construct a solution that is valid
—

at all points of space except 7 = r/. This gives

G3 (pv 9072;/7/7 80/7 ZI) = Z (2 - 621) cosm (90 - (pl) X
m=0

i (1) / - /
> ar Py (cost') Py (cos ) h" (kr )(jf; (kr), r<r (1. 189)
n=m In (]i)'f'/) hn (k’f') , > 7.
As usual, we may deduce from equation (1. 188) that
G r=r'40 1
2 3 , ,
rw =———6(0 - —¢'). 1.1
" or r—r—0 511106 (0 =070(p=¢) (1. 190)

Using the representation of the Dirac d—function in spherical coordinates,

12 2 + 1) nim)ip (cos8) P™ (cos) = ——6(0— ) (L. 191)

2 +m)! sin 6
and taking into account the value of Wronskian of the pair j,, hg),
w {jn (2), Y (z)} =iz, (1. 192)
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we find

and obtain the desired result

/ Zk - O /
G (07990,/’ 9790 ET; 2_5 COS’ITL(QO—QO)X

A (k1) gn (kr) ,r <o’

= (n—m)! ) Jn
§(2n +1) Tt m)!P (cos @) P (cos ) {Jn (v’ )h%l) (kr) 7> 7.

(1. 193)

The location of the point source in free space can be chosen at will. Notice
that if ' = 0, 4, (kr’) = don, and the expression (1. 193) collapses to a single
term,

ik 1) 1 ethr

Gs = —hy ' (kr) = —
3= 3-ho (kr)

this is the well-known expression for the three-dimensional Green’s function
in closed form.

: 1. 194
A r ( )

1.4 Representations of Incident Electromagnetic Waves.

The results obtained in previous sections may be used to provide various
representations of incident electromagnetic waves that will be used throughout
this book. We represent electromagnetic waves by scalar functions or scalar
potentials. Of course, alternative representations can be used, as, in essence,
they must be equivalent.

Incident electromagnetic waves are simulated by point sources or plane
waves. The simplest representations are obtained for vertical electric or mag-
netic dipoles. The term wertical always means that the dipole is located on
the z-axis and its moment is aligned parallel to the z-axis, irrespective of the
coordinate system employed (Cartesian, cylindrical or spherical) (see Figure
1.1).

Vertical electric and magnetic dipoles are described by the z-components of
the electric and magnetic Hertz vectors, respectively. If the dipole moments
are unity (|p] = |m| = 1), the relevant Hertz vectors are

I=1i.Gs, 0™ =1iGs. (1. 195)
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N

Figure 1.1
Vertical electric and magnetic dipoles.

If the dipole is located at (z/,%/,2") = (0,0,d), it follows that

G3 (x,y,z;0,0,d) =
L / COS VT ) v =k lz=dl gyqy, (1. 196)
0 0

212 V2 2 — k2

where Im (\/VQ + p? - kz) < 0. The electromagnetic field components are

now found from formulae (1. 51)—(1. 54), noting that the vertical electric
dipole radiates TM waves, whilst the vertical magnetic dipole radiates TE
waves.

The corresponding polar cylindrical coordinate representation is derived by
setting p = 0,z = d in (1. 175), giving the ¢, ¢’ independent form

1 [ Jy(v Tz,
Ga (p.230,d) = G (.6, 0,6/ ,d) = \/%”e_ vy,
V7o
(1. 197)

where Im (v/v? — k2) < 0. It is rather instructive to deduce equation (1. 197)
directly from equation (1. 196). Set x = pcos¢, y = psin¢ and use the

substitutions 7 = /v + p2, p = V72 — v? and

TdT

dp = >

T2 — 12

Then use the Dirichlet formula (see Section 1.5 of Part I [1]) to interchange
the integration order in (1. 196) and obtain

1 [ e VT —Rlz=dl 7 cos (py/T2 — 12 sin @)
Gz =— / cos (pv cos ¢) dvdr
o Jo N 0 T2 _ 2
(1. 198)
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The inner integral is easily evaluated [30] to be

T - 2 124
/ cos (pmsm ¢) cos (pv cos ¢) dv = ZJO (1p) (1. 199)
) 2 _ 2 2

and we again obtain the representation (1. 197).

The electromagnetic field components radiated by the vertical electric or
magnetic dipole may be calculated from the formulae (1. 55). An alternative
way is to obtain the “generating” functions Hy (for TM waves) and E, (for
TE waves) and use the formulae (1. 86)—(1. 87). The “generating” functions
are extracted from formulae (1. 55),

Tl o™
FEy, = —ik .
op ¢ ’ Op

Hy =ik

From the representation (1. 197) we obtain the desired result

qu —ik 1 > 4 (Vp) —Vv2—k2|z—d|
= . — e 1. 2
{E¢} { ik }47T 0 Rz v (1. 200)

where Im (vv2 — k2) < 0.

Let us now find the function Gs that describes the electromagnetic field
radiated by an electric or magnetic dipole in spherical coordinates. Set r’ = d
and 0" =0 in (1. 193), and noting that P/ (1) = 0 for all m > 0, the result is

I T Co (kd) by, (k1) ,r < d
G (r,6:d,0) = 72 %;(27” D {wn (kd) o (kr) 7 > d}P" (cos )
(1. 201)

where the functions v,, and (,, were defined in equation (1. 142).

There are two descriptions of the electromagnetic field radiated by the ver-
tical dipole. The first uses the “generating” functions H, and Ey with the
formulae (1. 89)—(1. 90). This approach is restricted to the axially symmetric
case (0/0¢ = 0). The general case employs the two scalar functions intro-
duced in Section 1.1, the electric Debye potential U and the magnetic Debye

potential V. Both potentials satisfy the Helmholtz equation
V2U + kKU = V2V + k*V =0, (1. 202)

and the related electromagnetic fields are given by the formulae (1. 80). (To
avoid confusion with the formulae in [41], note that we use the harmonic time
dependence exp (—iwt) instead of exp (+iwt)).

In terms of the “generating” functions Hy or Fy the electromagnetic field of
the vertical electric (magnetic) dipole uses formulae (1. 201) and the represen-

tation of the electric (magnetic) z-component of Hertz vector II in spherical
coordinates, where

—

— —
Il =4,Gscosf + ig (—G3zsinb); (1. 203)
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recall that _
1 e’LkR
T 4r R
where R = /12 — 2dr cos 0 + d2. We make use of the relations

. — ik |0 0
H¢ = —ik (Curl H>¢ = *7 |:87“ (THG - aenr>:| 5

Ey =ik (curlﬁ)(m)>¢ = ? [887" (rHém)) — aaeﬂgm)}

and with reference to formula (1. 203) obtain

H¢ _ ik . 6G3 COS@@G;}
{E¢}‘{—ik}{sm"6r T 69}‘

To transform (1. 207) we need the partial derivatives

G3

0Gs _ 1 ZkR_le”“R(r—dCOSQ)7

or 4t R®
88623 = %Zk};; 1eider sin 6,
T
0Gs 1 ikR—1 ,
5~ 1 TP e (d —rcosh),

from which it follows that

. 08G3 n cos 0G3 laGg
SmETS, r 00  d oo’

8G3 + 98G3 o sin 6 6G3
ar ®"ad T d a0
sin 0 603 6G3 803
—= —cosf—— =

d 00 od — or’
Taking into account (1. 209), equation (1. 207) becomes

Hyl _ [ ik | 10Gs
E, [~ \-ik[d a0

and using equation (1. 201) we finally deduce

= A2,
47d (oot

Ey U (kd) &, (kr),r > d

{H¢}_ +1 i(2n+1){(n(kd)wn(kr),r<d}Pé(COS9). i

. 204)

. 205)

. 206)

. 207)

. 208)

. 209)

. 210)

. 211)

. 212)

. 213)

Alternatively, we may describe the electromagnetic field of a vertical (elec-
tric or magnetic) dipole in terms of Debye potentials U and V', respectively.
The derivation is based on the fact that the radial (electric or magnetic) com-
ponents (E, or H,) are defined by a single scalar function. Concretely, E,. is
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defined by the electric Debye potential U, and H, is defined by the magnetic
Debye potential V' (see formulae [1. 80]). On the other hand we can obtain
independently these components, using the expansion (1. 101) of the Green
function and the relations

, H.= (curlcurlﬁ(m)> . (1. 214)

r

E,. = (curl curl ﬁ)
The comparison leads to the desired formulae for U and V.

As both U and V satisfy the Helmholtz equation (1. 202) let us expand
them in spherical harmonics

_ Iy LGBy (k)
U_Tnz n{wn(kd) (k) }Pn(cosﬁ), (1. 215)
V:be {C” IZZ%ZE :;: }Pn(COSH), (1. 216)

where a,, and b,, are unknown coefficients to be determined. From (1. 80) we
deduce

E,= 5> n(nta, {i:((’zg;g: E’Zg; S Z}Pn (cosf), (1. 217)

H, = 12_:71(71 +1)b, {i RN Z}Pn (cost). (L 218)

Now use (1. 214) and (1. 203) to determine that

1 1
{Ey,Hy} = —— 9 (sin98G3> =

90
_ iln_ln(n+ 1) (20 +1) {fﬁ((’j;g;g AN Z}Pn (cosh).
(1. 219)

The orthogonality of Legendre polynomials on (0, 7) implies that

O )

so that

o0

i1 Cn (kd) Yy, (kr),r < d
V)= Eikd2r;(2n+ 1 {wn (kd) Co (k) 7 > d}P"‘ (cosf).

(1. 220)
The electromagnetic field components radiated by a vertical electric or mag-
netic dipole are comparatively easy to derive.
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Figure 1.2
The horizontal electric and magnetic dipoles (left) and the Huygens
source (right).

However, the derivation of the electromagnetic field components radiated
by an electric or magnetic horizontal dipole is a more complex problem. The
term horizontal means that the dipole moment m is parallel to the plane
z = const (see Figure 1.2 [left]). We intend to construct its representation
in spherical coordinates. Having found the Debye potential for an arbitrarily
oriented horizontal dipole, we then use a superposition principle to deduce the
Debye potentials Upys and Vpgs of a point Huygens source (see Figure 1.2
[right]) that is formed by a mutually orthogonal pair of electric and magnetic
dipoles, of equal dipole moments (p = |p] = |7i| =m).

We begin with the electric dipole (see Figure 1.2 [left]) that lies in the z —z
plane. The electric Hertz vector Iy in spherical coordinates is

Iy = pGs {ZT $in 0 cos ¢ + ig cos O cos ¢ — ;¢ sin gb} . (1. 221)
Use relations (1. 209)—(1. 210) to obtain the radial field components
1 0 [ 0Gs
E=———|d— 1. 222
" T drod (d a0 )COW ( )
ik 0G
H, = ’78—; sin ¢. (1. 223)

so that with reference to the expansion (1. 201) we deduce the explicit spher-
ical harmonic expansion

B = 2 S e { GG TS G P eos), (1. 220)

n=1

Hyo= 2SONS o {fb’;((%léz RN Z} P! (cosf). (1. 225)
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Now the general solutions of the Helmholtz equation (1. 202) satisfied by
both Debye potentials have the forms

U=
1\ N o G (k) (Rr) e <A
;mzo 2 59,1) cos mao z;nan {% (kd)(n(kr),r>d}P” (cos )
+§Z lnmgbe { wnm :iZ}Pff(cosﬁ), (1. 226)

V=

1 — w (kd) <d\ m
;2:02 50 Cosmgﬁz {C wE ;:>d}P” (cos )

oo

2
- sin mao
m=1

)¢
Z fa' { Cn ]ij 1@2 gz:g : i Z}Pﬁ” (cos®), (1. 227)

<

n=m

for suitable constants a*, b, ¢t and f. Using the differential equation for

’I’L7’I’L”ﬂ

the spherical Bessel functions satisfied by R = v¢,, and R = (,,

2’ R 2.2

TW—FU@T —n(n+1)]R=0, (1. 228)
we find the radial components, starting from (1. 226)—(1. 227). A comparison
with (1. 224)—(1. 225) shows that )" = ¢! = 0, and a* = f* = 0 when
m # 1 and

172‘7]7 2n+1 fl p 2n+1

T 8mdn(n+1) " 8rdn(n+1)
Thus the Debye potentials describing the electromagnetic field of an electric
horizontal dipole are

_ ipcos¢ 2n+1 [ (kd)
T 4w dr Z n(n+1) { Pl (kd) G

(1. 229)

(kr),r<d
(kr),r >d

} Pl (cosf) (1. 230)

and

_ b sin ¢ 2n +1 ( )'(/Jn(k’l"),r<d
~ 4m dr nz:: (n+1) {%L( )Cn(kT),T>d}P%(COSG)' (1. 231)

In a similar way the Debye potentials for the magnetic horizontal dipole are

m) _ M cos¢ 2n+1 [ ¢, (kd) by, (kr),r <d
U = Z n(n+1) { U (kd) G (k) r>d}P’1(COSQ)’

(1. 232)
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(kr),r<d) 51
(k)7 > d}P” (cos®).
(1. 233)

When the electric dipole is located at (0,0, —d) in the lower half-space
(2’ < 0) the general term in (1. 230) is multiplied by the factor (—1)""", and
the general term in (1. 231) is multiplied by the factor (—1)". Analogously,
when the magnetic horizontal dipole is located at the same point in the lower
space, the general term in (1. 232) is multiplied by the factor (—1)" and the
general term in (1. 233) is multiplied by the factor (—1)"*".

To obtain the Debye potentials Upys and Vpgg, describing the electro-
magnetic field of a point Huygens source, first set the dipole strengths to be
equal: p = m = «. The potentials are derived by linear superposition of the
representations (1. 230)—(1. 233):

(m) _ tmsing 2n+1 [ (kd) Y,
v " d4rm dr 7; (n+1) { Yl (kd) ¢

ak cos ¢ ak sin ¢

Upnis = “nC® (r,6), Vons = " (r,6). (1. 234)
where
B (r,0) = :01 % {‘Z ((i‘;)) Z’: ((]f:)) v g } Pl(cosd), (L. 235)
and
an (k) = 218G, (k) + G (k)] (1. 236)
b (kd) = é (i, (kd) + ¥ (kd)] (1. 237)

If d — 0, then t, (kd) — 0 if n > 1, and ¢; (kd) — i3, so that equation (1.
237) simplifies to
D (r,0) =i¢q (kr)sind.

Hence the Debye potentials of a point Huygens source located at the origin
are

Upns = iafkmsinﬁcos 0,
ar
Vs = za—kw sin @ sin ¢. (1. 238)
Tt 7
The asymptotics
Co (2) = (1) e L O(a™) (1. 239)

as x — oo and the relations (1. 80) show that in the far field

Ckk2 eikr

Ey = H¢+O(7“72) = —1 i

(L+cosf)cosg+O (r~2), (1. 240)
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. s __057]{126“67“
E¢— H9+O(T )—2471_ ,

(1+cosf)sing+O (r2), (1. 241)
and E, = O (r_Q), H,. =0 (7“_2) as r — oo. It follows from (1. 241) that
the average energy flux density per oscillation period is

S o1 — . -1 2 2

§ =i, Re (E x H ) =iz <|E9\ + Byl )

okt (1 + cos 0)>
- 3272 r?

+0(r®) (1. 242)

as r — oo. Thus at large distances as r — 0o, the electromagnetic field of the
source behaves as an outgoing spherical wave with an axisymmetric pattern
that is obtained by rotating a cardioid about the z-axis.

In conclusion, let us derive the Debye potentials Uy, Vj that describe the
electromagnetic plane wave travelling along the positive z-axis. Consider an
electric horizontal dipole at the point 2’ = —d, ' = 7, and let d — co. The
asymptotic formula (1. 239) shows that

Ul fcosp| 1 . 2n+1
{VS} - {sin¢} ik2r Z’L n(n+1)¢n (kr) P} (cos ) (1. 243)

n=1

after normalisation by the factor

pk2 eikd
4 d

More generally, we may obtain representations for arbitrarily oriented Huy-
gens sources. Suppose that a Huygens source is located on the surface of a
sphere of radius d so that its location is described by the spherical coordinates
(d,, o). The orthogonal dipole moments 7 and 7 are of unit strength
(|7| = |m| = 1) and are tangential to the spherical surface » = d. The
electromagnetic flux propagates along a radial line through the origin O.

It can be readily verified that the electric (respectively, magnetic) dipole

field is described by the electric (respectively, magnetic) Hertz vector II (re-
—
spectively, H(m)) as follows,
— —
IT = G3{[sinacos — cos asin B cos (¢ — @o)] @ r—

[sin arsin @ + cos avcos 0 cos (¢ — )] i g+ cosasin(p — o) @ o}

™ = Ga{sinOsin (o — o) 7 r + (1. 244)
cos fsin (¢ — o) &g+ cos (90—4,00)7:0} (1. 245)

where G3 is defined by (1. 193) with ' =d, 0" = a, ¢’ = o.
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Using relations of the type (1. 209)-(1. 211) the radial components of the
electromagnetic field due to the electric dipole are given by

10 0G: ik OG-
() — _ = Z (4223 (e) — _ 773
Ey rd dd (d da ) » Hr rsina dp (1. 246)

and radial components due to the magnetic dipole are given by

ik OG 1 9 (,0G
gm — I8 pm) = 3 1. 24
r r da’ T rdsina 0d d Dy ( 7

The deduction of scalar functions U and V for the Huygens source is similar
to that used above in obtaining the formulae (1. 230)—(1. 233). The final
result is

Uns = 2k Z cosm (p — ¢g) X
m=1
—~ 2n+1 (n—m)! [ t,(kd)Cao(kr),r >d \ _m -
Z n(n+1) (n+m)! {q (kd) o (kr), 7 < d} 7, (cos ) Py* (cos B)
(1. 248)
Vs = —27]6 msinm (¢ — o) X
m=1
20+ 1 (n—m)! [ tu(kd)Cu(kr),r >d )\ m
nz?; £ 1) (n T ) {qn(kd)wn(kr),r _ d}ﬂ'n (cosa) Py (cos ),
(1. 249)
where now the values ¢, (kd) and t,(kd) are defined by the formulae
1
tn(kd) = = {=ity, (kd) + Yn (kd)}, gn(kd) = = {=iC, (kd) + Gu (kd)}
(1. 250)
and also
7 (cosx) = iPT’L" (cosx), mp'(cosz) = P (cosx) (1. 251)

dx sinz

It should be noted that in the formulae (1. 248)—(1. 249) we have suppressed
a factor 1/4m.

We may readily deduce from (1. 248)—(1. 249) the scalar functions Uy and
Vb describing the electromagnetic plane wave at oblique incidence. As d — oo,

Gn = % (=it ert {10 (k) )}
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and

oo

Up = % Z cosm (p — ¢g) X
Z (—i)" HQ(Z j: 1) EZ _T_ Z;:wn (kr) 1" (cosa) P (cos @) (1. 252)

n=m

2

Vo= ——
0 ik2r

o0
Z msinm (¢ — ¢g) X
=1

oo

S ()" nQ(’; i 1) EZ - Zi:@pn (k) 7™ (cos ) P™ (cos0) (1. 253)

n=m

where we suppress the factor 2k3e*? /kd.
Setting o = 7 and using obvious results

(=) =m (1) =0, m>1
1
7 (1) = —mh (-1 = (-1 MY
we see that formulae (1. 252)—(1. 253) coincide with the formulae (1. 243)
describing an electromagnetic plane wave travelling along the positive z-axis.

1.5 Formulation of Wave Scattering Theory for Struc-
tures with Edges.

In the preceding sections we have provided basic descriptions of the acoustic
and electromagnetic fields in free space. There is an extensive literature (see
[16], [38]) to which the interested reader is referred for deeper developments of
this classical subject. Our main interest is the interaction of travelling acoustic
or electromagnetic waves with bodies of varying acoustic or electromagnetic
properties and of varying shape.

The interaction between waves and obstacles (or scatterers) causes distur-
bances to incident or primary wave fields, generally referred to as diffraction
phenomena. A very general definition identifies any deviation of the wave field,
apart from that resulting from the elementary application of geometrical op-
tics, as a diffraction phenomenon. It is well known that the higher frequency
the better the postulates of geometrical optics apply to wave-scattering, with
one single but very important stipulation that can be quantified by the ratio
of the characteristic dimension [ of a scatterer and the wavelength A\ of the
incident wave.
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When A/l <« 1 low-frequency scattering that is a perturbation of the inci-
dent wave occurs and is referred to as Rayleigh scattering. When the wave-
length A is comparable to the characteristic dimension of the obstacle (A ~ 1)
one or several diffraction phenomena dominate; this region is also called the
resonance region. The high-frequency region or quasi-optical region is char-
acterised by A <« [. To a greater or lesser extent, Rayleigh-scattering can be
studied by various perturbation methods, and high-frequency scattering can
be studied by well-developed high-frequency approximate techniques. The
most difficult diffraction problems fall in the resonance region where there
are no suitable approximate models, and accurate or rigorous approaches are
therefore preferable.

Independently of the specific scattering mechanisms or the assumed fre-
quency regime, the perfectly general and rigorous formulation of the diffrac-
tion problem for scatterers of any characteristic dimension is uniform. Al-
though the incident field satisfies the Helmholtz equation or Maxwell’s equa-
tions as appropriate, as does the total field resulting from interaction with the
scatterer, several conditions must be imposed to ensure that the total field
(however calculated) exists and is unique. These include boundary conditions,
(Sommerfeld’s) radiation conditions, and in the case of scatterers with sharp
edges, a boundedness condition on the scattered energy. Let us discuss these
in turn.

First of all, the total field U! is decomposed as a sum of the incident field
UY and scattered (or diffracted) field U*¢ so that

Ut — UO + USC;

the total and scattered fields must be solutions of the appropriate wave equa-
tion in the exterior of the scatterer. (The incident field is a solution of the
appropriate wave equation in the whole space.) Furthermore, U* and U*¢ and
their partial derivatives are continuous everywhere in the space exterior to,
and onto the surface of the scatterer, except possibly at singular points on the
scatterer surface (where the unit normal vector to the surface does not exist
or does not vary continuously).

Next so-called boundary conditions apply. We formulate them briefly, mak-
ing a distinction between smooth obstacles and those with cavities and edges
(Figure 1.3). We restrict ourselves to the acoustic case. As a point of nota-
tion, the symbol S always refers to a closed smooth surface (corresponding to
a three-dimensional obstacle) and I" always refers to a closed smooth contour
(corresponding to a two-dimensional obstacle). If an aperture is opened in
the closed surface S, the remaining open (infinitely thin) surface will be de-
noted Sy and the removed portion (or aperture surface) will be denoted Si;
S = Sy U S;. Likewise if a portion I'y of the closed curve I' is removed, the
remaining open contour will be denoted I'g; ' =T'g U ;.

For closed scatterers (Figure 1.3 [left]) the boundary conditions satisfied by
the total velocity potential U? are as follows. If the surface is acoustically
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S(r) edges

UV'

Figure 1.3
A closed scatterer (left) and open cavity structure (right).

rigid or hard, the fluid velocity vanishes at the surface. This is characterised
by the hard boundary condition

t
ol (1. 254)
on lsqr)
where 77 is a unit normal to the surface S or contour I' as appropriate. For
external boundary value problems, the unit normal vector is chosen in the
outward direction 77 = 7i; for the internal boundary value problem, the unit
normal vector is chosen in the inward direction 7@ = ;. If the surface is
acoustically soft, the pressure vanishes on the surface. This is characterised
by the soft boundary condition

U gy =0 (1. 255)
that applies for both external and internal boundary value problems.

For open thin-walled obstacles the distinction between external and inter-
nal boundary value problems disappears; the cavity region is connected to
the exterior region through apertures (S7) or slots (I'1) (Figure 1.3 [right]).
Both problems now are mixed and we refer to them as mized boundary value
problems for the Helmholtz equation.

Let us formulate the mixed boundary conditions. When Sy(or T'y) is acous-
tically hard the total fields U! and U} in the exterior and interior regions,
respectively, satisfy

out  ou}
877, = 877, =0 on SQ (Fo), (1. 256)
Ul =U! on S (I'y), (1. 257)
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€,U,

Figure 1.4
The boundary separating two media with differing electromagnetic
properties.

where 11 = 1, = —11;. Thus the field is continuous across the aperture surface
and obeys the hard boundary condition at all interior and exterior points of
So (or T'p). However there is a discontinuity in the field value in moving from
the interior to the exterior through a point on Sy (or I'y). When Sy (or T'p)
is acoustically soft, the total solution satisfies the boundary conditions

(]:E = U; =0on So (FO), (1. 258)
out  out
81’; = ane on Sl (F1) . (1 259)

Thus the normal derivative is continuous across the aperture, but there is a
discontinuity in its value in moving from the interior to the exterior through
a point on Sy (or I'p).

The formulation of the electromagnetic boundary conditions is as follows.
In the general case (see Figure 1.4) the boundary surface S (or contour I)
separates two media with different electromagnetic parameters 1, uy, o1,
and €5, uo, o1; denote the corresponding electromagnetic fields by E 1, H
and E)g, ﬁz, respectively. Assume that there are no extraneous charges and
currents on S (or I').

Then boundary conditions are derived from the observation that the normal
components of electric and magnetic flux are continuous whereas the tangen-
tial components of the electric and magnetic field intensity are continuous
across S (or I'). However the normal components of the electric and magnetic
field intensity are in general discontinuous across S (or I'). The conditions
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are

e1E M =exEy - 71 (1. 260)
By xfi=FEyxil (1. 261)
,ulﬁl = ,ugﬁg 7l (1. 262)
Hy x 7t = Hy x . (1. 263)

These boundary conditions (1. 260)—(1. 263) hold when the conductivities of
both media are finite so that the existence of surface currents is impossible. If
the surface S (or contour I') enclosing the interior region labelled by index 2
is ideally conducting, the boundary conditions (1. 260)—(1. 263) are replaced
by

ixE, =0 (1. 264)
E, -ii=gq (1. 265)
ix H =J (1. 266)
Hi-7=0 (1. 267)

where ¢ and J are the surface (or line) charges and currents, respectively,
induced on S (T').

With reference to Figure 1.3 let us now formulate the boundary conditions
of mixed type for the open ideally conducting surface Sy (or contour T'y),

with aperture surface S (or slot I'1). Let (EZ, ﬁz) and (Ee, I;Te) denote the

electromagnetic fields in the interior and exterior regions, respectively. Then

AixE;, =iixE, =0 onSy (1. 268)
fix H;=ixH, onS; (1. 269)
7 x (ﬁi - ﬁ) —J onS, (1. 270)
7 - (El - EE> =q onS (1. 271)

where J and q are the net currents and charges at each point of Sy or Sj.
When an open cavity is excited by an incident electromagnetic wave, the last
two conditions are superfluous, because the values J and q are due to the
induced electromagnetic field that is to be found.

The boundary conditions for scalar functions U and V follow from (1. 268)—
(1. 269). It should be noted that the formulation of boundary conditions in
this form is always correct for both closed and open surfaces. However the
analogous form of boundary conditions is not valid for the scalar functions U
and V. Let us consider, for example, the open spherical surface (a metallic
spherical cap) described in spherical coordinates (r, 8, 9) by r = a, 6 € (0,6y) ,
¢ € (0,27), and irradiated by a plane wave. In the general case of oblique in-
cidence (see formulae [1. 252]-[1. 253]), use of one of the boundary conditions
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(1. 268)—(1. 269) leads to a pair of first order differential equations

4p (9)—'m2G(9)—0 0 € (0,6) (1. 272)
a0 ™" " sng o™ T 70 '
L@ =it a0 =0, 0e(0,0) (1. 273)
sing” ™\ T tag T\ T ol '

where the functions F),, and G,, arise from the expansion of the Debye po-
tentials in the form (with ¢y = 0)

(o)
U=U4U* = Z cosmpF,,(0)

m=1

V=V Ve =" msinmpGn(0). (1. 274)

m=1

Equations (1. 272)—(1. 273) are equivalent to a second order differential
equation for either F, or GG,,; the function G,, satisfies

m2

df[. . d
T |:Sln0d9Gm(9):| - SineGm(ﬁ) =0, 6¢€(0,6p) (1. 275)

and the function F), is obtained from (1. 273). The general solution to (1.
275) employing two arbitrary constants CT(; ) and Cf,% ) is

0 0
Gm(0) = C tan™ 5+ C?) cot™ 5 0€(0,60). (1. 276)
The requirement of solution boundedness forces C'T(,% ) = 0, so that

0 0
Gm(0) = CY tan™ 3 () = imC Y tan™ 5 0€(0,60)  (1.277)

The format of the solution (1. 277) reflects the coupling of two types of
waves when the spherical surface is open (g # m). When 6y = m, the re-
quirement of solution boundedness further forces C’f,}) = 0. In this case the
boundary conditions simplify to

Gm(0) = Fn(0) =0, 0€(0,n), (1. 278)

so that boundary conditions for an ideally conducting sphere take the well-
known form 5

o (rU) =0,V|],_,=0, 6€(0,7) (1. 279)
Hence, the combination of boundary conditions (1. 279) for an open spherical
shell is prohibited, and in this case it is necessary to use the conditions of
mized type (1. 277).

r=a
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The same analysis is valid if the spherical cap is defined by the interval
6 € (0y, ), provided we replace the functions tan™ %9 by cot™ %6‘, the latter
being regular at the point 6 = 7.

The constants C,(,P and 07(7?) are known as polarisation constants. The ar-
gument above is quite general and is employed in the formulation and analysis
of vectorial scattering problems for other structures such as the circular disc,
the hollow finite cylinder, etc.

In order to find physically reasonable solutions the so-called Sommerfeld
radiation conditions must be imposed. In three-dimensional problems, for
any scattered scalar field 1 that satisfies the Helmholtz equation these state
that v is bounded for all 7, i.e.,

lry] < K (1. 280)
for some constant K, and
oY .
—_— = — 1. 281
T (8r zlmﬁ) 0 (1. 281)

uniformly with respect to direction as r — oco. In two-dimensional problems
conditions (1. 280) and (1. 281) are replaced by

V| < K (1. 282)
and

0
NG <¢ - z'lm/;) -0 (1. 283)
or
uniformly with respect to direction as r — oo, respectively. These conditions
mean that in two- (respectively, three-) dimensional space the scattered field
must behave as an outgoing cylindrical (respectively, spherical) wave at very
large distances from the scatterer. The minus sign in both formulae is replaced
by a plus sign if the time harmonic dependence is changed from exp (—iwt)
to exp (+iwt) .
The corresponding conditions for the three-dimensional electromagnetic
case are
— —
‘TE’ < K, ‘TH‘ <K (1. 284)

and
r(§+zo?xﬁ)—>o, r(ﬁ—zo—l?xﬁ)—m (1. 285)

uniformly with respect to direction as r — oo; in the two-dimensional case
the factor r occurring in (1. 284) and (1. 285) is replaced by /7.

For smooth closed scatterers, the enforcement of these boundary and radi-
ation conditions is adequate to ensure that a unique solution to the scattering
problem at hand exists (see [41], [93]). However if the scattering surface has
singular points, or is open, further conditions to guarantee uniqueness must
be imposed.
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The distinctive feature of open thin-walled cavities is the presence of sharp
edges. In their vicinity of edges some components of the electromagnetic field
exhibit singular behaviour of the form p_%, where p is the distance measured
from the point of field observation (at an off-body point) to the nearest point
on the edge. This applies also to an on-surface point not located on the edge
of the scatterer. If p is small enough (in the sense kp < 1), then in the
neighbourhood of an edge the electromagnetic field is of a static character
(see, for example [1. 161]). In fact, the singularity order of the field near an
edge is determined by the static part of the Helmholtz operator L = V2 + k2.
Hence the discussion of edge conditions developed for potential problems in
Part I (Section 1.3) [1] is pertinent for wave-scattering problems. Thus, a
suitable edge condition to be imposed is the boundedness of scattered acoustic
or electromagnetic energy within every arbitrarily chosen finite volume V' of
space that may include the edges. Thus, in the case of acoustic scattering by
an obstacle with edges we demand that

%///V{\VU\Q—i—k2|U|2}dV<oo, (1. 286)

and in the electromagnetic case we require that

I

where the symmetrised form (1. 58)—(1. 59) of Maxwell’s equations has been
employed. These conditions provide the correct choice of the solution class for
the acoustic or electromagnetic field, that in turn provides the correct order of
the singularity in the field components near the edges. A proof of uniqueness
is given by Jones [41] (chapter 9).

If the finite energy condition is not imposed, a multiplicity of nonzero so-
lutions to the Helmholtz equation that vanish on the scatterer and satisfy
the radiation conditions may be found. Consider the soft half-plane given
by y = 0, 2 < 0 (and z arbitrary). In cylindrical polars (p, ¢, z), the two-
dimensional field

E

2 12
+ ‘H‘ }dV < o0, (1. 287)

U = H{" (hp)sin g (6 — )

is such a solution that is regular everywhere off the half-plane. Obviously any
constant multiple is also such a solution. Similar solutions can be constructed
for the rigid half-plane, or in the electromagnetic case, for the perfectly con-
ducting half-plane. As Jones [41] notes, this non-uniqueness cannot be at-
tributed to the infinite extent of the scatterer: two solutions have been found
for the circular disc.

In summary a wave-scattering problem posed for a scatterer incorporating
cavities and edges is guaranteed a solution that is unique provided it satisfies
the Helmholtz equation or Maxwell’s equations, appropriate boundary con-
ditions, Sommerfeld’s radiation condition and the boundedness condition on
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the scattered energy. It is unnecessary to impose the last condition if the
scatterer is a smooth closed obstacle; it is easy to prove that the scattered en-
ergy is always finite in any finite volume containing the scatterer. However it
is essential to enforce the bounded energy condition for scatterers with sharp
edges in order to ensure uniqueness of the solution.

1.6 Single- or Double-Layer Surface Potentials and Dual
Series Equations.

In many ways the justification of various representations of the solution
to a wave-scattering problem coincides with the analogous representations
employed in potential theory. These were discussed at some length in Section
1.7 of Part I [1]. Thus we may represent the solution to the Helmholtz equation
by a single- or double-layer surface potential, in particular when the scatterer
possesses edges. To avoid some duplication of argument we simply state the
final results.

In acoustics we represent the total field by a total velocity potential U? that
is decomposed into a sum of an incident velocity potential U° and a scattered
velocity potential U®€,

Ut =0+ U*e. (1. 288)

Under the soft acoustic condition on Sy a first-kind boundary value problem
for the Helmholtz equation is obtained. Let U and U(®) denote the desired
potentials in the interior and exterior regions, respectively. In the three-
dimensional case

U@ gule) —
Use ) — _ —| G- (_)7 /)d 1. 289
@ =[] |G- ] e (7)) s (1. 259)
where 7 = 1, = —n; is the outward unit normal to Sy and
k|7 -7

— le
(7)o
3 T, T 471_ ?}77

is the free space Green’s function; in the two-dimensional case, the Green’s
function is replaced by

Go (7,?) = _ﬁHél) (k ’? _ 7 )
and " "
U (7) = - /F [agn ) agn } Gy (7.77) dr (1. 200)
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where the integral is taken over the open contour I'y.
Under the hard boundary condition on Sy (or T'g) we use the representation

_ _//S [ (7) g (_’)} %@( 7«') ds (1. 291)

in three-dimensional space, and the representation

U(7) = _/F [U(e) (7) —U® (7)} %GQ (7,7) dr (1. 292)

in the two-dimensional case.
Following the argument developed in Section 1.7 of Part I, we introduce the
Jump functions

o (7) = ag:) - 813]:) (1. 293)
o (7) =y (7) 0 (7) (1. 294)

so that the integral formulae for the first-kind boundary value problem become

Use (7 //S o (7’,7) ds (1. 295)
Use (7 = —/F op (r') Gs (7’7) dT (1. 296)

whilst those for the second-kind boundary value problem become

Use (v) = //S on (7) Gg(?“ r )ds (1. 297)
Use (7) :—/F on (7 )a8 GQ( ')dr. (1. 298)

The representation for U*¢ (7°) defined by (1. 295) or (1. 296) is the velocity
potential associated with a simple or single-layer distribution on S or I, re-
spectively; the representation defined by (1. 297) or (1. 298) is the velocity
potential of a double-layer distribution on S or I', respectively.

The first-kind boundary value problem (prescribing the value of U on Sy [or
o)) specifies that U'[g = 0 and gives rise to the following Fredholm integral
equations of the first kind for the unknown single-layer distribution op,

//SO oD (7) G (T—;’?) ds = U" (7)), 73 € So (1. 299)
/FOUD< )G2<S’r/>dF:UO(T_s))7T_£€Fo. (1. 300)
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The second-kind boundary value problem specifies that %—[{: < = 0 and

0(To)
gives rise to the following Fredholm integral equations of the first kind for the

unknown double-layer distribution oy,

—> — = ou’
= 1- 1
//SOUN ansanGg(s,r)ds ans,rse&) (1. 301)

/F an (_’) anf;n G, (7, ’) dr = ZITJ:, meTl, (1. 302)

where 7, denotes the outward-pointing unit normal at 7.

These integral equations provide a means of calculating the surface layer
distribution that in turn determine the scattered field at any off-body point,
including points in the far field (the Green’s function in equations [1. 295]-
[1. 298] can be replaced by a simpler asymptotic form that transforms these
equations that have the explicit format of outwardly radiating waves).

In special geometries the solution to the Helmholtz equation can be formu-
lated in terms of dual (or triple) series equations or dual (or triple) integral
equations; this approach is analogous to that of the potential theory situation
described in Chapter 1 (page 50) of Part I. Let us now establish the equiva-
lence of the dual series (and integral) equations approach and the method of
single- and double-layer potentials in solving mixed boundary value problems
for the Helmholtz equation.

Consider by way of illustration two simple examples of acoustic scattering
by a soft spherical cap and by a soft circular disc. For the sake of simplicity
the incident potential U is due to a plane wave travelling along the z-axis.

Consider first the spherical cap Sy that is supposed to occupy the region
r=a, 0 € (0,00), ¢ € (0,2m). Let S; denote the complementary part of the
spherical surface (the aperture) defined by r = a, 8 € (6y,7), ¢ € (0,27).
Seek a solution by the method of separation of variables in the form

o0 (1) ,
sc hn (ka) In (k”') ,r<a
U 79 = n Pn 0 1. 303

(r,9) ngoa {jn (ka) hﬁP (kr),r>a (cosf) ( )

where the unknown coefficients a,, are to be determined and, as always, the
total potential has been decomposed as the sum

Ut =0+ U (1. 304)

Imposition of the boundary conditions

Ul(a+0,0)=U"(a—0,0), 0¢c(0,0) (1. 305)
out out
e = —— . 0€(6p,m) (1. 306)
or r=a+0 or r=a—0
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leads to the dual series equations for the unknown coefficients

Zanjn (ka) bV (ka) P, (cos0) = —U° (a,0),60 € (0,6y) (1. 307)
n=0

Zan (cos) = 0, 0 (fp,m) (1. 308)

where the incident potential has the expansion in spherical harmonics

o0

U° (a,0) = =0 = = "i"j, (ka) P, (cos ). (1. 309)
n=0

Our aim is to show that the Fredholm equation of the first kind (1. 299) is
equivalent to the dual series equations (1. 307)—(1. 308). Because the jump
function

v@,e) =Y

ar

! /
_u _ o @ ¢) onS g g
o Orl—ato 0 on S

r=a—

vanishes on S, the surface of integration in equation (1. 299) may be extended
to the whole of the spherical surface S = Sy U Sy (given by r = a), so that

2m T
a’ / dg’ / o’ sin 6’ (0',¢') Gs (a0, ¢;.a,6', ¢') = e,
0 0
6 € (0,00) (1. 311)

where the kernel G (a,0,¢;a,0,¢') is given by formula (1. 193) with r =
r’ = a. Expand the function v (6, ¢') in surface spherical harmonics

:i 2 — 47) cos s¢’ Za P; (cos ')
s=0 p=s

+2251n5¢ stPS (cos®) (1. 312)

where the coefficients a;, and b;, are to be determined. Insert the representa-
tions (1. 312) and (1. 193), evaluated at r = ' = a, into integral equation
(1. 311) and integrate to obtain

ika® { Z (2 —62) cosmg Z ajn (ka) bV (ka) P™ (cos 0)

m=0 n=m

+2 Z sin mg Z b g (ka) h{Y (ka) P™ (cos 9)}

n=m

= Z i"(2n 4 1) j, (ka) hY (ka); (1. 313)
n=0
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this is valid for 8 € (0,6p) and ¢ € (0,27). By virtue of the orthogonality
of the complete set of functions {cosme} - and {sinme} -, on (0,27) it
follows that a! = b = 0 when m > 1 and the equation (1. 313) simplifies to
the first member (1. 308) of the dual series pair,

i anjn (ka) BV (ka) P, (cos0) = —U° (a,0), 6 € (0,6)) (1. 314)

n=0

where we identify ika?a) = —a,,. The second member of the dual series pair
is directly obtained from definition (1. 310), which implies that ¢ (6’,¢') =0
when 6 € (6y, ) so that

> anPy(cosf) =0, 0 € (6p,m). (1. 315)

n=0

It is now obvious that equations (1. 314)—(1. 315) obtained from the single-
layer formulation are completely equivalent to the dual series equations (1.
307)—(1. 308) obtained by the method of separation of variables.

Now consider the circular disc Sy that is supposed to occupy the region
z2=0,p<a, ¢€(0,2r). Let Sy denote the complementary part of the disc
in the plane z = 0 defined by p > a, ¢ € (0,27). Seek a solution by the
method of separation of variables in the form

Use(p,z) = / g () Jo (vp)e VRl gy (1. 316)
0

where Im (\/W) < 0 and the unknown function g (v) is to be determined.
As usual the total velocity potential U? is decomposed as the sum
Ut =0"+U** (1. 317)
where the incident potential is described by
U = et (1. 318)

Enforcement of the boundary conditions

Ut (p7+0) = Ut (p7 _O)v p<a (1 319)
t t

out _ o . p>a (1. 320)

0z |,_.q 0z |,__,

leads to the dual integral equations
/ gW)Jy(vp)dv=-1, p<a (1. 321)
0

/000 V2 —=k2gw)Jy(vp)dv =0, p>a (1. 322)
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for the function g.
The jump function

ou
0z

ou

w(ﬂlﬂb’): - E B

on Sl

- { op (¢, ), on S (1. 323)
_ 0, '
z=+0 0

vanishes on S7; so we may extend the surface of integration in equation (1.
299) to the whole plane (z = 0) so that

2T e
/0 d¢! /O b (0 8) G (96,050, 8 0) =1, p<a (L 324)

where the kernel G3 (p, ¢,0;p',¢’,0) is given by formula (1. 175) with z =
Z =0,

G3 (p7 ¢a 07 pl7 ¢/7O) =
1 9]

Em

(2—5%)cosm(¢—qb')/o Wydy (1. 325)

=0

where Im (v/#2 — k2) < 0. Now represent the function ¢ (p', ¢') by the Fourier
series

:Z 2—60 coss¢/ Gs (1) Js (1p') dp
s=0

—|—22$1ns¢/ Js (pp') du. (1. 326)

Insert the representations (1. 325)—(1. 326) into integral equation (1. 324) to
obtain

1 ZO (2 —067,) cosme /000 G (V) Mdy

2 N
1 & e Im (vp)
+ = sinm F, (V) ———=dv=1. (1. 327
2 mz::l ¢/0 ) Vi —k? ( )
It follows that F,,, (v) = G., (v) = 0 when m > 1 and equation (1. 327)
simplifies to
Jo (
/ Go (v) —2 "p) Tl =1 p<a (1. 328)

The second member of the dual 1ntegral equation pair follows from the defi-
nition (1. 323) requiring that ¢ (p, ¢) = 0 when p > a so that

/000 Go (V) Jo (vp)dv =0, p>a. (1. 329)
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The identification )
5Co () = —Vi2 — K ()

shows that the equations (1. 328) and (1. 329) coincide with the dual integral
equations (1. 321)—(1. 322) previously obtained by the method of separation
of variables.

Throughout this book we will mostly use the method of separation of vari-
ables to obtain dual series equations and dual integral equations relevant to
certain canonical scattering problems. However as these examples make clear
this approach is completely equivalent to integral equation methods based on
single- or double-layer distributions.

1.7 A Survey of Methods for Scattering.

In this section we provide a brief survey of the techniques available to solve
scattering problems from arbitrarily shaped structures. The study of canon-
ical scatterers has played an important role in the development of general
methods for calculating the scattering from arbitrarily shaped obstacles, in
at least two ways. First these studies allow us to identify various scattering
mechanisms and quantify the likely effect in other scattering objects. Sec-
ondly canonical scatterers provide solutions of undisputed accuracy against
which the results of computation with more general purpose algorithms may
be compared. These benchmark solutions allow us to assess the relative accu-
racy of the various choices, such as surface discretisation, that must be made
in the implementation of any numerical scattering algorithm. The classic
text [13] provides an excellent survey of known results for a variety of mainly
closed canonical surfaces (such as the sphere). One purpose of this book is to
provide benchmark solutions for the class of scatterers characterised by edges
and cavities that are either empty or enclose another scattering object. The
canonical scatterers to be studied are typified by the spherical cavity, i.e., the
surface obtained by removal of a circular aperture in the spherical surface.

As mentioned in earlier sections, the ratio of the wavelength to a char-
acteristic dimension of the scatterer is very important in determining what
scattering mechanisms are dominant and it is usual to divide the entire fre-
quency band into three parts, the low frequency or long wavelength (Rayleigh)
regime, the intermediate or resonance regime, where the scatterer around one
or a few wavelengths in size, and the high frequency or optical (short wave-
length) regime. At low frequency, the scattered field may be regarded as
a perturbation of a corresponding static problem and an expansion may be
sought as a series of powers of ka, where k is the wavenumber and a a typical
diameter of the scatterer; the first term is usually satisfactory for approximate
purposes. In the resonance regime, integral equation approaches and differ-
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ential equation approaches provide a basis for numerical methods, whilst at
high frequency, ray tracing techniques are often deployed.

If an integral equation is employed, the unknown surface pressure or veloc-
ity (as appropriate) is determined by an integral equation over the scattering
surface with a suitable kernel derived from a Green’s function; the equation
is usually solved by methods such as Galerkin’s method, the least squares
method, the method of weighted residuals or collocation methods, all of which
give rise to a finite system of linear algebraic equations for the coefficients of
the selected basis functions representing the desired surface pressure (or ve-
locity). In the electrical engineering literature the application of the method
of weighted residuals is known as the method of moments. It was popularised
by Harrington [31], and is described fully in [71]; many examples of its ap-
plications are given in the compilation [64]. Whilst these focus on the time
harmonic context, time dependent integral equations have also been employed
for wide-band calculations [81].

If a time harmonic differential equation approach is employed, the total
field is determined in the vicinity of the scatterer (and beyond); the equation
may be solved by a spatial finite difference replacement of the total field
employing field values at points of a mesh surrounding the obstacle; the mesh
is terminated to one of finite extent by enforcing some artificial condition
(several variants have been explored in the literature) related to the radiation
condition on the terminating surface (see [22], [10] and more recently, [8]);
the unknown field values are obtained from the solution of a system of linear
algebraic equations; if the fully time dependent wave equation is employed,
with temporal as well as spatial finite difference replacements for the total field
quantities on the same type of truncated mesh, then at each time step the
total field quantities may be updated in terms of the quantities calculated at
previous time steps; the calculation is pursued until a steady state response or
a quiescent state is achieved, from which the time harmonic response may be
determined by an appropriate discrete Fourier transform. These methods are
usually termed finite difference frequency domain (FDFD) methods and finite
difference time domain (FDTD) methods, respectively. A fourth order method
is examined in [72]. A more sophisticated representation of the total field in
the mesh of finite extent surrounding the scatterer leads to finite element
methods (FEM), producing again systems of linear algebraic equations for
the coefficients of the basis functions representing the total field throughout
the mesh region [121].

High frequency methods assume that the (total or scattered) field behaves
in a ray-like fashion; in free space, the rays travel in straight lines; rules for
their reflection and diffraction from scattering surfaces distinguish the various
approximate methods. Physical optics (PO) is the simplest such method in
which the total field (or its normal derivative, as appropriate) on the illu-
minated side of the scattering surface is determined precisely as though the
surface were planar (with the same incident illumination); the scattered field
is readily expressed as a closed integral over the surface (which may be cal-
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culated numerically or approximately by stationary phase arguments). The
limitations of PO become apparent at angles well away from normal incidence,
or when edge or corner contributions are significant. More sophisticated treat-
ments rely upon exact calculations of the high frequency scattering from the
edge of a semi-infinite half plane or from wedges or from cones in similar semi-
infinite structures; these are incorporated as diffraction coefficients modifying
the amplitude and phase of the ray as it strikes the edge or corner. This is the
basis for the well-known geometrical theory of diffraction (GTD) developed
by Keller [46] and others [35] and later developments such as the uniform
theory of diffraction (UTD) and the physical theory of diffraction (PTD): see
also [42].

Cavity scatterers present one of the principal difficulties encountered by
GTD and its variants: rays may be trapped inside the cavity, i.e., some of the
paths traced out according to the rules of whichever method is employed be-
come totally confined to the cavity region and lead to unreliable estimates for
the total as well as scattered fields. Methods employed at lower frequency also
have their difficulties. If an integral equation based algorithm is employed,
the rate of convergence of the computed solution as a function of the discreti-
sation number (number of basis elements or unknowns used to represent the
desired field or surface quantity) is usually much poorer than for convex, or
at least closed, scatterers, and in some cases it may be impossible to have any
surety of the accuracy of the computed solution. This may be attributable
to the inherent instability of the integral equation used: if it is of first kind,
then, as finer discretisations are employed, the condition number of the associ-
ated system of equations grows rapidly, and although the theoretical accuracy
of solution representation is apparently increased, actual computational ac-
curacy degrades often to a point where the computed solution is unreliable.
This remark holds, notwithstanding the beneficial stabilising influence of a
singularity that is usually present in the kernel of such integral equations.
Differential equation based algorithms encounter similar difficulties for cavity
structures.

The validation of putative methods for calculating the scattering from ob-
jects incorporating edges and cavities, which may themselves enclose a variety
of scatterers, depends entirely on comparison with the results of other proven
approaches, whether analytical, computational or experimental. It is our
purpose to provide a set of benchmark solutions to a selection of canonical
scattering problems to meet this need.
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Chapter 2

Acoustic Diffraction from a Clircular
Hole in a Thin Spherical Shell.

The closed sphere is the simplest three-dimensional scatterer of finite extent.
Both acoustically hard and soft spherical surfaces have been intensively stud-
ied in all wavelength bands: the low frequency or long wavelength (Rayleigh)
regime, the intermediate or resonance regime, where the scatterer around one
or a few wavelengths in size, and the high frequency or optical (short wave-
length) regime. At low frequency, the scattered field may be expanded in a
series of powers of ka, where k is the wavenumber and a the spherical ra-
dius; the first term is usually satisfactory for approximate purposes. In the
resonance regime, the scattered field may be expressed as a convergent se-
ries of spherical harmonics, known as the Mie series [41], [13]; this series is
satisfactory for calculations on spheres up to several wavelengths. The poor
convergence at higher frequency is ameliorated by the use of transformations
such as the Watson transformation to a rapidly convergent series [41].

Thus the sphere provides a test bed for approximate methods that may be
developed to treat various classes of scatterers in these regimes, as discussed
in Section 1.7. Opening apertures in the closed sphere creates a cavity and
associated scattering mechanisms that are completely absent in the closed
structure; it therefore provides a significantly more useful and testing bench-
mark for such approximate methods.

In this chapter we examine perhaps the simplest three-dimensional cavity
structure: the thin spherical shell with a circular aperture. The shell may
be acoustically soft or hard, and is illuminated by an acoustic plane wave.
The symmetry inherent in the configuration allows us to represent the scat-
tered and total fields (inside and outside the cavity) in spherical harmonics;
enforcement of boundary conditions on the scattering surface and continuity
conditions across the circular aperture leads to a pair of dual series equations
for the unknown spherical harmonic coefficients. Dual series equations of this
type were extensively analysed in Chapter 2 of Part I [1]. The standard trans-
formation to a second kind Fredholm matrix equation is exploited in Section
2.1, so that solutions of guaranteed accuracy are obtained.

The closed spherical structure supports a standing spherical wave oscillation
in the interior; when a small circular aperture is opened in the shell, it is
possible to excite similar oscillations. It is a particular example of a Helmholtz
acoustic resonator, in which the lowest frequency oscillation or Helmholtz
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mode is of interest. The dependence of the resonant frequency (at which
the peak amplitude oscillations occur) and Q-factor upon aperture size is
discussed in Section 2.2.

Large amplitude oscillations may be excited at frequencies near to those
frequencies at which interior resonance of the closed sphere occurs. They
are characterised by the so called quasi-eigenvalues of the cavity — complex
numbers at which the regularised matrix equation is singular. These are
discussed in Section 2.3.

Two measures of the energy in the scattered field are discussed in Section
2.4 — the total cross-section (measuring the total scattered energy) and the
sonar cross-section measuring the energy scattered backwards, opposite to
the direction of travel of the incident acoustic wave. Cross-sections for both
acoustically soft and hard shells are examined in three frequency ranges: the
Rayleigh regime, the resonance regime (1 < ka < 20) and the high frequency
regime. The low frequency solution is shown to be in accord with well-known
solutions published in the literature. If the aperture is small, the resonant
regime is characterised by resonance doublets (approximating the derivative of
a delta function) superimposed on a more smoothly varying response typical
of the closed sphere; the locations of the doublets are easily related to the
quasi-eigenvalues of the cavity. If the aperture is opened so fully that the
shell becomes a shallow curved disc, the accurately computed solution may be
compared to that derived from a physical optics approach. Finally the cross-
sections at short wavelength (the quasi-optical regime) results are presented
for shells of size ka < 320. By way of illustration, an aperture of more than
20 wavelengths in a spherical shell of around 100 wavelengths is examined.

In Section 2.5, the force exerted on the open hard shell by the incident wave
is examined as a function of frequency; this force is generated by the pressure
difference between the interior and exterior of the cavity.

In Section 2.6, the scalar spherical reflector antenna is examined and the
distribution of acoustic energy in the focal region determined; in section 2.6,
the same structure in transmitting mode is examined. The results of this
chapter are in some respects developments of the earlier investigations on this
subject (see [19], [92], [62], [63], [34], [96] and [102]).

2.1 Plane Wave Diffraction from a Soft or Hard Spheri-
cal Cap.

Consider an acoustic plane wave of unit amplitude propagating at an angle
a to the positive direction of z-axis (see Figure 2.1). The wave impacts a
spherical cap (or spherical cavity) described in spherical coordinates by r = a,
0 € (0,60), ¢ € (0,2m); the cap is part of a spherical surface centred at
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Figure 2.1
A spherical shell illuminated by a plane wave incident at angle «.

the origin and subtends an angle 6y at the origin. The cap is supposed to
be acoustically soft or acoustically hard (rigid). The problem is to find the
acoustic field scattered by the structure.

The velocity potential of the incident wave is

Ul =U'(r,0,¢) = exp(ikr cos 1)), (2. 1)
where for a suitable ¢y,
cos ) = cos acos 8 + sin asin 6 cos(p — po);

because of the problem symmetry, we may assume that ¢g = 0 without loss
of generality. Let U® denote the scattered velocity potential. In accordance
with the principle of linear superposition, the total velocity potential U? is
the sum of incident and scattered potentials, i.e.,

Ut=U"'"+U". (2. 2)
A rigorous statement of the problem to be solved that is based entirely on

a theorem guaranteeing uniqueness [41] is as follows. We state it first for the
acoustically hard cap.

Problem 1  Find the potential Ut that satisfies the following conditions.
(1) The function U* satisfies the Helmholtz equation

(A+EHUE =0 (2. 3)

© 2002 by Chapman & Hall/CRC



at all points off the shell. (2) Ut and its partial derivatives are continuous
and finite everywhere, including at all points on the spherical surface r = a,
but the value of U* may change discontinuously across the shell. (3) The so-
called mized boundary conditions to be enforced on two regions of the spherical
surface r = a, the cap and the complementary cap formed by the remainder
of the spherical surface are

9 _ 9 _
EU |r:a—0 = EU |r:a+0 - 079 € (OaQO)a
Ut|r:a—0 = Ut|r:a+079 S (0077T) (2 4)

for all p € (0,27). (4) The scattered field satisfies the radiation conditions (1.
280)—(1. 281) that implies it must be an outgoing spherical wave at infinity;
as r — 00, it has the asymptotic form

ikr

U* = F(6,)"

+0(r?) (2. 5)
r

where the scattered field pattern F (0, ) is a function dependent only on an-
gular direction. (5) The energy of the scattered field is bounded, meaning that
the integral over any finite volume V of space (possibly including the edges of

spherical cap)
1
sz/// {lerad U2 + 2|0} 4V < o0 2. 6)
4 v
is finite.

The conditions (2) and (3) imply the following continuity condition for
normal derivatives of the total velocity U*

%U%«:a_o = %Uth:aw, 6 € (0,7),p € (0,2m). (2. 7)
In connection with the final condition (2. 6), it is convenient to use the interior
of sphere (r < a) as the finite volume of integration. Continuity conditions do
not apply at singular points of the surface, namely the edge; in the vicinity
of such points, the field singularity is determined by (2. 6). This determines
the solution class and provides the correct singularity order for the scattered
field. The acoustically soft problem may be formulated as follows.

Problem 2  Find the potential Ut that satisfies the following conditions.
(1) The function Ut satisfies the Helmholtz equation (2. 3) at all points off
the shell. (2) Ut is continuous and finite everywhere, including at all points
on the spherical surface r = a,

Ut|7‘:a70 = Ut|r:a+07 9 S (0771—); 2 € (07 27T) (2 8)
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The partial derivatives are continuous off the shell, but change discontinuously
across the shell surface. (3) The mized boundary conditions to be enforced on
two regions of the spherical surface r = a, the cap and the complementary cap
formed by the remainder of the spherical surface are

Ut|r:a—0 == Ut|r a+0 — 079 € (0790)5

oUt aUt
W“:a—o |r a+0a0 € (90’ ) (2 9)

for all p € (0,27). (4) The scattered field satisfies the radiation conditions (1.
280)—(1. 281). (5) The energy integral defined by (2. 6) is bounded, for any
finite volume V of space.

As for the rigid shell, continuity conditions do not apply at singular points of
the surface, namely the edge; in the vicinity of such points, the field singularity
is determined by (2. 6).

Expand the incident field (2. 1) in spherical wave functions

Ul = 2(2 —62)) cos mpx
S inn+ 1)mgn(m) ™ (cos @) P™ (cos 0). (2. 10)

We also employ spherical harmonics to seek solutions of the Helmholtz equa-
tion (2. 3) that satisfy the radiation condition (2. 5) and the hard or soft
boundary conditions, (2. 7) or (2. 8), as appropriate. In the hard case,

_ |
U2+Z 2—50 cosm(pz (2n+1 n—l—Zl”L;;a::X

P (cos ) P (cos 0) {]n(kT)7 rea (2. 11)

3 (ka)hSP (kr) /BY (ka), > a

where a]" are the unknown Fourier coeflicients to be determined. Enforcement
of the mlxed boundary conditions (2. 4) leads to the dual series equations

Z i"(2n + 1)m% (ka)lap® + 1] P (cos ) Py (cos ) = 0

n=m

0€(0,6) (2. 12)

oo
Z i"(2n+1) Tt m)! hsll)/TEka) P (cosa) Py (cosd) =0

n=m

0 e (6o, 7), (2.13)
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valid for each m =0,1,2,....
In the soft case, we seek a solution in the form

— |
UZ—&-Z (2-62) cosmgoz (2n+1 n_'_nm%;b?x
(kr), r<a

(k)P (k) /D (ka), > a (2. 14)

P™(cos o) P™(cos ) {j"

where b)) are the unknown Fourier coefficients to be determined; enforcement
of the mixed boundary conditions (2. 9) leads to a similar set of dual series
equations

~T 1 m m m —
nzg mz (2n + T m)']n(lm) (b + 1] P (cos ) P (cos 6)

€ (0,6 (2. 15)

Z i"(2n+1) ot ) hgll)(k:a) P (cosa) Py (cos ) =0,

n=m

0 € (0,7). (2.16)

valid for each m =0,1,2,....

The solution of these two sets of dual series equations relies upon the results
expounded in Chapter 2 of Part I [1]; they are solved in an identical manner.
We outline the details for the hard case, and merely state the result for the
soft case. Define new coefficients x]" by

pm
a™ = i”wa:ﬁ. (2. 17)
hy " (ka)

Set 2z = cosf,zy = costl and reformulate equations (2. 12) and (2. 13) in
terms of the orthonormal associated Legendre functions P/ (cos 8); the result
is

> apPr(z) =0, z € (—1,2) (2. 18)

n=m

> @+ {3, (ka)hl (ka)2n + 157" (=) =
n=m

=— Z " M (cos ) PT(2), 2 € (29,1). (2. 19)
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The asymptotics of the spherical Bessel functions [3] show that

D (ha i
(k27)1h+ 1(k ! - 4(ka)? {1+0(n™?)} (2. 20)

as n — 00, so that the asymptotically small parameter ¢,, defined by
en = 1+ 4i(ka)®(2n +1)715! (ka)h Y (ka) (2. 21)

has the property &, = O(n=?), as n — co. We may now extract the singular
part of the dual series equations by writing them in the form as

Z P (2) = z e (-1, 2) (2. 22)

Z 2n + 1)z P (2 Z 2n + 1) (z"e, + ™) P (2),
n=m n=m
z € (20,1), (2. 23)
where o/ = 4i(ka)?(2n 4 1)~ 1"} (ka) P (cos o).
The relationship between the orthonormal associated Legendre functions

p,’f and the Jacobi polynomials PT(LT_”TT ) (see Appendix B.3 of Part I) allows
us to rewrite (2. 22) and (2. 23) in the equivalent form

ng+mpsmm 2)=0, ze(-1,2) (2. 24)
Z(S+m+§) s+mP5 ()
s=0

o0

1 R
Z(s +m+ 5)(x§’lmas+m + aﬁm)Pgm’m)(z), z € (20,1). (2. 25)

s=

Enforcement of the finite energy condition (2. 6) provides a definition of
the solution space for the unknown coefficients z7%

e}
2
m

m:O

Z | P (G (k)7 (R) + 524 (Ra) } RSV, (Ra) | < o0, (2. 26)
s=0
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Thus we have reduced the original dual series equations (2. 12) and (2.
13) to the pair (2. 24) and (2. 25), subject to (2. 26). Such systems were
extensively considered in Sections 2.2 and 2.4 of Part I, where it was shown
that the infinite system of the linear algebraic equations (i.s.l.a.e.) may be
transformed to a second kind Fredholm matrix equation, with a matrix oper-
ator that is a completely continuous perturbation of the identity operator, in
the functional space l5. Defining

{X7 AT = ( 5+m+ {xs+m, ot} (2. 27)

the transformed system is (for each fixed m =0,1,2,...),

ZX EarmQUTETT) () = ZAWQ(’”*? () (2. 28)

= s=0

where [ = 0,1,2,..., and Q @B) denotes the normalised incomplete scalar
product defined in Appendix B 6 of Part I.

This regularised system of equations has several notable advantages (the-
oretical and numerical) over the original system of dual series equations,
and these are discussed in Appendix C.3 of Part I. In particular we wish
to show that it has a unique solution (the existence of which is already as-
sured by the Fredholm alternative). It is convenient to let X" denote the
vector (X", X", ...), E denote the diagonal matrix diag (e, &m1,.-.) and

@ denote the matrix with elements Qi;n+%’m7%)(zo), where s,l take values
0,1,2,.... Then the system (2. 28) has a unique solution if and only if the
homogeneous form of this system (with the right hand side set to zero) has
only the zero solution, i.e.,

— — —
X"—X"EQ=0. (2. 29)

Thus, denotlng the complex conjugate by a star and the transpose of X by

(x7)’

The right hand side of (2. 30) is real, because the matrix @ is real and
symmetric. Thus

— — 5\t —_ —\ t
X" g (Xm*) — X" BEQE* (Xm*) . (2. 30)

> X Im ey = 0. (2. 31)
s=0

From the definition (2. 21), Imegqy, > 0 for all m = 0,1,2, ..., and for any
fixed ka, at most one of the numbers Im &4, is zero. If none of the numbers
Imeégt, vanish, Equation (2. 29) has only the zero solution. If one of the

—
numbers Im e, vanish, when say, m = [, all the components of X™ except
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X" vanish; but then the homogeneous form of Equations (2. 24)—(2. 25)
(with o, = 0) are untenable unless zp = —1 (because a polynomial cannot
vanish on the subinterval (—1, zp)). Thus (2. 29) has only the zero solution
unless the aperture in the cavity closes, in which case nontrivial solutions
correspond to eigenoscillations of the closed sphere. In any case, the system
describing the open cavity structure has a unique solution.

This argument may be adapted to all the regularised i.s.l.a.e. that are
derived in later sections and chapters, so that unique solutions are assured.
Some remarks about the practical computation of the coefficients in (2. 28)
will be made once the corresponding i.s.l.a.e. for the soft case has been derived.

A similar procedure may be applied to dual series equations (2. 15) and (2.
16) arising in the soft case. Define

A (ka)
b= (—i)"(2n + 1) 2y 2. 32
(=1)"( )Pﬁ(cosa)y (2. 32)

B = —i" M kaj, (ka) P (cos a).

n

The results of Chapter 2, Part I may be applied to obtain the i.s.l.a.e. (for
each fixed m =0,1,2,...),

> A(m—L% m+1 > A(m—2% m+1
Y =Y Y m QY T () = Y BIQY T () (2. 33)
s=0 s=0

where [ = 0,1,2,...; the rescaled quantities are

{Ya 7Bs } = (3 +m+ 5)2 {ys+mvﬁs+m ) (2' 34)
and the asymptotically small parameter p,, defined by
fin = 1 — ika(2n 4 1), (ka)h' (ka) (2. 35)

has the property y, = O (n™2) as n — oco.

The numerical computation of the coefficients in (2. 28) or (2. 33) relies
on the truncation of the i.s.l.a.e. to a finite number N, of equations and as
noted in Appendix C.3 of Part I, reliable bounds on the error can be obtained
(see, for example, [44]). In wave-scattering problems, the choice of truncation
number can be directly related to the size of the scatterer in wavelengths,
or equivalently, by the parameter kL, where L is a typical dimension of the
scatterer. For the sphere it is natural to use L = a. A practical choice is guided
by the asymptotic behaviour of the parameters €,, or u,. The behaviour of u,
for three different values of ka is shown in Figure 2.2. It is clearly seen that
the parameter rapidly decays when n exceeds ka, so that ka may be regarded
as the “cut-off” value, so that Ny should be chosen somewhat in excess of
ka.
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Figure 2.2
Asymptotic behaviour of u,, for various wavenumbers.

In the practical calculations on spherical cavity systems reported in this
and later chapters, a value Ny = ka + 12 was used; this produced three to
four significant digits in the computed Fourier coefficients (in (2. 28) and the
other i.s.la.e.).

We may now constructively prove that the solution obtained to either of
the regularised systems (2. 28) or (2. 33) satisfies all the conditions of the
wave-scattering problem and consequently is unique.

By definition, the solution to the sound-hard case (see [2. 11]) satisfies the
Helmholtz equation (2. 3), the continuity condition (2. 7) and the radiation
condition (2. 5); likewise the solution to the sound-soft case (see [2. 14])
satisfies the Helmholtz equation, the continuity condition (2. 8) and the
radiation condition. It remains to prove that the solution satisfies the mixed
boundary conditions, (2. 4) or (2. 9) as appropriate, and the edge condition
(2. 6) as well.

First regroup in a seemingly very formal way the terms in (2. 28), (2. 27):

= At m—1

XZWL = Z(AZL +X;n€s+m) il t 2)(20), (2 36)
s=0
= Al L a1

Y =Y (B4 Y ) QYT (20). (2. 37)
s=0
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In the sound-hard case, the jump in the total potential across spherical surface
r=ais

Ut|r:a—0 - Ut|a+0 =

e Z (2—02)(1 = 22)% cosmp Kpn(z,20) (2. 38)
m=0

where
oo

Kpn(z,20) = ZZ;([ +m + 2) QXmP(m m)(z),
the normal derivative of velocity potential on the spherical surface has value

t o)
aair E Z 2 —0%)(1 - 2%)% cos(my) Fn(z, 2) (2. 39)

m=0

where
oo . R
(520) = S+ m o+ )1 ctom) XJ" = A7} P (),
=0

In the sound-soft case, the jump in the normal derivative of the total po-
tential across spherical surface r = a is

9 9 _
EU |r:a70 - 87U |r:a+0 -
j )2 Z (2—0%)(1 = 2%)% cosmy Sp(z,20) (2. 40)
m=0
where -
Sz, 20) = Z<z+m+ )Ry R (2);
1=0

the value of the velocity potential on the spherical surface is
Ullypmo = Z (2—02)(1 - 2%)% cosmy Gu(z, 20) (2. 41)
where
(2, 20) i [+m+ 3 L) B - - piem) Y/ B ().
1=0

Now use the following property (see Appendix B.6 of Part I) concerning the
incomplete scalar product,

QW (—21) = 64 — (~1)*7' QWY (=),

© 2002 by Chapman & Hall/CRC



to transform equations (2. 28) and (2. 33). Setting ; = 7 — 6y and z; =
cos 01 = —zp we obtain

(1—€l+m +ZX 55+QO 2,m+ )(21)
s=0

=AY APQU TR (2 (2. 42)

— B =3 BrQUTET ) (2. 43)

where {X;ﬂ,fflm,ﬁgn,élm} = (=) {XJ", Y;", A, B} ; equivalently

(1= ) X" = A7 = =S (A + X7en)Q 2™ ) (20 44)
s=0
v m M __ = m m m+g,m—3
(1= ) V™ = Bl = =S (B 4+ V) Q2772 (z). (2. 45)
s=0

The substitution z = —u in (2. 39) and (2. 41) leads to

(u, 1) Z l+m+ 1ys {(1 Erem) X — Am} B () (2. 46)
1=
= 1.1 (4 N
Gn(u,21) = Y (1 +m+3)7 {B" = (1= puym) ¥ } B (). (2. 47)
1=0
Substitute (2. 36), (2. 46), (2. 47) into the corresponding expressions and
change the summation order to obtain

o0
Km(z,20) = Y (AT + X"eaim) P2 (2, 20) (2. 48)
s=0
Sm(z,20) = Z(B;n + Y psm ) RS (2, 20)
s=0
Fo(u,21) = — Z(;l;n + XT5S+M)RT(% z1)
s=0
Gm(u, 21) = Z(B;n + Y/sm:us+m)q);n(“7 z1)
s=0
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- 1 A(m+3,m—3 m,m
O (w,w0) = Y (4 m+ ) QT D @) B @) (2 49)
=0
> 1 A(m—1m+i H(m,m
RY'x.zo) = > (1+m+ 5)2Q0 " @) B @) (2. 50)
=0

The functions ®7*(x, zg) and R (x, xg) are closely related. If we substitute
the formula (see Appendix B.6 of Part I)

N _1 1
Q™ o) =

(1= a) % P30 ()

p(m+z.m=—3) 1
P, (zo) | 8+ M43 A(mtim-1)
1 T @y (o)
I+m+ 3 l+m+3
(2. 51)

into (2. 50) we obtain
m 1 m
Rs l(x7 JJO) = (8 +m+ 5)(1)5 l('/E’ LIJ())—F

m A(m—=i mi+l s _ 1 Aa(m+im—2i H(m,m
(1—a) % P 2™ (20) Y (0 mo )T ERTETT D () B (2),

=7 (L+a) (1 —20) "3 (2 — wo) 2 H (¢ —wo) (2. 53)

so that the function R]*(x,xo) is represented as

1
R (x,x20) = (s+m+ 5)@:"(33, xo)+

m A(m—3% m+3)
1 (14 2 —mPs 7 2
-3 7( x02n+1 (I+z)~™ l(xo)H (x —x0). (2. 54)
(1= 20) (0 —20)}

Thus the analytical properties of R7(z, ) are readily deduced from those of
D™ (z, ).
It can be shown that

O () = w%(l + ) "G (x, 20)H (2 — x0) (2. 55)
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where

Nl

Pt )

GV (x,20) =5, (1 +u)™" u. (2. 56)

(:cfu)%

Thus the function R?*(x, o) has the final representation

1 1
R (x,x0) =72 (1+2) (s +m+ =)GT(x,20)H (x — x0) +

2
m A(m—3% m+3)
1 (1+$0)2 —m < S 2 2 (xo)
™ 2m(1+x) (o)} H(zx—1x9). (2.57)
— 4o — 40

Let us compare the definition (2. 56) of the functions G7'(x, xo) with the
integral representation for the normalised Jacobi polynomials

1,1 % A(m+l7m—l)
R 1 PS 2 2
plmmy gy = GHEMER)E g meg B T W) g 5
71'5(14-1‘)7” B (r —u)2
Observing that
1 (1 m
G, 1) =t LEDT ponm g

we may regard the functions G”(x, z9) as generalisations of the functions P™.
The functions P/ (z) are eigenfunctions of the whole sphere; with some care,
the functions G7*(x, z¢) may be called spherical cap eigenfunctions.

Finally it is clear from the representations (2. 55) and (2. 57) that the so-
lution obtained to the sound-hard and the sound-soft problems automatically
satisfy the mixed boundary conditions and the edge condition.

2.2 Rigorous Theory of the Spherical Helmholtz Res-
onator.

The Helmholtz resonator is the archetypical system exhibiting resonance
with distributed parameters. Although this system has been well studied in
the literature for many years (see for example, [75] and [65]), our purpose is
to provide some formulae that are more accurate than previously reported.
We exploit the mathematically rigorous description of the previous section,
concerning diffraction by a circular hole in an acoustically hard spherical shell,
to construct a rigorous theory of the spherical Helmholtz resonator.
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Figure 2.3
The Helmholtz resonator.

In a simple form, this classical acoustic resonator may be realised as a vessel
of a certain volume V coupled to free space by a tube or column of length [
and cross-sectional area S (see Figure 2.3).

From a physical point of view it is reasonable to postulate that all the kinetic
energy of the system is concentrated in the column of air that moves in the
tube as a plunger. On the other hand, the potential energy of the system
is stored through the process of elastic deformation of the air contained in
the vessel. With these assumptions, a simple model can be developed for the
acoustical resonator in which the resonant frequency fo does not depend on
the vessel shape nor on the cross-section of the tube, being given by the simple
formula v

S

fo=4_

where v, is the velocity of sound in air.

If the acoustic resonator is coupled to free space by a small aperture one may
suppose that all the kinetic energy, or at least its major part, is concentrated
in the air moving near the aperture. The resonant frequency fo now depends
on the aperture shape, but, as previously, may be expected to be independent
of vessel shape.

When the aperture is circular, of radius r, the formula (2. 60) becomes

O)SL-V3 (2. 60)

fo=2()2rV3. 2. 61)

:27r

4
In particular, if the vessel is spherical, of radius ¢ and volume V = —ma3,

and the circular aperture subtends a small angle 61 (< 1) at the centre of the
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sphere, then r = asinf, ~ af, and relative wave-number at resonance is

27 foa

Us

(ka)o = = ()36,272. (2. 62)

These and similar physically plausible models of the distribution of the
sound energy near the aperture have been developed by many authors to
determine more exactly the resonant frequency of the acoustic resonator and
the Q-factor of this Helmholtz mode. The most accurate formula appears to
be due to the author of [62]; the dominant terms in the improved estimate

give
30, 9
(ka)o = (%) {1+ 2%91}. (2. 63)

The analytical treatment of the previous section allows us to deduce a more
accurate formula for the Helmholtz mode. We set m = 0 in equation (2. 42),
so that

(1 - 5[))2[0 + Zngstl = A? - ZA;JQSZ’ (2 64)

s=0 s=0

where [ =0,1,..., and

sin(s —1)0;  sin(s+1+1)6,
s—1 s+1+1

Q= eostn) = 1| | e

and

. o1, .. A
AV = 211+ 5)’5(ka)5jl’(ka)Pl(cosa). (2. 66)

On the supposition that the parameters ka and 6; are small (< 1), we may
solve (2. 64) by the method of successive approximations.

Because resonance occurs when (ka)? ~ 0; (and both parameters (ka)? and
0 are small), we modify this method and separate the first row (or resonance
row) corresponding to [ = 0, so that equation (2. 64) takes the form

[1—20(1 = Quo)]X§ = A5 = > AIQs0 — Y Xe.Qu0 (2. 67)

s=0 s=1

and when [ > 0,

(1 —El)XlO :AIO_ZASQSl —XgﬁoQ()l _ZXSESQSZ' (2 68)

s=0 s=1
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A triple application of the method of successive approximations to the equa-
tion (2. 68) leads to the following approximate expression for X lo :

s A
Sl —g,
EoXo > > En
1—e. QOS_Zl +Z stzl_ QOnan .
€s 1 —1 En

(2. 69)

Substitution of (2. 69) into equation (2. 67) and some manipulation leads
to

s:l

oo oo

z:1 1 ip&PQPS; 1 .

= Ag(l — Qoo) - Z = QsO (2' 70)

s=1

X0{1 = 201 = Qoo +Z

+Z

stQOp

I} =

The characteristic equation that determines the Helmholtz mode approxi-
mately is obtained by equating the expression in curly brackets to zero.

It can be readily seen that the characteristic equation which determines the
Helmholtz mode exactly is representable, at least in a formal sense, as

1~ {1~ Quo +Z T Quol Qs —glggpczps{czop_
> Qud Qo — 3 =0 (2.7
n=1 n

The more delicate issue of convergence may be addressed by estimating the
size of the terms. The expressions Q),.,,, quantify the perturbation due to the
hole. It is clear that the characteristic equation (2. 71) cannot be solved
exactly. Approximate equations are derived from (2. 71) by retaining a finite
number of perturbation terms. The precise number of terms is closely related
to the desired number of corrections to the initial approximate value (ka)o
(30,/ 271')%. From a practical point of view it is sufficient to keep one or two
corrections. Here we use the approximate characteristic equation with three
perturbation terms

1—50{1—Q00+Z

-3

s=1

stQOs}

=0. (2.72)

© 2002 by Chapman & Hall/CRC



Recalling that ka is small, we may expand the asymptotically small param-
eter &, in powers of ka. When n > 0,

L 4(2n% +2n — 1)
(2n+1)2  (2n—1)(2n+1)%(2n + 3)
16n% + 19n + 48 A
+ 5 (ka)
2(2n —3)(2n —1)(2n + 1)3(2n + 3)(2n +5)
73n? + 48n + 1080

T 3@n ) 2n—3)2n—1)(2n+ 122+ 3)2n +5)2n 1 7) (ka)®

+O<(l<;a/n)8), (2. 73)

Re(en) = (ka)?

and
{1 _ n(;l%f?))(kaf + ;’; (;nﬁfg;(l;:j; (ka)* + O (“jl?ﬁ) } . (2. 74)

also
Re(eo) = 1+ 5 (ha)” + = (ha)* — 2 (ha)® + 2o (ka)® + O ((ka)'®) (2. 75)

and
Tm(co) = %(ka)E’ - %(kay + 5;1—5@@)9 +0 ((ha)") (2. 76)

After substitution of (2. 73)—(2. 76) into (2. 72), the remainder has order
O((ka)®) and O(#7) in the parameters ka and 61, respectively. After some
algebra one may deduce an approximate characteristic equation for the square
of the resonant wavenumber = = (ka)? to be

1 72 4 w2 35
2604+ -+ —)6°—-xi1-2 14+ — +22) 62
0 9+(2+6)9 333{ 9+<+12+36>9}

— §x2(1—29)+ 8

15 35"
(3 s 4 7 4 s
—2{4:1:292—45952—1—9952(1—29)}—1—0(1;479‘11):0, (2. 77)

where 6 = 6, /7. Newton’s method may be used to solve (2. 77) for z. Let
f(x) denote the terms on the left hand side of that equation, ignoring the
O(z*,0}) terms. We calculate the successive iterates

(n)
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commencing with z(®) = 0. Thus

M = 29[1 +0(0)], (2. 79)
30 9 1 3
@ =14 29— i=()302% 2.
T 5 { +109 13()39 }, (2. 80)
and
30 9 919 1 3 5
(3) — 72 5 z
T 5 {1 + 109+ 15759 13()36’2 {1 + 49] } (2. 81)

Extraction of the square root from (2. 81) produces the real and imaginary
parts of resonant wavenumber for the Helmholtz mode:

30 9 9601 , 1 (30\:[ 5

9601

Obviously in the context of an approximation the fraction =555

placed by % :

may be re-

2.3 Quasi-Eigenoscillations: Spectrum of the Open Spher-
ical Shell.

It is well known that the spectrum of the eigenoscillations of the closed
spherical cavity is multiply degenerate: to each eigenvalue (except the low-
est), there are several distinct (linearly independent) modes of oscillation cor-
responding to that eigenvalue.

Actually, the set of eigenfunctions is representable as follows. Consider
first the acoustically hard case. For each n = 0,1,2,..., the eigenvalues of
the closed cavity are the roots s,; of the characteristic (dispersion) equation

Jn () =0 (2. 83)

ordered in ascending magnitude 5,1 < sp2 < 3,3 ...; associated with each
eigenvalue sz,; are the (2n + 1) eigenoscillations

(r) . f) m cosme,m=0,1,...n
lm’m(r,@,go) = Jn (%nla P (cos ) { snmo.m =12 n[" (2. 84)

In the acoustically soft case, the eigenvalues of the closed cavity are the
roots v,; of the equation

Jn(Wn) =0 (2. 85)
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ordered in ascending magnitude v,; < Vpa < Vps...; associated with each
eigenvalue v, are the (2n 4 1) eigenoscillations

2 (r:00) ~ o () Peost) { oo =0k (250

sinmep,m=1,2,...n

It will be remarked that [ is the number of zeros as r ranges over the interval
(0,a), n — m is the number of zeros as 6 ranges over the interval (0,7) and
2m is the number of zeros as ¢ ranges over the interval (0, 27).

It may be anticipated that the loss of symmetry caused by opening an aper-
ture in the walls of the closed resonator breaks the spectrum degeneracy, split-
ting each multiple eigenvalue into several nondegenerate eigenvalues. Thus if
the thin spherical shell is punctured by a circular hole the spectrum of closed
spherical cavity is perturbed in this fashion. To analyse this phenomenon
quantitatively, one must find nontrivial solutions to a certain homogeneous
problem for the punctured spherical shell and so determine the perturbed
spectrum.

Practically we have already solved this problem in the previous section. In
fact, the relevant homogeneous problems are obtained by setting /i;” =0 and
Blm = 0 in equations (2. 42) and (2. 43), respectively, yielding

oo
~ ~ N mfl,m 1
(1= erm) X"+ > X e0imQy ™ (1) =0 (2. 87)
and
m ,m— 1
(1= )T + 3T Q4™ 1) 0 (2. 88)
s=0

where m =1,2,....

Nontrivial solutions of either equation arise at certain complex values of ka.
The coupling of the inner cavity region (r < a) to the outer region (a < r < 00)
allows energy to dissipate through the hole, i.e., radiation losses occur, and
real eigenvalues associated with the closed sphere become complex. These
complex roots are termed quasi-eigenvalues and are associated with quasi-
eigenoscillations.

In fact, there are two possible spectral parameters to consider in treating
(2. 87) or (2. 88). One is aperture size, described by the value z; = cos6;.
More intrinsic to the geometry, the other spectral parameter is the relative
wave number ka; the set of values where nontrivial solutions for equations (2.
87), (2. 88) occur form a discrete set (complex-valued). The characteristic
equations to be solved are

det {A} =0 (2. 89)
where, in the acoustically hard case, the matrix A is defined to be
A=A = {(1—erim)is + 65+in;n_%’m+%)(zl)}l L 20
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and in the soft case, it is defined to be

oo

A= A(S) = {(1 — Ml+m)6ls + MS+mQ(m+2 e 2)(21)}1 -0 . (2 91)

In general, when the aperture is not necessarily small, the equations (2. 89)
can only be solved numerically. However if the aperture is small (1 — z; =
€ < 1) the equations (2. 89) may be replaced by an approximate form and
solved analytically.

From its definition, Q( ’6)( 1) — 0 as 23 — 1; it vanishes at 2z; = 1. We
suppose that z; ~ 1 and that all the terms of form Qi‘;ﬁ )(zl) are small.

Retain in (2. 90)7 (2. 91) terms of the form Q ”8)( 1) and their products.
Suppressing the details one deduces the approxunate equations

det{ } H{l—aHmFl }=0 (2. 92)

where

A(m—1 m41
R T

Es+m m—2i.m A(m—2i m+1
> QR QT ),
s+m
s=0
s#l
and
det{A(s)} ~ [Tt - surmGry =0 (2. 93)
1=0
where

Alm 1 Wl—l
G =1-Q " )t
- Hs+m  A(m+im—1L A(m4Lm—1
> QU R @)@ ().
,U/erm
s=0

s #1

Confining ourselves to the very first correction term to the unperturbed
eigenvalues s, and v,; we simplify the approximate dispersion equations
and extract only the imaginary parts of the quadratic products involving
Q(a 5)( 1). It is obvious from the definitions of €, (2. 21) and p,, (2. 35) that

s+m 2 2 1
Im{ Eat }_ 5 +2m+ (2. 94)
1-— Es+m (ka) |hs+m( )|2
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S+m 1
Im{ Hst } _ o) . (2. 95)
1~ flssm ka(2s 4 2m + 1)|hy.),, (ka)|?

Thus the approximate characteristic equations are

1—epm[l— AZ(T*E,m+§)(Zl)+
. oo
i 25 +2m+1 A(m—1,m+1) A(m—1,m+t1)

—m @ T (:)Q T P (:)] =0 (2. 96)
A(ka)? Z o [ (ka2 ™ "

s;él

and

1- ,ul-‘rm[l - Al)l

A(m"’_%:m_%) A(m+%7m_%)
(z1) - @4 (21)

(25 + 2m + )| (ka)|2 ]=0. (2.97)

s+m

We defer investigation of the case that corresponds to the Helmholtz res-
onator to the next section; this case corresponds to the values [ = 0 and
m = 0in (2. 96). Now transform (2. 96), (2. 97) to a more convenient form
by re-labelling the indices n =1+ m and p = s + m to obtain

m— ,m+
175”[ QT(’L m2n m )( 1)+

7 io: ﬂ@(m 2’m+ )(Zl)Q(miémer%)(Zl)] -0 (2 98)
4(ka)3 |h(1)/( )| p—m,n—m n—m,p—m
p=m

p#Fn

and

(gl me 1
1 — pn[l — Q;—:wz,'rlz—mZ)(Zl)_
. S (m+5,m—3) (m+3,m—3)
z
K2 Z Qp m,n—m ( ) (Cf)n m,p—m (1)}:0 (2 99)
ka it (2p + )|y’ (ka)[?

p#Fn

These equations may be solved by Newton’s method. Suppressing the sim-
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ple calculations, final results for the perturbations of the eigenvalues are

1 (Tl+ l) A(m—2 m+3)
m 'l = 1 - 2 2 2 _
%nl/% l + 2 [%il — TL(TL + 1)] C2nfmmfm (Zl)
1 (n+3) ZOO WAL m—dmtd),am—tmtd)
2ry —mzr;—nz2 (Zl)Qn—m27—m2 (21)
8 53,52, — n(n + 1)] = WY G2 P P
p=m
p#N

(2. 100)

and

1 I\ 7Y Aot
i =15 (n3) QIR -
A 1oy 1 A 1m—1
TS W e e CORLe e el CYRNPY
2(ntg)vm = (2 + 1)1 ()2

p#n

These formulae provide the perturbation corresponding to each index m as
it ranges over the values 0,1,2,...n; the indices n and [ are fixed in these
formulae. Notice that the perturbed spectrum arising from the small circular
hole has a double degeneracy at each value of m = 1,2,...n, whereas the
spectrum of the closed cavity has a (2m + 1)-fold degeneracy. The impact of
the hole is a reduction of spherical symmetry to cylindrical symmetry.

For the acoustically hard case the real parts of the quasi-eigenvalues have a
positive shift compared to the unperturbed eigenvalues; for the soft case this
shift is negative. In both cases the imaginary part of the perturbed quasi-
eigenvalues (x7},17) is negative. The negativity testifies to the dissipation of
energy by the system and provides finite nonzero Q-factors for each perturbed

mode.

To obtain more practical results, express the values ¢} and v} in terms of
the aperture size defined by the polar angle ;. It can be shown that

(L= 2™ (14 2)" b

: 1P
{(I+a+1)(B+1)2 WA o

QL (z) =
+0((1=2)*"). (2.102)

Now substitute the values of the normalised Jacobi polynomials into the for-
mula (2. 102) to obtain the major term of the expansion in powers of 6;. The
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result is

(91/2)2a+2

(c8)
Q™ (1) = NCERNCED N

MNa+s+ DI (a+l+ 1) (a+F+s+1) : (2. 103)
T(s+ )T(l+ 1) '
Pa+8+1+1)(a+B+2s+1)(a+B+2+1))? (2. 104)
T(B+s+DIB+I+1) '
As a corollary, the following approximations hold:
N 0,/2)*m*1 L(n+m+1
ng—m?n—mZ)(COS 01) ~2 ( 1/1 ) 3. FE?’L —-—m + 13
Fm+ -)I'(m+ <)
2 2
and
2m—+3
Q;m—;,‘,;lmm;)<cose ) % (01é2) . (QTL + ]‘)QM
I(m+ H)T(m + 3) (n=m+1)

Furthermore the following approximations for products of the incomplete
scalar product hold:

A(m—2L m41 A(m—2L mtl m—1, 2
QUL (cos 00 QN (cos01) = { QU5 (cos ) |

~4 (91/2)4m+2 F(n+m+ 1) F(p+m+ 1)
- 2 n—m —m
T'(m + %)I’(m + 2)} F( 1 I‘(p 1

and

2
Qi (cos QUL P (cos 1) = { Q05 P (cos o) |

1 (6,/2)"" 0 . 9 2P(n+m+1) T(p+m+1)
4 . 3 . 5 2(2n+1)°2p+1) Fn—m+1) T(p—m+1)

With these approximations, we may deduce the @-factor of the quasi-
eigenoscillation of the spherical cavity with a small aperture (6; < 1). In
the acoustically hard case, the Q-factor of the perturbed mode characterised
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by indices n,l and m is

m 2Re(sm) 1 3.)° 42
=Tty =32 {Tm 4 Prem+ )
-1

. 2 1 2
2 [ — n(n+1)] { 2n+1)2H"™> o+ 17 b (o 105)

n p=m ‘hl()l)/(%nl)‘z p

in the acoustically soft case, the @-factor of the perturbed mode (characterised
by indices n,! and m) is

2Re(v™) 3 5%/ 2\
m— 22l 39T U 2 l
~1
2p+1)?
Vi 4 (20 + 1)2H™> ((f);)Hm (2. 106)
P= 1 Ry ()2
p#FN

|
In these formulae, H" = 2 M
2n+1(n—m)!

2.4 Total and Sonar Cross-Sections.

What is the impact of an open spherical shell on a propagating acoustic
plane wave? The results obtained in previous sections provide a basis for
analytical and numerical answers to this question. Previous sections studied
resonance phenomena. In the scattering context, resonance (or near-resonance
phenomena) occurs when the frequency of the incident wave is such that the
relative wave number ka coincides with the real part of a quasi-eigenvalue
associated with a quasi-eigenoscillation of the open spherical cavity. In this
section we compute various measures of the acoustic energy scattered to the
far field zone, i.e., at large distances from the scatterer.

Recalling that at large distances from scattering objects (when kr > ka)
the scattered velocity potential takes the form

ikr

er f(0,0)+0(r7?) (2. 107)

U?® =

as r — 00, we may employ the well-known asymptotics [3]

ikr
B (k) = (=) 4 O((kr) ™), s b — oo
T
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in equations (2. 11) and (2. 14) to determine the scattering pattern f(6,p).
In the hard case,

h( 2 0
f0,0) = f*(0,¢) = 7‘@’,”2::2 0y,) COSMPX

oo

1
D) (s m ok 5) T EXT L (ka) P, (cos ) (2. 108)
s=0
whereas in the soft case,
4 [ee]
f0,0)=f°(0,¢ == z_: (2 —62) cos mpx
> 1
SO s+ )Y (k) P2, (cos ). (2.109)
s=0

Recall that the rescaled variables X and Y™ were defined by equations (2.
27), (2. 17), (2. 34) and (2. 32).

A measure of the total energy scattered by the scattering object is the total
cross-section, defined by

or = [ |f|?d9, (2. 110)
/

where d€) = sin 6dfdp is the solid angle element and the integration is taken
over the complete sphere §2; equivalently

2m
or —/ / |? sin 0dfdep. (2. 111)
0

Thus, the total cross-sections of the acoustically hard shell and of the acous-
tically soft shell (with circular aperture) are

8’7T oo o0 .
Tk > 5+m+ )X P (Ra)]? (2. 112)
m=0 s=0
and
s 92w * = 1 . )
o= s D (s+m+ Y Flisrm (k)] (2. 113)
m=0 s=0
respectively.

A measure of the energy scattered by the shell in the direction determined
by the angles 6 and ¢ is the differential scattering cross-section or bistatic
sonar cross-section o = o(0, @) defined by (see, for example, [13] or [77])

o(,p) = lim 4777“27'[] (r. 0, 0)|
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(Note that the normalising magnitude of the incident field in the present
discussion is unity.) The bistatic cross-section will be denoted o"(f,¢) or
o%(0, ¢) according to whether the shell is acoustically hard or soft. It depends
upon the direction of the incident field.

The monostatic sonar cross-section (or simply the sonar cross-section) mea-
sures the energy scattered by the shell in the direction from which the incident
wave came, i.e., it measures the energy in the backscattered direction, defined
by 0 =7 — o, =01in (2. 114). It is denoted o; thus ¢ = o(7 — «,0). The
monostatic sonar cross-section of the acoustically hard shell is

167
h _
g ?

oo o0 1 . 2
Z( m(2—62) Zzs s+m+ ) XM (ka) P, (cos )
m=0 s=0

(2. 115)
and that of the acoustically soft shell is
64
US = TQTF

D= 2=an) Y it (s+m+ ) Y jsm(ka) P, (cos o)

m=0 s=0
(2. 116)
In general these cross-sections agp ’S), (%) must be computed numerically.

However at low frequency, some analytical approximations are possible. In
this regime, referred to as the Rayleigh scattering regime, the shell is rather
smaller than a wavelength (ka < 1) and, in common with other scattering
structures, this is the simplest scenario in which analytical scattering formulae
may be extracted.

2.4.1 Rayleigh Scattering.

The soft shell provides a simple example of how the equations derived in
(section 2.1) may be exploited to deduce analytical expressions for the cross-
sections o and o°. In the limiting case ka < 1, the parameter p,, defined
by (2. 35), has the behaviour

Re i = — on = 1)2(2n 3) (ka)? + O((ka)*), (2. 117)
nl a)?
Im p,, = (271)!2(271'4_1)!@@2”“ {1 - 2(573 5+ O((ka)4)} . (2. 118)
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When ka = 0, the system (2. 33) provides the exact solution of the corre-
sponding potential problem (see Chapter 3 of Part I [1]):

o0
v =3 BrQUT I (z). (2. 119)
s=0
When ka < 1, the solution to equation (2. 33) is a perturbation of the
static solution (2. 119); it may be constructed by the method of successive
approximations as an expansion in powers of ka.

Let us restrict our calculation to the first three powers of ka so that the
remainder is O((ka)*). To this order of approximation, the calculations of o5,
and o° require only the lowest term (m = 0). Application of the method of
successive approximations to (2. 37) shows that (recall that zg = cosfp)

= ka0 )

+ 3 (ha)? [Pr(eos )@l 2P (z0) — @l 2 (20)Ql P (20)]
L1y 1] A(—11
D) - 5| A6 )

(ka) { (5242 (40) Py (cos @) — [Of;

M\»—A

1
27

- %(k‘a)3 [—;Pz(cos a)@ )(20) + él(zo)} + O((ka)*) (2. 120)

~ 7lyl)
Qo >"* (20) 112 3
— g u__%0) 00 +2
@ —1)(2+3) dr |38 F 200
sin(l + sin
il st~

[+3 =

90}
X

)bo } (2. 121)

[\.’)M—‘ m,ﬂ w\

Let Q4 denote the incomplete scalar product

sin(s — )8y sin(s+14 1),
+ .
s—1 s+1+1

A(—1 1 1
Qu = Q% % (cosby) = - {

and recall that the Legendre polynomials satisfy P;(cos a) = cos o and Pa(cos o) =
30052 a — 5. Substitution of (2. 120) into the expressions (2. 113) leads to
the low—frequency approximate formulae for the total and monostatic cross-
sections,

S

T2 =4Q3 + 4(ka)* {:13 [QF1 + Q20Q00 — 2Q%] — Qéo} +
4(ka)2 {2@0051)0 + [Q%O — QQQQO()] COS2 a} + O((ka)4) (2 122)

ag
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and

O.S

—5 = 4Q50 + 4(ka)? {—ngo(Qoo + Q20) — Qéo} +

4(ka)® {2Qoo®o + 2(2Q7) — QooQ11 — QooQ20) cos® a} + O((ka)*).
(2. 123)

When 6y = 7, formulae (2. 122) and (2. 123) provide well-known expres-
sions (see, for example, [13]) for the cross-sections of the closed soft sphere.

A(—1 L
The angle « is set to 0 or 7, and the elementary property Qil 2’2)(—1) =g
may be used to show that

L~ a1 S+ okt ) . 124)
:;2 =4 {1 - g(ka)2 + 0((’%)“)} : (2. 125)

Another limiting case occurs when 6y < 1, and the spherical cap is very
nearly a circular disc of radius aq = afy. In this case,

1

Qs = — {290 — % {s(s + 1) +I11+1) + ;] 03} (2. 126)

and one can use (2. 122), (2. 123) to obtain the major term of the cross-
sections for the circular disc,

or 16 9
=—[1+0(0 2. 127
vz = all+ 0] (2. 127)
load 16
= —[14+0(6?)]. 2. 128
2 = ll+ 00 (2. 128)
S S
More accurate values of the normalised cross-sections UTQ and 5 can be
a Ta

obtained by using more terms of the expansion of Y™ in powers of ka (see
[49] for a discussion of normal incidence on the disc).

In contrast to the soft shell case described by (2. 33), the corresponding
equation (2. 28) for the acoustically hard shell cannot be solved to provide
a uniformly valid solution with respect to parameter 6y at low frequencies
(ka < 1). The reason is the absence of a solution in static limit (ka = 0).
This is traceable to the behaviour of the asymptotically parameter: when
ka<1l,and n > 1,

m?+2n—1
(2n —1)(2n+1)2(2n + 3)

Ree, = (2n+1)"2+4 (ka)® + O((ka)*),

(2. 129)

4 2y . pl )2 Imt1 2
Ime, = o1 {(2n+1)!} (ka)*" ' {14 O((ka)?)},
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so that
lim e, = (2n + )72 (2. 130)

ka

An analytical treatment of (2. 28) is possible only when some restriction is

placed on the angular parameter, so that ka < 1, and simultaneously 6y < 1

or 6 = m— 6y < 1. To provide an analytical treatment when 6, has an
arbitrary value (and ka < 1), we introduce the new parameter

e =e,—(2n+1)7? (2. 131)

n
that satisfies
lim €7 =0
a—0

and reformulate equation (2. 28).
In the transformation of the dual series equations (2. 24) and (2. 25) to
the regularised system (2. 28), the following system is obtained

o0

~ 1 _ 1
SOXPRITETE () =
s=0
0, z € (-1, 20)
S [XMewim + AP PTE D ) e (1) (2152
s=0

(applying appropriate inner products to this equation directly leads to (2.
28)). Introduce the parameter ¢ and replace the equation defined on z €
(ZOa 1) by

e m A(m+l’m,l) 1 > m 1 _92 ’\(m+l,m7*)
;XS Al 2(z)71§0)(3 (s +m+5) 2R ()
= F,(2), z € (20,1) (2. 133)

where

00
~ 1

Fn(2) = 3 [XIel + AP P22 (), (2. 134)

s+m
s=0

The key to further progress is to observe that the function

f 1 A (m+Lom—1
Gum(2) défZX;"(ereri)*?PS( M2 () (2. 135)
s=0

obeys a certain second order differential equation. This idea was discussed
at the end of Section 2.1 of Part I. It may be checked that by employing the
differentiation formulae for Jacobi polynomials (see Part I) the equation (2.
133) may be replaced by the differential equation

(1= 2%)G(2) = [1+ (2n +2)2] - G}, (2) = m(m + 1) G (2)
= —Fn(2), z€(2,1). (2.136)
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One may readily observe that the homogeneous variant of this differential
equation coincides with differential equations for Jacobi polynomials Py(ler% m=3)
(z) of degree n = —m and n = —m — 1.

Here we deduce the formulae for the cross-sections when 6; <« 1, ka ~
0? < 1; this relates to excitation of the Helmholtz mode. By keeping very few
terms in the expansion of the Fourier coefficients X7}, the results of Section
2 of this chapter allow us to state approximate analytical formulae. Using a

Taylor series expansion in ka near (ka)o, where

(ka)o = <%) {1 + 96 + 0(9%)} ,

2 20

one deduces the following approximate values for the cross-sections o and
o” of the hard spherical shell with a small aperture (f; < 1) :

h 4 4
o 1 s(ka
-7 l 4 9 ( )2

] (ka)* [1+ O((ka)?, (ka)3)] ;

ma? =37 [(ka)? — (k)R] + F(ka)0
(2. 137)
o _ |1 5 (ka)* ] s 2 (o2
=l 2 ka)* |14+ O((ka)*, (ka .
ma? l3 (e — (hagl & Jray) ) 1+ Ok (o)
(2. 138)

If 6, = 0, then (ka)o = 0, and the result (2. 137) coincides with the
well-known value of the total cross-section for a hard sphere (see [13])

ol 7
IL — L(ka)'[1 +O((ka)?)] (2. 139)

When the acoustic resonator is excited at a frequency corresponding to ka =
(ka)o, the total cross-section given by (2. 137) is

n_ X (2. 140)
or =, .
where \g = 27/kq denotes wavelength. Notice that in the low frequency limit,
ol > 1.

Accurate numerical calculations for the total cross-section o of the hard
shell are shown in Figure 2.4; at the three sizes of circular aperture displayed
(01 = 5°,10°,30°), the results computed from (2. 112) and (2. 115) using
the solution of the system (2. 28) very nearly coincide with the approximate
analytical formulae stated above. The plot of the corresponding sonar cross-
sections is very similar.

Now we turn to the less well-studied frequency band in which the dimension
of the scatterer is comparable to a wavelength: A\ ~ a. This so-called reso-
nance region or diffraction region does not have a precise upper limit though
the usual bound is typically ka < 20.
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Figure 2.4
Total cross-section of the hard open spherical shell, o = 0°.

2.4.2 Resonance Region.

When ka is close to the real part of the quasi-eigenvalues s or v (defined
by [2. 100] or [2. 101]), so that |ka — 3| < 1 or |ka — v)}| < 1, the values
of the corresponding cross-sections (0‘;5, o" in the hard case or o7, 0° in the
soft case) vary rapidly in such an interval.

From the physical point of view, at resonance the cavity accumulates energy
from the incoming wave. In the vicinity of the resonant frequency, deep nulls
occur in the sonar cross-sections (¢ or ¢®) if the Q-factor is high enough.
In fact the phenomenon is more complicated. Deep nulls exist side by side
with resonance peaks also lying at frequencies close to the real part of quasi-
eigenvalues (Re(s¢]}) or Re(v)}) as appropriate).

Let us illustrate these features with the specific example of a soft open shell
with a circular aperture of angle #; = 15°. The normalised sonar cross-section
o°/ma? is shown as a function of ka in Figure 2.5, with an expanded view in
the vicinity of the first resonance in Figure 2.6(left). The backscattering
strongly depends on the quasi-eigenoscillations excited in the cavity. This
seemingly chaotic picture can be understood in terms of the spectrum of the
quasi-eigenoscillations, the real part of which is readily observed at the values
of the wavenumber at which the spikes representing very rapid variation of the
cross-section occur. The expanded view of Figure 2.6(left) shows the typical
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Figure 2.5
Soft open spherical shell, 6, = 15°, o = 0°.

variation that we shall term a resonance doublet or double extremum.

The impact of the lowest quasi-eigenmodes on the magnitude of the cross-
section o®/ma? is easily interpreted as there is no competition from modes
excited at adjacent frequencies. However the real parts of quasi-eigenvalues as-
sociated with different modes become increasingly closely packed and less well
separated at higher frequencies, and the scatterer’s cross-section is affected by
this mode competition. Complex phenomena such as so-called hybrid modes
or mode suppression may appear at higher frequencies.

Leaving aside such special features, let us concentrate on the main feature,
the resonance doublet. Consider a plane wave normally incident (o = 0°) on
the circular aperture of a soft open spherical shell (a similar treatment holds
for other angles « of incidence). The angle subtended by the aperture at the
centre is small: 6, /7 < 1. Normalise the far field backscattered spherical wave
amplitude given by (2. 109) so that

A=Tpmo =y (8 ! 1) Yjs(ka)(=i)". (2. 141)

s=0 2

At wavenumbers ka well removed from the quasi-eigenvalues 1/1()2) the ma-
jor contribution to the value of A is obtained by neglecting the presence of
the small aperture and using the corresponding closed sphere backscattered
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Soft open spherical shell, 6, = 15°, o = 0°.

amplitude A;. Since

V0= S ) 0(63), (2. 142)
21V (ka) !
1 & js(ka)
A~ SN @254 1)(—1)5 =5 (2. 143)
K g " k)

If the parameter ka approaches one of the values Re 1/(2) the situation dra-

matically changes. The difference A5 = A — A; measures the effect of the
aperture. It may be readily shown analytically that if |ka — e ok \ ~ 63 the
magnitude of aperture radiation As previously neglected is comparable in
magnitude to that of A;.

The resonance doublet arises from the interference of two spherical waves
arriving in the far-field zone with comparable amplitudes. Whilst the phase
variation of A; within a narrow frequency band is negligibly small the same is
not true for that of As. Its rapid variation creates the possibility for construc-
tive and destructive interference at two very closely spaced frequencies. To
illustrate this phenomenon consider the lowest quasi-eigenvalue, located near
Y91 = 7. Accurate numerical calculations of the magnitude of A and A, are
shown in Figure 2.6(right) in the frequency band |ka — VO | ~ 03. Between
3.138 and 3.139, the phase of Ay changes abruptly by m, whilst that of A; is
almost unchanged. When ka is about 3.1385 the absolute values of A; and
Ay are very nearly equal, but their phase difference is very nearly equal to
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Figure 2.7

Sonar cross-section of a hard open spherical shell with 6; = 15°, at
incident angle o = 0°.

m. Cancellation in the sum A = A; + Ay occurs (destructive interference)
and a deep null in the sonar cross-section is observed near this point. On the
other hand, the peak value of the sonar cross-section at ka = 3.1382 results
from the dominant contribution A5 to the sum A = A; + As. The same be-
haviour occurs at wavenumbers ka in the vicinity of the real part of other
quasi-eigenvalues.

A similar phenomenon occurs for the acoustically hard spherical cavity:
calculations of the sonar cross-section of the scatterer with the same circular
aperture (6; = 15°) are shown in Figure 2.7. The impact of this phenomenon
is also visible in total cross-section calculations. Results for the acoustically
hard and soft cavities are displayed in Figures 2.8 and 2.9, respectively.

The strength of the coupling of energy into the cavity from the incident
wave is very dependent upon the incident angle «. Although the location (in
frequency) of rapid variation in sonar cross-sections can be correlated with
the real part of suitable quasi-eigenvalues, the precise magnitude is not easy
to predict analytically as « varies. However the overall reduction in peak
values of the sonar cross-section at incidence angle o = 180° (shown in Figure
2.10) is obviously due to the nonoptimal excitation of the spherical cavity:
the aperture is strongly shadowed.

© 2002 by Chapman & Hall/CRC



=
[2)
T

IS
5

=
N
T

[
T

TOTAL CROSS SECTION 6./ na?

038 ]
06 .
0alf ]
02t ]

ol— i i i i i i i i
2 4 6 8 10 12 14 16 18 20
ka

Figure 2.8

Total cross-section of a hard open spherical shell with ¢; = 15°, at
incident angle o = 0°.

2.4.3 High Frequency Regime.

Let us now consider the frequency dependence of o°/ma? at larger aperture
sizes. In the resonance regime the ratio of the aperture diameter D, =
2asin 6, to wavelength A varies from 0.258 (ka ~ 3.14) to 1.647 (ka = 20),
ie, Dy ~ A

We now consider the case when the aperture diameter is many wavelengths
D, > X. Extend the numerical calculation of the cross-sections of the hard
open shell (with aperture parameter §; = 15°) from ka = 20 (see Figure 2.7)
to ka = 320 (D,/A = 26.35); the results are displayed in Figures 2.11 and
2.12. At the highest wavenumber the diameter of the sphere is 2a ~ 101);
the upper frequency range is quasi-optical.

Let us compare the cross-sections for direct illumination (o = 0) of the
hole, with those calculated when the hole is deeply shadowed (a = 180°).

As might be expected, there is a significant contrast between the two cases
of incidence. When the aperture is directly illuminated (a = 0°), the acoustic
plane wave passes through the aperture with little disturbance, reflects from
the inner surface of the cavity and passes out through the aperture again
with little disturbance. As a result backscattering increases with frequency,
and the total sonar cross-section steadily grows (see Figure 2.11). This simple
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Total cross-section of a soft open spherical shell with 6; = 15°, at

incident angle o = 0°.

explanation accounts for the envelope observed in these results. The numerous
oscillations inside this envelope are due to the multiple reflections of rays
from the inner surface of the cavity. At certain frequencies the acoustic field
is “locked” inside the cavity, resulting in a null in the value of o"(ka). At
other individual values of ka the acoustic field is reflected from the cavity
completely, resulting in a peak value for o"(ka). This complicated picture is
difficult to predict analytically.

When the hole is in shadow (a = 180°), the results are more or less pre-
dictable. The average value of the sonar cross-section (see Figure 2.13) is very
close to that of the closed hard sphere; the numerous small amplitude oscilla-
tions about the average value o”/ra? = 1 is the only indication about of the
existence of the aperture lying in the deep shadow. The total cross-section is
nearly identical with that under direct illumination (see Figure 2.11).

Our solution of wave scattering from open spherical shells is uniformly valid
with respect to the polar angle 6. Thus we may carry out an exhaustive study
of the backscatter from slightly curved circular discs or shallow spherical caps.
In particular, we wish to find the deviation of the standard physical optics
(PO) approximation from our accurately computed solution.

On the illuminated surface of the scatterer, the physical optics approach
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Figure 2.10

Sonar cross-section of the hard open spherical shell with 6; = 15°,
at incident angle a = 180°.

(see [88]) approximates, in the hard case, the velocity potential U by 2U*

and, in the soft case, approximates its normal derivative o (in the soft
n
0

case) by 2—— where U’ is the velocity potential (2. 1) of incident plane

/!
wave; on the shadowed side of the surface these quantities are approximated
by zero.

The velocity potentials for the scattered field at an arbitrarily taken point
of space T are then calculated from

R on'
; - esz

N
where 1’ refers to the body surface and

sz
U*( // iUZ "Yds  (soft body) (2. 144)

—
3|
~—

R={r®+a®+2ar [cos 0 cos 0 + sin O sin ¢ cos(¢ — gb')]}%

Substituting (2. 144), (2. 145) into (2. 114) and carrying out the elementary
integration, one obtains for normal incidence (o = 0°,180°) the expressions
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Figure 2.11

Sonar cross-section of a hard open spherical shell with 6; = 15°, at
incident angle o = 0°.

for monostatic sonar cross-sections:

S

2 _ no
|Ss(ka,00)]", a=0 } (2. 146)

7 __ csc2 0
ma O 1S5 (ka, 60)), o = 180°
where

Ss(k:a,éo) —1— cos 906—i2k(z(1—c0590) + L [1 _ e—iQka(l—cosé)o)} : (2. 147)

2ka
and . )
9 |Pn(ka,b)|”, a=0°
— =csc? 0 2. 148
ma o0 { P (ka, 00)[*, o = 180° ( )
where ‘
Py (ka,8p) = 1 — ¢~ 12ka(l=costo) (2. 149)

In these formulae ag = asinfy is aperture size of the spherical cap and the
asterisk indicates complex conjugate values. It is notable that the cross-
sections are the same for « = 0° and a = 180°.

It can be readily shown if ka — oo, and 6y — 0 so that the product kafy is a
large but finite value, then both formulae give the well-known high-frequency
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Figure 2.12

Total cross-section of a hard open spherical shell with ¢; = 15°, at

incident angle o = 0°.

limit for circular discs,

o’ oh
—_— k 2'7 = k 2.
— (kaq) a2 (kaq)

The maximum depth of the spherical cap is h = a(l — cosfy). Since
2ka(1l—cosby) = 4mh/A, then the maximum depth plays a decisive role in the
backscattering magnitude. Thus

" ) h\[° 2y o fo h
=cscfy |1 — —idm— = 4 csc” O si 27— 2. 150
a2 csc” Oy exp ( i 7r)\> csc” fp sin ( 7r)\> , ( )
. h —n .
so that cross-sectional nulls occur when Y= §(n = 0,1,...) whilst cross-

h n 1
sectional maxima occur when — = — + —. The same behaviour happens for

the soft spherical cap though the values of h/\ at which nulls and peaks occur
are slightly shifted by an amount O((ka)™1).

Accurate calculations for the cross-section o°/ waﬁ of a soft spherical cap
with 6y = 15° over the range 0 < kay < 50 are compared with the PO ap-
proximation in Figure 2.14. The true cross-section og,/ma? of the illuminated
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Figure 2.13

Sonar cross-section of a hard open spherical shell with 6; = 15°, at
incident angle o = 180°.

convex surface (o = 180°) is different from the true cross-section of/ma? of
the illuminated concave surface (o = 0°), though the PO estimates are iden-
tical. The peaks and nulls occur very close to the approximate values of h/A
determined by the PO approach. The PO estimate (2. 146) falls between the
two accurately computed cross-sections and is very close to their geometric
mean (agafgo)% /ma%. The same assertions are true for the normalised cross-
section o’/ ma? of a hard spherical cap with 6y = 15°; the cross-section over
the same range (0 < kag < 50) is shown in Figure 2.15.

As the angular parameter decreases, the accuracy of the PO estimate im-
proves for both soft and hard caps, as may be verified by further calculations
over the same frequency range 0 < kag < 50; moreover the PO estimate is very
close to the geometric mean of the two accurately computed cross-sections.
The PO estimate for scatterers of comparable size (in wavelength dimensions)
is better for more nearly planar structures. This is to be expected because the
guiding principle of physical optics is to treat each locality on the scatterer
as a planar reflector.
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Figure 2.14
Soft spherical cap, 6 = 15°. The PO estimate is approximately the
geometric mean of the accurate cross-sections for o = 0° and 180°.

2.5 The Mechanical Force Factor.
The acoustic pressure variation p; is related to the velocity potential U =
U(7,t) by
L= pO%U(?,t) (2. 151)
where pg is the gas density. Thus the net pressure Ap exerted on an open

hard spherical shell is proportional to the jump in velocity potential from the
interior to the exterior:

Ap = —iwp1 {U(a —0,0,¢) —U(a+0,0,¢)}. (2. 152)

(Across the aperture, there is no jump.) The total force F, on the shell, acting
along the direction of plane wave propagation, is obtained by integration over
the surface of the shell of the force component AF,, = Ap,dS exerted on an
element of area dS, where Ap, = Apcos; it equals

F, :// ApadS. (2. 153)
S
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Hard spherical cap, 0y = 15°. The PO estimate is approximately the
geometric mean of the accurate cross-sections for o = 0° and 180°.

Thus for suitable constants a and a}, the mechanical force is

Amwpo 0 .2 12
=i—————{ajcosa+aj;sin“al. (2. 154)
k20 (ka) for ! j
For the closed spherical shell (6g = 7), af = a} = —1 and
4
Fo=F° = Topo (2. 155)

—f—.
2h\Y (ka)
Define the mechanical force factor n by

A
=k

thus, in terms of the coefficients XV, X1 defined by equation (2. 27),

2
=3 X%cosa + vV2X} sina) . ‘hgl)/(ka)‘ . (2. 156)

This basic formula allows us to distinguish the mechanical impact of the in-
cident wave on the hard closed sphere from that on the thin-shelled hard
cavity.
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Figure 2.16

Mechanical force factor for various hard open shells at incident angle
a=0°.

One conclusion is obvious: when the plane wave is propagating along the
aperture plane (o = 7/2) the open shell does not operate as a Helmholtz res-
onator at the Helmholtz mode wavenumber ka = (ka)g, because the resonant
contribution of XV is suppressed (cosa = 0). It can be readily shown (see
Section 2.2) that in the Helmholtz mode (ke = Re(ka)gy), the mechanical
force factor is

2T
n < — 1) |cos a . (2. 157)
th

Some numerical calculations of 7 are presented in Figure 2.16; they are in
good agreement with (2. 157). Notice that values of n under diametrically
opposite directions of incidence are the same. In this low-frequency region the
resonant behaviour of 7 is due to excitation of the Helmholtz mode.

The behaviour of 7 in the resonance region (ka < 20) is dominated by the
resonant spikes in values of X, X{ that occur precisely at wavenumbers ka =
10 and ka = 11, respectively. There is notable variation in the value of 7
at various angles of incidence. The efficiency of excitation depends directly
on incidence angle a: the best performance of 1 occurs when 45° < a < 90°;
the worst performance occurs when the aperture is shadowed (o = 180°). See
Figures 2.17 and 2.18 for the results of illumination of the cavity of aperture
angle 6; = 15° from the illuminated (o = 0°) and shadowed (a = 180°) sides,
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Mechanical force factor for the hard open shell (6y = 15°) at incident
angle a = 0°.

respectively. The response at various illumination angles for the more open
structure with aperture angle #; = 60° is shown in Figure 2.19. The Q-factor
of cavity excited quasi-eigenoscillations decreases as aperture size increases.
The same is true for values of 7 at resonant frequencies.

When the open spherical shell becomes a spherical cap (6 < 90°) the be-
haviour of n changes, especially over a wider frequency range (up to quasi-
optical). This may be explained in terms of interference phenomena. Al-
though it is not so evident for the hemisphere (g = 90°), because of the mul-
tiple reflections of rays (see Figure 2.20), the regular behaviour of 7 becomes
more obvious for shallower caps. There is a simple explanation in geometri-
cal optics terms: for caps of angle dimension 6y < 45° the only reflection of
normally incident rays is from the specular point lying at the centre of the
cap.

The ratio of maximal depth h = a(1 — cosfy) of the cap to wavelength
A is the crucial parameter. In the results plotted in Figure 2.21 for caps
of angle 6y = 30° and 15° an interference phenomenon is clearly visible:
maxima (minima, respectively) of 7 occur at depths h equal to an even (odd,
respectively) number of half-wavelengths.
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Figure 2.18

Mechanical force factor for the hard open shell (6y = 15°) at incident
angle a = 180°.

2.6 The Focal Region of a Spherical Reflector Antenna.

The design of reflector antennas is guided by a fundamental geometric fea-
ture of the parabola, that any ray which emanates from the focus is reflected
from the interior of the parabolic surface in a direction parallel to the axis
of symmetry; conversely any incoming ray parallel to the axis is reflected by
the surface so that it passes through the focal point. Moreover any collection
of such incoming rays parallel to the axis arrives, after reflection, at the focal
point in phase, having travelled the same distance irrespective of the point of
reflection. The same observations are true for the paraboloid obtained by rev-
olution of the parabola about its axis of symmetry. Constructive interference
of the incident field at the focal point concentrates energy in the focal region
where a receiver or sensor may be placed for signal reception. This principle
applies equally to acoustic and electromagnetic waves.

This description of the antenna’s function in terms of rays relies on the phys-
ical nature of wave motion at high frequencies, and the traditional geometric
optics (GO) approach has enjoyed some success in analysing the field distri-
bution around reflector antennas that are of large dimension in wavelengths.
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Mechanical force factor for the hard open spherical shell (6; = 60°)
at various angles of incidence.

Various reflector surfaces have been considered in the literature, principally
the paraboloid and the spherical reflector and their variants.

In this section we investigate the acoustic field distribution in the near-
field zone of an axisymmetric receiving reflector antenna that is spherically
shaped. The aperture D is acoustically large (D > \). The GO approach
encounters some difficulties in accounting for the contribution from the rim
of the finite extent reflector. Furthermore, GO analysis breaks down in the
focal region because of the collapse of a ray tube to a point (this difficulty
is generally encountered with caustics). Although various corrections may
be available via techniques, such as physical optics (PO) or the geometrical
theory of diffraction (GTD), it is difficult to estimate their accuracy a priori.
The accurate full-wave solution of the canonical scattering problem described
in Section 2.1 — the spherical cap — provides one benchmark to test out the
accuracy of these high frequency asymptotic techniques.

The usefulness of this proposed benchmark solution at high frequencies
is, at first sight, surprising. Since it obtained by a technique that inverts
the singular (or static) part of the Helmholtz operator, the solution of the
regularised system might be expected to be most effective and efficient at low
frequencies (Rayleigh scattering) and moderately effective in the resonance
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Mechanical force factor for the hard semi-spherical shell (6, = 90°),

at incident angle o = 0°.

regime. However one purpose of this section is to demonstrate the effectiveness

of this approach even in the quasi-optical regime.

Consider the case when the acoustic plane wave is normally incident on the
spherical cap (i.e., the reflector). Setting o = 0 in equations (2. 28) and (2.
33), the system simplifies so that only those equations with parameter m = 0

are retained:

ZY psQs1(00) = ZB Qs1(0o) (2.
ZX esRa(bo) = ZA Ra(6o) (2.

sin(s — )0y sin(s+1+ 1)00} @

3(=3:3) _ 1
Quilto) = Qy (cosfo) = ™ [ s—1 s+1+1

in(s — )0 sin(s +1+ 1)fp @
s—1 s+1+1 ’
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Figure 2.21

Mechanical force factor for various hard open spherical shells, at
incident angle o = 0°.

First of all let us consider accurately the influence of edges on the acoustic
equivalent of the surface current density distribution on the spherical reflec-
tor. For the hard reflector, the appropriate surface density, denoted J", is
proportional to the total velocity potential U on the spherical surface (r = a);
for the soft reflector this value (denoted J®) is proportional to the normal
derivative of U on the surface r = a.

On the illuminated side of the surface, the physical optics approximations
for J" and J* are, respectively,

b arri
Jpo = 2U" (2. 162)
and e
S =2—; 2. 163
s =25 (2. 163)
on the shadowed side Jga and J,, are set to zero. Denote the illuminated and

shadowed sides of the spherical cap by ST and S—, respectively. Throughout
U? will denote the velocity potential of the total field; U* = U? + U*® is its
decomposition as a sum of the incident plane wave potential U? and scattered
velocity potential U?.

In fact, the acoustic field penetrates the shadowed region so that J" and
J? take nonzero values. It is therefore useful to consider two-sided surface
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current densities defined in the hard case by

Ut(a—0,6,¢) on St
h— Y 5
’ _{UWa+Q&¢ﬁms, (2. 164)

and in the soft case by

r=a—0 (2. 165)

O
3TU

r=a+0

In addition, we define associated jump functions by
jh:Ut(a_0795¢)_Ut(a’+0797¢) (2 166)
in the hard case, and by

— ﬁUt

s (2. 167)

r=a—0 r=a-+0

in the soft case.
The densities (2. 164) — (2. 167) may be expressed in terms of the Fourier
coefficients X? and Y. Thus the two-sided surface current densities are

2% jn(k:a)hg)/(ka)Xan(cos ), on ST,

Jh _ 6ikacos@ + nO:OO (2 168)
23 jé(ka)hgll)(ka)XSPn(cos f),on S,
n=0
and

J® = ik cos fe*rcos?

2k > j;(ka)hgll)(lm)(Qn +1)Y,2P,(cosf), on ST,

nso (2. 169)
2k S ju(ka)h (ka)(2n + 1)Y,2 P, (cos ), on S~
n=0

and the jump functions are

2 —
ho_ 0
it = L ngzoXnPn(cosﬁ), (2. 170)
o =2k & 0
j = oa)? n:O(Qn—I— 1)Y,,) P, (cos6). (2. 171)
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Using the systems (2. 158) and (2. 159), we deduce

2 -
Fa)? Z (X2e + A2) Z sn(00) Pp(cos 6), (2. 172)
s=0 n=0
= —2ki (Y2us + BY) i(2n+1)Q (60) Pp(cos ). (2. 173)
(ka)2 s=0 B ° B n=0 . 0 .
It is obvious from the Definitions (2. 49) and (2. 50) that
Z Ry (00) P (cos ) = ®2(cos 8, cos bp),
n=0
Z (2n 4+ 1)Qn(00) Pn(cos 8) = 2R (cos ), cos b). (2. 174)

In accordance with (2. 55) and (2. 57) these expressions vanish when 6 > 6y;
when 6 < 6y, we use equations (2. 56) and (2. 57) to deduce that

T
ho_ 0 0\ 0
it = (ha? 2 (X2es + AY) GY(cos b, cos by), (2. 175)

s —2ki 1 ad 0 o 1 .
] = (ka)? {77 ; (Ys s +BS) (s+ 2) G (cos b, cosby)+

1
2\?2 6 _1 11
<7r> csc (20) (cosf — cosbp) 2 Z Ous + BY) P! ’2)(005 00)} .

(2. 176)

Nl=

The representations (2. 175) and (2. 176) have beneficial features. The rel-
atively slowly converging series in (2. 170) and (2. 171), with convergence rate
of O(s*%) and O(S*%), respectively, are replaced by the more rapidly conver-
gent series (2. 175) and (2. 176), possessing convergence rates of O(s~ ) and
O(s’g), respectively.

The utility of these representations depends upon the ease in calculating
GY(cos @, cos ). To this end, observe that

1 6o
2 i 1
GO(cos b, cos ) = (2) sin(s+3)¢ d
T

277 2. 177
v/cos ¢ — cos By ( )
0
and consider the rescaled function
)
| 2 i 1
G4(0,00) = 7 2G%(cos 0, cos ) = £ / quﬁ (2. 178)

7r v/cos ¢ — cos by

0

© 2002 by Chapman & Hall/CRC



Notice that (see Equation [2. 59]) G4(0,7) = Ps(cosf). Upon substituting
z = €'? an alternative representation is the contour integral

100
Go(6,60) = 2 Tm 2 (2. 179)
™ ] V22 —2zcosf+1

in the complex plane along a circular arc connecting the points e’ and e?.
The calculation of the integral (2. 179) is easily effected by use of the recur-

rence formula

Gs41(0,00) = 2\[2) coS (s + ;) 0g - \/cos B — cos b

m(s+1

2s+1
+
s+1

cosf '(;5(9,90)-— 4444*(;571(9,90), (2. 180)

+1
where s = 0,1,2,..., and is initialised by the value

V2 sin %90\/0059 — cos gy + cos — cos Oy
V2 cos %90\/008 6 — cos Oy + sin 0

The recurrence formula (2. 180) is a generalisation of the recurrence relation
for Legendre polynomials: if setting 6y = 7 in both formulae (2. 180) and (2.
181) we obtain

2
Go(0,00) = - arctan l . (2. 181)

(s + 1)Pst1(z) — (25 + 1)z Ps(x) + sPs_1(x) =0

and
Go(0,7) =1 = P(cosb).

In terms of the notation (2. 178), the final form of the surface current
density jump functions is

e Z (X%, + AY] G4(6,60), (2. 182)
s=0
o —2ki | &
7= a2 {Z (Yus + BY) G (6,60)+
s=0

4 BRI 1
—esc (0o) (cosf — cosby)™ 2 Z (Y us + BY) cos (s + 2) 90} . (2. 183)

s=0

Let us present some illustrative calculations to compare the PO estimate of
surface current density on the hard spherical dish with the exact result given

© 2002 by Chapman & Hall/CRC



-- PO
: : — MoR (illum)
BER e L MoR (shadow )
3
>
=
2
G2s
a
E
& 2
[id
[
>
O 15
i}
o
T
e 1f J
>
] :
0.5F 3
0 i
0 5 10 15

Figure 2.22

Acoustic surface current density on the hard spherical reflector,
D/X\ =20, 6y = 15°.

by the method of regularisation (MoR). The relevant formulae are (2. 162),
(2. 168) and (2. 175).

Two values of the parameter 6y, 15° and 35.13°, are chosen. The latter
value corresponds to that of the spherical reflector antenna (SRA) installed
in the Arecibo observatory; this SRA is the largest reflector of its type in
the world. A useful design parameter is D/\, where D = 2asinfy denotes
aperture dimension and A wavelength. Thus the relative wave number is ka =
w(D/)X)/sinfy. The maximal depth of the spherical dish is h = a(1 — cos 6yp);
the ratio of maximal depth to aperture dimension is h* = h/D = %tan %90;
for the two angles of interest, 15° and 35.08°, this ratio takes the values 0.0658
and 0.1580, respectively.

Consider first the shallower dish (g = 15°). The absolute value of surface
current density |J| along the dish is plotted in Figures 2.22, 2.23 and 2.24
for aperture sizes D/A = 20,50 and 200, respectively. Oscillations of |J|
about the PO value (|J| = 2) decrease, for the most part of the dish, as D/
increases; this is true for both illuminated and shadowed sides.

The main difference between the approximate PO results and the accurate
MoR results is visible in the regions adjacent to the dish centre and rim; it is
most important near the centre. As D/ increases the shape of |J| becomes
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Figure 2.23

Acoustic surface current density on the hard spherical reflector,
D/X =50, 6y = 15°.

similar to a pulse signal or train of spatially separated pulses. It is not so
difficult to suppose that this is due to the edges; powerful secondary radiation
from the edges produces this quasi-singular response.

The phase distribution for D/A = 20 is plotted in Figure 2.25. At first
glance the PO estimates seem satisfactory, at least over most of the dish.
However, as for the amplitude distribution, there are notable deviations in
the central region. For a spherical dish of size D/A = 200 the maximal phase
deviation, about 0.07¢ ~ 4°, occurs in the middle of the dish; see Figure 2.26.

Our second set of numerical results concerns a deeper dish modelling the
Arecibo antenna. Its physical dimensions are radius of curvature a = 870
feet and aperture dimension D = 1000 feet; thus the angle parameter is
6o = arcsin (D/2a) = 35.13°. Its operating frequency is about 430 MHz,
corresponding to a wavelength A equal to 0.697 metre or 2.28 feet; thus D/ ~
437.

For D/X = 437, the magnitude of surface current density is plotted in
Figure 2.27; the behaviour of the distribution is very similar to that observed
for the shallower dish, as is indeed the case for smaller values of D/\. The
corresponding phase distribution is also very similar to that observed for the
shallower dish, exhibiting a very smooth quadratic variation.
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Acoustic surface current density on the hard spherical reflector,
D/X\ =200, 6y = 15°.

Let us consider more closely the surface current on the shadowed part of the
spherical dish. According to physical optics, the surface current density van-
ishes in the shadow region. However in reality, the incident wave penetrates
the shadow region. We may subdivide the shadowed surface into three parts.
In the transient zone (20° < 6 < 35.13°) the current progressively decreases.
In the deep shadow zone the current is stable and tiny. Finally, there is a
narrow zone around the central point (6 = 0°) where there is a bright spot
indicating appreciable penetration of the acoustic field.

In conclusion we remark that calculations of the jump function given by
Formulae (2. 166) and (2. 175) employing the special function G§°>(9, o) as-
sociated with the spherical segment give extremely accurate results for a wide
range of the parameter (D/\); these results agree well with those computed
by other methods (such as integral equation methods).

Our comparison of PO results with the accurate results obtained by MoR
illustrates certain inadequacies of physical optics in estimating the contribu-
tion of edge scattering. Although our results concern a specific scatterer, they
highlight a generic difficulty encountered in physical optics. Also it will be
recalled that the reflector was uniformly illuminated by a plane wave. From a
physical point of view, it may be anticipated that edge scattering will play a
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Hard spherical reflector with D/\ = 20, §, = 15°. Phase distribution
of the acoustic surface current.

less significant role if the reflector is nonuniformly illuminated, so that there
is reduced illumination at the edges. This aspect is considered in the next
section.

2.7 The Transmitting Spherical Reflector Antenna.

The final section of this chapter is devoted to an accurate analysis of the
acoustic transmitting spherical reflector antenna, based on the method devel-
oped in Section 2.1. Some results have appeared in [115].

As mentioned in the previous section, the performance of a reflector antenna
is often assessed by asymptotic high-frequency techniques such as Physical
Optics (PO) combined with Geometrical Theory of Diffraction (GTD). The
Method of Moments (MoM) is also used on integral equation based analyses
of reflectors that are small to moderately sized in terms of wavelength. The
merits and limitations of both approaches are well known and were briefly
discussed in Section 1.7.
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Hard spherical reflector with D/X = 200, 6, = 15°. Phase distribution
of the acoustic surface current.

In spite of their flexibility, neither PO nor GTD are uniformly accurate with
respect to spatial direction, and both fail to characterize smaller reflectors.
MoM algorithms for the full-wave integral equation based approaches become
computationally expensive for larger reflectors, due to the large matrices gen-
erated. Besides, not every MoM approximation scheme is convergent to the
exact result as the number of equations is increased, in the sense that the
computation error cannot be progressively minimised.

The feed field of such reflectors is normally simulated via a Gaussian beam
or a spherical-wave expansion multiplied with an angular window function.
Usually such simulations ignore the fact that such a feed field model does not
satisfy the Helmholtz equation exactly, although the radiated or scattered
field is found as a solution of the full-wave integral equation. The so-called
complex point source beam, or a combination of such beams, has therefore
been proposed as a model of the feed field. These satisfy the Helmholtz
equation exactly at every point in the physical observation space. In [7],
[89] this concept was combined with PO and GTD for a characterization of
spherical-wave scalar beam scattering from a circular aperture. This concept
was further developed in [68] and [69], which contain practical and useful
results.

In this section we combine this feed model with the numerically accurate
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Figure 2.27

Acoustic surface current distribution on the hard spherical reflector
with D/ = 437, 6y = 35°.

MoR, to analyse soft and hard spherical reflector antennas. We begin with a
brief description of the complex point source concept. Our treatment closely
follows that of Jones [42].

2.7.1 Complex Point Source.

The function exp(ikR)/R, where R? = (z — x0)? + (y — yo)? + (2 — 20)?, is
a solution of Helmholtz’s equation in (z,y, z) for any fixed (zo,yo, 20) even
if zg, Y0, 20 are complex. Now suppose that zog = yg = 0 and z = ib with b
positive real, so that

R? = p% + (2 —ib)?

where p = (22 +y2)2. Then the real values of (z,y, z) at which R vanishes are
given by z = 0,p = b. Thus R is a multiple-valued function in (z,y, z) space.
To render it single valued introduce a cut in z = 0,p < b with R specified
to be z —ib on p = 0 when z > 0 and to be — (z —ib) when z < 0. Values
elsewhere are determined by continuity. Such a definition is consistent with
the customary one for R when b = 0.
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Gaussian Beam.

If p? < 22 +b% and 2 > 0,

eikR 1 ) ) 1 p2
7~ z—ibeXp{Zk (Z_Zb+2z—ib>}

1 1 2 1 kbp? b
zlexp{ikz<l+2p2> -5 p 2+kb—|—itan1}
(22 4 b2)2 222+0 222+b z

(2. 184)

The range of observation points that satisfy p? < 22 + b? define the parazial
region. In that part of the paraxial region where 22 < b? the wave propagates
parallel to the z axis with little distortion of the phase front, but decays
exponentially in the direction perpendicular to the z axis, falling to 1/e of its

value at p = 0 when p = (2b/k)%. Thus, for z < b2, a well-collimated beam is
formed in the paraxial region (see Figure 2.28 which is closely based on [38]).

For larger values of z, the 1/e points lie on a hyperboloid that is asymptotic
to the hyperbolic cone $kbp? = 22. Fields of this type are known as Gaussian

beams. The plane z = 0 is known as the beamn waist and (2b/k)% as the spot
size at the beam waist. Thus, a Gaussian beam is an approximate repre-
sentation in the paraxial region of an exact solution of Helmholtz’s equation
generated by a source at a complex point.

Outside the paraxial region the Gaussian approximation is no longer valid.
Nevertheless, any known solutions for real point sources that can be continued
analytically to sources at complex points will provide solutions for excitation
by Gaussian beams. In a later Section we will use the concept of a complex
point source to construct the so-called Complex Point Huygens Source.
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Figure 2.29
Geometry of the transmitting SRA.

2.7.2 Regularised Solution and Far-Field Characteristics.

The transmission problem may be formulated as in section 2.1, except that
the incident field is no longer a plane wave but a complex source point located
axisymmetrically. Thus consider a zero-thickness, soft or hard, spherical re-
flector of radius a and angular width 26y, symmetrically excited by the field
of a complex point source beam located at a point with spherical coordinates
(rs,0,0) where the radial coordinate is a complex value: rs = ro+ib. Both the
incident and scattered acoustic fields are axisymmetric and thus independent
of ¢: UY = U (r,0),U* = U*(r,0). The geometry of the problem is shown in
Figure 2.29. The incident scalar (acoustic) wave field is

U%r,0) = exp(ikR)/R (2. 185)

where R = (12 — 2rr  cosf + r2)2, and k is the (real-valued) free-space wave
number. The scattered field U®(r, 0) is the solution of the Helmholtz equation,
with a boundary condition of either hard or soft type (see [2. 4] or [2. 9])
enforced on the reflector surface M (given by r = a, 6 € (0,6), ¢ € (0,27)).
In addition, to ensure uniqueness, the scattered field must satisfy (i) a finite

energy condition, equivalent to the edge condition U® ~ O (p%) , 0U®/Or ~
(0] (p_%), as the distance from the dish rim p — 0, and (ii) the outgoing
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radiation condition at infinity.
For the hard spherical reflector, the scattered field has the form

0 (1) .
U; =ik Z i (ka)(]l?(kr)’ rea P, (cosb), (2. 186)
jr(ka)hy,’ (kr),r > a

n=0

whilst for the soft spherical reflector, it takes the form

. h(l)(ka)j (kr),r<a
U? =ik 2n + 1)x? " " ’ P, (cosb). 2. 187
s =ik (2n+ 1)z, {jn(ka)hg)(kr),r —u (cos®) ( )

From the results of Section 2.1 the unknown coefficients x”, and 3, satisfy
the following second kind Fredholm matrix equations

Zx e, 0% D ZBh (7% () (2. 188)

—inus G (2 ZB Q' (z0), (2 189)
n=0

where m =0,1,2,..., zo = cosby, and ¢,, and pu,, are defined by formulae (2.
21) and (2. 35), respectively. In addition,

B! = 4i(ka)?j, (kro)h\Y (ka), (2. 190)
BS = —ika(2n + 1), (kro )Y (ka). (2. 191)

The normalised incomplete scalar products Q( T3 )(ZQ)

form given by (2. 160) and (2. 161).
Due to the well-known asymptotics

have the simple

WV (z) = ()" e Jz + O (272, (2. 192)

as x — 00, the total acoustic field in the far-field zone has the asymptotic
form

ikr
Upst (r,0) = 671#5”’ ) +0(r %), (2. 193)

where the far field patterns 1%, 9" are given by

v (0) =e Z’"swsuz " (2n 4 1)z, (ka) P, (cosf) (2. 194)
and -
Gt (0) = e R st L N (—i)" aljh, (ka) Py (cos0). (2. 195)
n=0
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Due to the completeness and orthogonality of the Legendre functions, the
integral over the unit sphere defining the time-average far-zone power flux
Pt((f,;h) may be performed analytically. The free-space radiated power and
free-space directivity (or gain) of the complex point source described above

are
27 sinh 2kb 1 2kbe2kb

TR T kb 7% drsinh 2k’
respectively. The overall directivity should be compared with Dy. In the soft
case, the normalised far field power flux is

(2. 196)

Ptsot/PO =1+
2kb

2> @+ 1)ja (ka) {n (ha) 25> + 2Re wgu (kro)l} (2. 197)

n=0

and in the hard case, it is
Pl Py =1+

2kb N 1. .
oL 2kD Z]; (ka) {(Qn + 1)1 (ka) ’x2|2 + 2Re [J;Zjn (k;rs)] } . (2. 198)
n=0

For spherical reflectors with no losses, the directivity coincides with the
gain of the antenna, being

4 , >
Gs, = kg; e*me 4y "M (2n + 1) jn (ka) (2. 199)
tot n=0
2
ﬂ- ’L T N
fot = 7 €7+ Z i (k (2. 200)
2P},

in the soft and hard case, respectively.

2.7.3 Numerical Results.

We have already seen that the complex point source generates a Gaussian
beam. The importance of edge contributions to scattering from the reflector
was highlighted in the previous section. One device to minimise their effect is
to taper the beam source, i.e., the location and waist of the beam source are
chosen so that the edges are weakly illuminated whilst the central portion of
the reflector is fully illuminated.

Consider the spherical reflector antenna with aperture D = 2a sin 6y. Both
the central point and edges of the reflector are in the far-field zone of the source
and so the acoustic energy density is very nearly proportional to w (a,8) =
k? |U 0 (a, 9)| at the dish surface. The level of incident energy is determined
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by the ratio w (a, 6p) /w (a,0); the edge taper N is the value of this ratio in
decibels (dB). Thus if N is specified, the value of kb is determined by

10log (w (a,0) /w (a,0)) + N = 0. (2. 201)

Uniform illumination corresponds to kb = 0. In fact, because the distance
dy = a — rg from an acoustic monopole to the central point of the dish differs

from the distance d, = (a2 — 2arg cos Oy + rg) z to the edges, the intrinsic edge
taper is not exactly zero; for example, if the monopole is placed at the geomet-
rical focus (rp = 0.5a), the edge taper N takes values —0.55dB and —2.37dB
corresponding values of 6y equal to 15° and 35.13°, respectively. These an-
gular values are used in subsequent calculations in this section. However we
shall ignore this relatively small difference between the true value of N and
zero, and ask the reader to bear in mind that on subsequent plots an edge
taper of 0 dB is to be interpreted as uniform illumination of the reflector.

A rule of thumb employed by antenna designers states that the radiation
features of a spherical (or other) reflector antenna are very similar to those of a
parabolic reflector provided two reflector surfaces differ by less than A/16. For
the shallower SRA (with 6y = 15°) this rule constrains its size to D/\ < 53.5.
However the deeper reflector described in the previous section, the Arecibo
reflector antenna (with 6y = 35.13° and D/X = 437), is well outside the
bounds of this rule. It is of great interest to provide an accurate prediction
of the performance of a nonparabolic reflector antenna of these dimensions.
We present some calculations for both shallow and deep reflectors with edge
taper N equal to 0 dB (i.e., uniform illumination), —5 dB and —10.8 dB.

The dependence of gain G on feed location along the z axis for the shallower
SRA of angular measure ¢y = 15° is shown in Figure 2.30 (D/X = 20) and
Figure 2.31 (D/X = 50). The performance is very sensitive to the edge taper.
At the lowest value of edge taper (N = —10.8 dB) the gain is comparable to
the ideal theoretical limit Doy = (7D /) for these aperture sizes (see [76]).
The ideally attainable value D, .y arises when the acoustic field distribution
is uniform in both amplitude and phase, with an edge taper N around —10.8
(—11dB is optimal).

The dependence of gain G on normalised source location (r9/a) is oscilla-
tory, which is inconvenient in practical application.

There are two observations to be made. First there is no big difference in
the gain G amongst the various edge tapers that attain a —10.8 dB level at
the edge. The second is the increasing divergence of G from Dy, for the
deeper reflector as D/ increases. The maximum value of gain Gu,ax is about
0.907Dypax when D/ = 20, but this decreases to 0.656D .y and 0.225D .« as
D/ X increases to 50 and 200 (see Figure 2.32), respectively. This explained by
increasing spherical aberration introducing nonuniformities into the acoustic
field distribution in the aperture plane. The obvious conclusion, well known
to antenna designers, is that no completely satisfactory performance of a deep
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Figure 2.30
Gain of a hard spherical reflector, 6y = 15°, D/ = 20.

reflector antenna is possible with a single feed point, and better performance
is obtained only by using a distributed feed.

Whilst gain is important, the level of sidelobes (peaks in the off-axis radi-
ation pattern) must be low enough for satisfactory engineering performance,
with successive sidelobes progressively decreasing as one moves off-axis. Nor-
malised radiation patterns were calculated for the shallow soft SRA (6y = 15°)
with an optimal location of the feed o along the optical axis; these locations
are ro/a = 0.5055 and r¢/a = 0.5069 when D /X = 20 and 50, respectively. In
both cases the edge taper N = —10.8 dB.

The results are shown in Figures 2.33 and 2.34. The value of G is close to
the theoretical limit, and the first sidelobe is about —25 dB below the main
beam. This is excellent for application.

Let us now examine the deep SRA (6y = 35.13°), locating, as before, the
feed at those points of optical axis where the maximum value of gain occur,
using an edge taper NV equal to —10.8 dB. The optimal source locations are
ro/a = 0.534, 0.538 and 0.5222 when D/ takes values 20, 50 and 200, respec-
tively. The simple idea, of locating the feed at that point of axis corresponding
to the maximum of G, fails to produce a satisfactory sidelobe distribution for
the deep SRA. Instead of a Gaussian beam-like radiation the pattern shows
undesirable widening that is more obvious for the largest value of D/A (200).
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Figure 2.31
Gain of a hard spherical reflector, 6y = 15°, D/ = 50.

The distortion of the main beam is the result of a nonuniform acoustic field
distribution over the aperture plane. A better and nearly ideal shape of the
main beam is obtained by shifting the feed nearer to the geometrical focus at
ro/a = 0.5; directivity (or gain) falls (see Figure 2.35). The value of G drops
significantly. In spite of plausibly shaped radiation patterns the directivity (or
gain) when the feed is located at the point r9/a = 0.512 is very much reduced
(to about 17%).

A characteristic feature of the deep large aperture SRA is the oscillatory
dependence of gain G on feed location ro/a (see Figure 2.32). This is directly
related to the acoustic energy density distribution on the optical axis when
the SRA is in the receiving regime. This is an instance of the reciprocity
theorem.

As is evident from Figure 2.32, location of a single feed near to, but not at
the point where G is maximal, improves the radiation pattern at the expense
of directivity. The situation can only be improved by employing distributed
feeds or line feeds.

The results plotted in Figure 2.32 also show that there is negligible difference
in the performance of hard or soft spherical reflectors when they are large.
For small and moderate size reflectors, although the dependence of the gain
(denoted G" or G* according as the reflector is hard or soft) on source location
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Gains G" and G® of a hard SRA and a soft SRA (f, = 35.13°),

D/ = 200.

ro/a is of a highly oscillatory character, the geometric mean G = (Gth)% is
smoothly varying. Our calculations reveal that this value G is closely related
to the value of gain (or directivity) for the corresponding electromagnetic case
when the SRA is perfectly conducting (see Chapter 4).
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Figure 2.33

Normalised radiation pattern for soft spherical reflectors with 6y =
15° and D/\ = 20 or 50.
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Normalised radiation pattern for soft spherical reflectors with 6, =
15° and D/\ = 20 or 50.
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Normalised radiation patterns for the soft spherical reflector with
6o = 35.13° with D/X = 200; various source locations.

© 2002 by Chapman & Hall/CRC



Chapter 3

Acoustic Diffraction from Various
Spherical Cavities.

In this chapter the approach of Chapter 2 is extended to topologically more
complex scatterers. The first is a thin spherical shell with two circular holes
(a spherical barrel): topologically this object is doubly connected. The second
scatterer is the complementary surface, a spherical shell with an equatorial
slot (see Figure 3.1). In both cases, the interest lies in the coupling of wave
energy from the exterior free space region to the interior cavity region, via the
circular apertures (in the first case) or via a slot (in the second case).

From a general point of view, one might expect that scattering theory for
more complex structures would be significantly more difficult than that for
the basic scatterers studied in the previous chapter (the spherical shell with
a circular hole).

It is perhaps surprising that substantive scattering analysis is possible for
spherical shells either with two equal and symmetrically located circular holes
or with an equatorial slot. That these problems are solvable is possible by
exploiting the method developed for solving the corresponding electrostatic
problems in Part I [1]. Any departure from symmetry in the location of the
aperture(s) increases the mathematical complexity of the scattering analysis;
although it is possible to exploit the potential theory developed for an asym-
metrically located slot and develop a corresponding theory for wave scattering,
the final form of the solution is rather too bulky a solution to be included in
the present volume.

Our examination of these cavity structures parallels that of the previous
chapter for the single aperture cavity. In Sections 3.1 and 3.2, plane wave
scattering from these more complex cavities is considered, for both soft and
hard surfaces. Their behaviour as Helmholtz resonators is examined in Section
3.3, and the quasi-eigenoscillations of these cavities is described in Section
3.4. The total and sonar cross-sections and the mechanical force factor are
investigated in Section 3.5. The results highlight the differences between these
structures and the topologically simpler structure of the previous chapter.
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Figure 3.1

Plane wave illumination of a) a spherical barrel and b) a sphere
with an equatorial slot.

3.1 The Hard Spherical Barrel and Soft Slotted Spheri-
cal Shell.

The investigation carried out in Chapter 2 is readily adapted to the present
structures of interest. We may formulate the equations to be solved, by mod-
ifying (2. 24) and (2. 25). Thus plane wave illumination (defined by [2. 10])
of the acoustically hard spherical barrel leads to the symmetrical triple series
equations for m =0,1,2,...,

S B2 =0,z € (~1,-20) (3. 1)

o0

Z(s+m+l {27, (1 —egm) — s+m}P(mm( ) =0,

z € (—20,20) (3. 2)

ngimpgmm 2)=0, z¢€(2,1) (3. 3)

where the notation retains the same meaning as in Section 2.1, except that
the constant 6y describes the angular size of each circular aperture in the
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symmetrical structure (the barrel is defined by r = a, 6y < 6 < m — 6y,
¢ € (0,2m)), and zp = cos fy.

The scattering of the same plane wave by an acoustically soft spherical
shell with an equatorial slot leads in a similar way to the following triple
series equations for m =0,1,2,...,

Z {yg—bo—m(]' - ILLS“"m) s+m} P m m)( ) 03 S (71, 720) (3 4)

[e%} 1 )
> (s m+ Dy P (=) =0, z€(-20.20)  (3.9)
s=0
S Yl (U= fgim) = BT} PO (2) =0, 2 € (20,1) (3. 6)
s=0

where the notation retains the same meaning as in Section 2.1, including the
constant 0y that describes the angular size of the upper cap (which is identical
to the lower cap) in the symmetrical structure (the slot is defined by r = a,
0o <0 <m—0y, € (0,2m)), and zgp = cosbp.

Mathematically, both systems of equations are the same: the solution of the
second is easily deduced from the first. Systems of this type were generally
discussed in Section 2.4 of Part I [1], where they were designated as Type
A triple series equations. Let us briefly describe the regularisation process
applied especially to the system (3. 1)—(3. 3) of present interest.

Using the symmetry property of Jacobi polynomials

P{mm) (=) = (=1 PLmm(2),

the system may be split into the following two decoupled systems for the even
and odd index coefficients,

Zz25+mp(m m)( ) 07 KAS (_L _ZO) (3 7)
> m 1
Z(S + 9 + 1) {aht (1 — €251m) — Q25im } P o m)( ) =0,
s=0
z € (—2,0) (3.8)
and -
S BT (2) =0,z € (=1,-2) (3. 9)
c- m 3 S(m,m
Z(s +o Tt 1) {@o5+14m(1 — E26414m) — g1 im } P2(3+’1 )(z) =0,
s=0

z € (—20,0). (3. 10)
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The next step uses the Gegenbauer polynomial relationship (see [2.131] in
Chapter 2 of Part I),

P92 ),

1
m,l—1 2
plmam) () _ lhﬁ 2)] T(s+ D02s+m+1+1) | ami1

25+ B | T@s+1+D0(s+m+1) :
(3. 11)
where h{®? = HP(O"B )H denotes the squared norm of Jacobi polynomials

(see Appendix B.3, Part I).
Upon setting u = 22?2 — 1 = cos 26 and ug = 222 — 1 = cos 26y, we obtain
the following two sets of dual series equations on the interval (—1,1),

= ~m A(m,—3)
Z {x25+m EQSer) CY2s+m Psm 2 (’LL) = 0’
s=0
(RS (—1,’LL(]) (3 ].2)

Zme 78 () = 0,u € (up, 1) (3. 13)
and
> m 3 ~( l)
Z(S + 5 + Z) {§;£2+1+77L(1 - 628+1+m) - dg;-&-l-&-m} PS = (u) = 07
s=0
u€ (—1,ug) (3. 14)
~m l)
Zx2s+1+m 2 (u) = 0,u € (ug,1) (3. 15)
s=0
where

{ %‘25+m+1 } {}h(m J— —)h(m m)2 F(S + 1)F(28 +m+1+ l) { T2s4m+l } .
Q25 tmtl Lt T2s+1+DT(s+m+1) | Q2smi
(3. 16)
In order to apply the Abel integral transform technique to the systems (3.
12), (3. 13) and (3. 14), (3. 15) introduce new variables and coefficients so
that

N(s+1+1)I(s+m+1) }
Xy, = A 3. 17
2s+1 {F(S“‘Z“‘;)F(S"‘m‘i‘%) 25+l+m ( )

m+1 1){F<s+m+é>F(s+l+é>}l

AP = (s+ 00y 2
2 = 5t S O\ T m e TG £+ 1)

B (3. 18)
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These rescalings produce the systems

> m  1.D(s+m+3)(s+ 1)
Z{(”+)r(s+m+21)r(s+f)

P (w) =0, we (—Lup) (3. 19)

X35(1 = e254m) — Ag;}

ZXmP(m_§ Dw)=0, ue (u,l) (3. 20)
and

> m 3. T(s+m+3I(s+3)
Z{ 2+i)r(s+m+21)r(s+§)

m m
25+1(1 — €254 14m) — A23+1}

x P30 () = 0,u € (—1,u0), (3. 21)

ZX2S+1P(m" Ywy=0, ue (up1). (3. 22)

We now identlfy the parameters

m+1 1 T(s+m+3) Dis+m+3)

M _q_ 1 :
Tam St DT mel) Teemal)

(3. 23)

as s — oo, they are asymptotically small: q( ) = O(s72) as s — oo. Thus we
may rewrite the dual series equations in a standard form

= m plm—2i, Fi(u), ue(—1,u
ZXQS-HPS( )(u) :{ 1 (W) ( 0) (3. 24)

—~ 0, u € (ug, 1)

where

oo
m—23.1
Fiw) = Z { [(1 = gl )E2siam + qgr)n} Xoen + A2é+l} e )(u)
s=0

and [ = 0 or 1, corresponding to the even or odd index systems, respectively.
The process is completed by exploiting the orthonormality of the Jacobi poly-
nomials to transform these equations to the following second kind Fredholm
matrix equations in which the matrix operator is a completely continuous
perturbation of the identity matrix in Is:

(1= gD — eonpim) X5, 1+

m—2.1
+ Z { 1 - qﬁ,%)szs+z+m + ‘15%} X23+1an 2 )(UO) =
s=0

(m 1
Ay — ZAM #D(ug), (3. 25)
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where [ = 0 or 1. The solution of this system thus obtained is uniformly valid
with respect to angle size 6y and acoustical size (~ a/)).
In some cases it is more convenient to re-formulate the systems (3. 25) in

terms of the complementary angle 61 = § —6p: geometrically (see Figure 3.1)
0, is the half-angle subtended by the barrel at the origin. It is evident that

uy = cos(261) = —ug. The alternative solution form is (where [ =0 or 1),
S s I,m—
Xoma1 — Z {(1 - qgn)z)€28+l+m + qsm} X25+1Q£n 2)( 1)
s=0

> “m A(lm—3
= ZA2s+ngn 2)(’11,1), (3 26)

s=0

m m
where { L AQSH} 1) { X852, AL}

The solution of the system (3. 4)-(3. 6) is constructed in a similar way.
Corresponding to (3. 24) one obtains (where [ = 0 or 1 corresponding to even
or odd index systems as appropriate),

— m Am—b.0)
Z}/Qs%»lps (U):

s=0
A(m—3.1)
Z 25+lq5m s (U), u e (—I,UO) (
o , 3.27)
m—s,l
2, st + B2 P00, e )
where

1

m 1 r l+1)I'(2s42 l+1)T 1 2

Y'Qrg+l:2_2+é+4{ (S+ +1) (3+ m+ 1+ ) (3+ ) } Yosil
Cs+m+35)I(s+m+1+35)(2s+1+1)

(3. 28)
and

m +1 1. D(s+1+3)
B™ :2**+L+l m - 2
25+ E i e D P o

L(s+m+ $)0(2s+1+2m+1)I(s+1)
L(s+14+D0(s+m+1+3T2s+1+1)

} ﬁQs-ﬁ-m—i—l- (3 29)

From the system (3. 27) one can obtain the following regularised system in the
form of an i.s.l.a.e. (with a matrix operator that is a completely continuous

© 2002 by Chapman & Hall/CRC



perturbation of the identity in ls),
” A(m—13.1
Y L 1 - q(l) + Z Y 2541 qsm :U’QSJrler)Q:(?n 2 )(U’O)

o0
m A mfl,l
=3 By 0% (wg), (3. 30)

s=0

where [ = 0 or 1.

In terms of the parameter u; = cos(26;), where 0 is the slot semi-width,
the system (3. 30) takes the form (with { =0 or 1)

o-m G m A(l,m—3
(1 = p2nti4m) Yoy — Z Ve (), — P20 414 ) QST (uy)
s=0

l,m—
=By, - ZBQSHQ( D(uy). (3. 31)

s=0

The regularised systems obtained here will be used in the following sections
for analytic and numerical studies of the scattering of acoustic plane waves
by the class of scatterers described above. Uniqueness of solutions to these
systems, and of those encountered in susbsequent sections in this chapter, is
established by adapting the uniqueness argument given in Section 2.1; the
truncation number for numerical studies is chosen according to the criterion
set out in that section.

3.2 The Soft Spherical Barrel and Hard Slotted Spheri-
cal Shell.

When a plane acoustic wave strikes an acoustically soft spherical barrel
or an acoustically hard spherical shell with an equatorial slot, the scattered
field may be determined from the solution of a set of symmetrical triple series
equations related to, but possessing an important difference from the triple
series equations discussed in the preceding section. The relevant system is a
set of Type B triple series equations, of the sort discussed in Section 2.4.2 of
Part I [1]. As indicated in that section, some additional operations are needed
to transform the series equations into a standard form for regularisation.

In fact we may omit writing down the appropriate triple series equations
and start from a system of dual series derived from (3. 12)—(3. 15) by simply
interchanging the subintervals on which each series equation is defined. Thus,
employing the same notation as in the preceding section, scattering of a plane
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wave from an acoustically hard slotted spherical shell gives rise to the following
system, for the even (I = 0) or odd (I = 1) index coefficients:

~mm ml——
szé+l+m( D) =0,  uwe(-1u) (3. 32)

o0

m + l 1 ~m (m.i=3)
Z (5 +— > {75 1sm (1= €20p10m) — A8 ) B2 ()

s=

=0, we(up1). (3.33)

The parameter 0 is the angle subtended at the origin by each spherical cap,
and the index m =0,1,2,....

Similarly, the plane wave diffraction problem for an acoustically soft spher-
ical barrel also leads to the following system, for the even (I = 0) or odd
(I =1) index coefficients:

S am A(m,l—3)
Z {y2$+l+m 1 - :u28+l+m) ﬂZs-l—H—m} P 2 (u) = 0’
s=0

u€ (—1ug) (3. 34)

> ( + mT” + i) B P @) =0, we (up 1) (3. 35)
s=0
(Again the notation is as introduced in the previous section.)

The regularisation of hard and soft systems is similar; so we concentrate
on the systems defined by equations (3. 32) and (3. 33). The solution for
odd index (I = 1) coefficients (9&’2’; 11 +m) is relatively straightforward and is
constructed in accordance with the general scheme described in Section 2.4 of
Part I. Thus one obtains

=~ om  Amts0, [0, u € (—1,up)
ZX25+1PS (u) = { Fy(u), u€ (ug, 1) (3. 36)

5=0
where
i {[ psm €25+1+m —l—pg}%] X3+ A;’;H} p(m+3 0)( )
5=0
and 3 .
r IHr 3\ 2
Xoop1 = { I‘((z——’—l— 21;1‘2 i TTZ I f)) } Tst14+m (3. 37)

m 3 s+ 1)I(s+m+1) -
Am L = s—|—+>{ . 3. 38
2s+1 ( 2 4 F(5+ %)F(S+m+ %) 2 +1+ ( )
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and

W _ _( m 3)_F(s+1)r(s+m+1) (3. 39)

= s+ -+ .
Psm 2 4) D(s+3)T(s+m+32)
The parameter p( ) is asymptotically small: pg% = O(s72), as s — oo. The
system (3. 36) is readily transformed to the following set of regularised i.s.l.a.e.
(with matrix operator that is a compact perturbation of the identity in ls),
one for each index [ =0,1,2,...,

oo

m m+31.,0
Xol41 — Z {(1 - pg%)52s+1+m + pgn)L} X25+1Q( : )(UO)
s=0

m ,0)
fZAM Qa0 (ug), (3. 40)

where m =0,1,2,....

On the other hand, the even index system defined by setting [ = 0 in
(3. 34), (3. 35) gives rise to a system in which the parameters fall outside
the range of applicability of the method described in Section 2.1 of Part I.
Specifically, the indices («, 3) of the relevant Jacobi polynomials do not satisfy
a, 8 > —%. To avoid mathematically erroneous transforms in the standard
scheme of regularisation, it is necessary to increase the relevant indices by
some means, such as using Rodrigues’ formula as described in Chapter 2 of
Part I. Thus set [ = 0 and rearrange equations (3. 34), (3. 35) in the form

m _*) _ _sm (mv_%) _ 4
szHm (u) = =2 | hy , u € (—1,up), (3. 41)

[N

= m 1 ~m ~m A(m,—%
<S + 5 + 4> {xQS-‘rm(l - 52s+m) - a23+m} PS( 2)(U)
=1

:_<”2"L+i) {@gu_gm)_@m{hgm*%’}%, w€ (ug,1). (3. 42)

Rodrigues’ formula for the orthonormal Jacobi polynomials occurring in
these equations states

—
—_
|
<
~
—~
—_
+
<
~
|
W=
>
» >~
3
|
[N
—
—
<
~
I

- {s(s +m+ ;)}_2 % {(1 —u)™ 1+ u)%]z(inf—lé)(u)} . (3. 43)

To make the deduction more transparent let us first consider the regulari-
sation of equations (3. 41) and (3. 42) with the value of m equal to 0. This
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value corresponds to normal incidence of the plane wave (o = 0). Applying
Rodrigues’ formula (3. 43) to the initial equations (3. 41), (3. 42) produces

= 11 ~(1L 1)) 3
> ls(s + 5 F S Al ) = 22 {ng" "} T (1 —w)7 we (~Loug)
s=1
(3. 44)
>0 (5+l) - 172
(1—u)22 ‘11 - {xgs(l—sgs —azs}P( ) (u)

TH{=Dsls+ D+ 1))
{#0(1 — o) — : gk {2vz2[vVa-(+wi] -1 -w},

!
* )

The standard scheme of regularisation is now applicable and produces the
equation

u € (ug,1). (3. 45)

o\ - 52,0, | Fi(u), u € (—1,up)
(1 U/)Q ;X25P3—1 (u) - {F2 ('LL), = (UO, 1)’ (3 46)
where )
Fy(u) = (2m) 3 {7} 7, (3. 47)
3
Fy (u) = (1—u) Z{Lps — e24) + £2:] Xog + Ass} B (u)+
79(1 — ) — af : 1—u)z
B —eo) =8 [ gy [V2EA—wE L
%{h(oﬁé)}f (1+u)2
0
the rescaled variables are
L(s+3) s+1 T(s+1)
Xos = 2009, Ay = - A, 3.49
PITE+ D) T s+ D) T+ D) (3. 49)
and the asymptotically small parameter
+1rs+n7?
pa=1-—14 [ (Hl)} : (3. 50)
s(s+3) [I'(s+3)

satisfies ps = O(s7?), as s — oc.

Let F' (u) denote the left hand side of equation (3. 46). This equation shows
that the function F' has piecewise continuous representation on the complete
interval [—1, 1], of the form

Fy(u), u € (—1,up)

Fu) = { Fa(u), u € (ug, 1). (3. 51)
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Moreover the function F'(u ) has a series expansion in terms of the complete
3
orthonormal set {P( )} .
s=1

It is obvious that for arbitrary values of Z{) the coefficients {Xs,} o, belong
to ls (i.e., are square summable). In fact the coefficients have a faster rate
of decay than mere square summability implies: Xos = O(s72), as s — oo.
This follows from the condition (2. 6). Thus the function F' is continuous,
and the apparent arbitrariness in the choice of ) is eliminated by enforcing
continuity at the point u = ug, by demanding Fi(ug) = Fa(ugp). Thus

20 _ ap 1 s(ka,ug) —1
G \/571' 1-— €0 %(ka, Uo)

{héo’ié)}% (1 — o)

(277)% %(ka UO

f:{pé 1 _525) +525] Xos +A2 }P 0)( ) (3 52)

s=1

where

selha, ug) = 1— %(1 _60){<1 ‘2“0) o

Suppressing some bulky transforms, the final format of the regularised sys-
tem is

N

(1—|—U0)

Y1 — ZyQS [ps(l - 525) + 525] Rs—l,l—l(kaauO)

~(3.0)
_9—150%i-1 (uo)
=2 aoW—FZbQé s—1,1— 1(]€CL UO) (3 53)

where {y2n, ban} = {n n-+ = } {Xon, Asp } and

5(3:1) l—e0 4G 0 ()00
Rs_1-1(ka, uo) = Qsz—l,l—l(uo) - 2ﬁ%(lm uo)Q 21 (u )Q f ( 0):
3 (770)
,0 1 1—u 2 Pni (Uo)
Q(z )( )_ﬁ< 20) . 11 T (3. 54)
[n(n + 5)]
With this notation, the value of & is
-0 ay  s(ka,ug) — 1
Ty = :
1-— €0 (k’a UO)

7

(ka uo Z{[ps 1 — e95) + £24] yQS‘i’st}C2(27 (up). (3. 55)
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It follows from (3. 53) and (3. 54) that the coefficient sequence is square
summable, ie., {yan} -, € la.

For further investigation of the acoustic resonator it is convenient to for-
mulate the final system (3. 53) in terms of u;y = —up = cos 26y, where 6; is
the slot half-angle. Setting {y3;, b5} = (—=1)! {y21, b2}, the new coefficients
satisfy

{1=p(1—e2) —eutyy + Z {ps(1 = €25) + €24} Y5, P11 (ka, ur)
s=1

_1 =
=2 i) f(k:a,ul +b21 Zb s 1(ka,uy), (3. 56)

where [ =1,2,..., and

E(ka,ur) = x(ka, —up) =

ﬁ+<1+>] } 5. 57)

(1 —u1)§

— A(1.1 1—¢ NCE A (0,3
oy i1 (ba,un) = QT (w) + 2v2 QY (u) Q) ()
’ g(kaaul)
(3. 58)
With this notation, the value of & is
al k -1
i,g — &% f( a, ul) o

1—¢p ' £(ka ul)

]*2
,m o Z{pb £2) + e2.] 3, + 05, Q2 (w). (3. 59)

The construction of the regularised system from (3. 41) and (3. 42) for
arbitrary values of m is obtained with the same procedure outlined above.
For the sake of brevity and lucidity it is omitted.

3.3 Helmholtz Resonators: Barrelled or Slotted Spheri-
cal Shells.

In Section 2.2 we determined a comparatively accurate approximation for
the relative wavenumber (ka)q of the Helmholtz mode for the classical acoustic
resonator formed by the spherical cavity with a small circular aperture. As
noted there have been several previous studies of this subject by many authors.
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Our objective in this section is to determine the relative wavenumber (ka)o
of the Helmholtz mode for more complex acoustic resonators. These results
seem to be new; at least they are based on the mathematically rigorous solu-
tions obtained in first two sections of this chapter. The first resonator to be
considered is the acoustically hard spherical shell with two small and equal
circular holes, co-axially located (see Figure 3.1a). From a physical point of
view it has many similarities with the spherical resonator with a single cir-
cular aperture. The second resonator to be considered is the hard spherical
shell with a narrow (equatorial) slot, symmetrically located.

The difference between this resonator and the classical one manifests itself
in the nonclassical concentration of acoustic kinetic energy in a toroidal region
near the slot. The classical formula (2. 61) does not predict even the dominant
term of the Helmholtz mode. Nevertheless both resonators exhibit a clear
spatial distribution of potential and kinetic energy that is typical of resonant
systems. We now demonstrate these assertions by producing approximate
analytic expressions for both resonators in the Helmholtz mode.

First consider the hard spherical barrel. The characteristic equation is
deduced by setting m =1 = 0 in (3. 25), and following the argument in
Section 2.2. To avoid awkward calculations, a smaller number of perturbation
terms than employed in (2. 72) will be used, and we consider the approximate
characteristic equation

(1 - b)) (1 = =0) + [ (1~ afg >>so +aiy]

00 (0)
-1 (1 —q{)e2s + 4y A(-2.0
{ o0 (u Z ©) : QL )(“O)Qos (Uo)}zoo

s=1 qsO 1 —é&2 )

(3. 60)

As before, we assume (ka)? ~ 6y and retain all terms that satisfy this
assumption. The neglected terms in the approximate equation (3. 60) are

A(—1
O(ka®,03). Insert the exact values qég) =1-—m/4, Qéo 2’0)(u0) = sinfy and
use the expansion (see [2. 75])

go=1+- (ka) 85(ka)4 + ig(ka)E’ + O((ka)®)

to obtain

0 (1 —q{))ens + 4 A1 10
S e R0 QL0 ) QF, (o) =
o1 (1= gy ) (1 — £25)

9 0o 0o 2 s 1 .
9 {; 21 e Dt ] } + 003, (ka)*6?).

(3. 61)
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The series on the right hand side of (3. 61) may be evaluated. The first is

> 1
27 —=2-2In2.
s(2s+1)

s=1

Observing that the complete elliptic integral of the first kind has a power
series expansion in terms of the modulus & [23],

oo

1 r(m+5H1° .
K0 =53 [y

the second series may be calculated to be
> 1.T2(s+ 1) 1
1-— Nee——2 = (7 = 3). 3. 62
Z_‘;[ (8+4)r2(s+1)} 77 =3) (8. 62)

Thus the approximate characteristic equation for the Helmholtz mode is

- (r—2—1n2)03 + %(ka)4 — (ka)?6 + i%(ka)5
+O((ka)®,03) =0. (3. 63)

An approximate solution of (3. 63) is readily generated by Newton’s method:

60\ 145026, .1 /36,\°
(ka)0:<30) {1++5n°—z‘ <3°) +0(93)}. (3. 64)
T 10 6 T

™

If one doubles the parameter 6 in expression (3. 64) the value of the dominant
term equals that of the classical acoustic resonator. This confirms that the
physical processes taking place in both resonators are similar in origin.

Turning to the slotted acoustic resonator (see Figure 3.1b) we may notice
that in deriving (3. 56) we have essentially deduced the approximate charac-
teristic equation. In fact, the equation

E(ka,u1) =0 (3. 65)

gives the dominant term in the full characteristic equation. If the slot is
logarithmically small ([In(2/61)]7! < 1) one may deduce from (3. 65) a
rough estimate for (ka)o to be

1 1
Re(ka)o = 5(:sw)% n(2/61)]"%;  Im(ka)o = 0. (3. 66)
Actually (3. 65) can be solved approximately when 6; is small and the error
is easily estimated.

Now consider the function ®;_; ;1 (ka,u1) given by (3. 58). Due to equa-
tion (2. 102), the first term of this function is negligibly small (O(61)) in
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comparison with the second (O ((ln 2/91)71>> and may be neglected when

01 < 1, so that the characteristic equation degenerates to one that can be
solved exactly. First, write the approximate equations (see [3. 56], [3. 59]) in
the form

—{[p(1 — 1) + e y3, + b5} +

1—¢ep 40,3 > . w1 A(0,3
2V2 "0 O () Y {lps(1 — eas) + 2.y, + 5,3 Q0 (1)

g(kavul) s—1
Ly 0@ ()
O
-2 TR (3. 67)
25 & £ (0,2
B Elhayn) o (1~ 22e) - Eoali B} QY ()
_ 08 Elhau) =1 o e

1 — &0 f(ka,ul)

Now multiply both parts of (3. 68) by the factor )0 ’12)( 1) and sum over
the index [ to obtain

Zyle(O”) ﬁﬁG(ul) — 1| F(ka,u)
=27 ~0£(C;S‘31) 3. 69)
79+ g(,ful)mu) . 6_‘350 5(’5“;’,;;‘}35 ! (3. 70)
where
F(ka,uy) = f:l{[p (1= €20) + on) g + b3} Q"2 (w), (3. 71)
Glur) = fjl (00} (3. 72)
Thus -
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We thus obtain a pair of simultaneous algebraic equations for the unknown
%) and F(ka,uy),

_z 5 1—¢
277 [€(ka,uy) — 1] 29 + QﬁﬂTJz)G(ul) —1| F(ka,uy)
— 91 [§(ka,ur) — 1] E(ka,ur) — 2\5(1 — €o) G(Ul)&o

(1 —e9)&(ka,uq) 0

(3. 75)
21 ad

~0 F — 0

$0+§(1€CL,U1) (ka7u1)

(3. 74)

E(ka,uy) — 1
l—eo &(ka,ur) 3. 76)
with solution
Ao
F(ka,uy) = ﬁ, G e—" (3. 77)
A
where
A 2ka,w) - [1+2v2(1—e0) G(w)]
B f(kaa ul) ,
_ 7%~0§(ka,u1)— [1+2v2(1—¢e0) G(w)]
Ap = —2"1q (1= 20) £(ka, 1) , (3. 78)
A, 2 [€(ka,u1) — 1] = 2v2 (1 — o) G(u1) 0
"o (1 — o) &(ka,u1) "
Explicitly the solution is
F(ka,up) = 2

(&(ka,ur) — [142v2(1 — g9) G(u1)])
(1 — e0) {2¢(ka,uy) — [1 +2v2(1 — g0) G(ur)]}

A, (3.79)
o _ 2 [€(ka,ur) — 1] — 2v2 (1 — g0) G(uq) a0 (3. 80)

O (1 —ep) {26(ka,ur) — [1+2v2(1 —g0) G(ur)]} °
where, from (3. 72) and (3. 54),

2% /14 U1 3 2+ % EN 2
_ 2 : p\2 .
Glu) T ( 2 ) = n(n + %) { n—l1 (ul)}

“
=

(3. 81)
The utility of this solution depends upon a suitable approximation for G

that is now derived. Use both the integral representations of Abel type for
Jacobi polynomials contained in Section 1.5 of Part I [1]. One can transform
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-t -t 2]
uq) In m<1—W _ 1+wu 3 B
{(3+ Din | ] 2( . ) }
21 (Lhm) 'y 2n+ 3 0.8, >
" ( 2 >;}(”+§)(n+1)(n+§)(n+2) (PP} . 682

The major term in (3. 82) is that which contains the logarithmic function;
G(cos(2601)) = O(In(2/61)). The transform of G from (3. 81) to (3. 82)
extracts the singular logarithmic part exactly. The remainder is the smooth
function given by the absolutely convergent series in (3. 82). If we were to
use the Jacobi polynomial expansion near u; = 1,

3 1 5
P£0’2)(u1) ~1— §n(n + )1 —u),

2
then
N 2n + 3 0.3, 2
S(ul)_;(n+%)(n+1)(n+%)(n+2) {Pn (m)}
=240 (6fIn(671)). (3. 83)

Unfortunately, the last result is inadequate for deducing a more accurate
value of (ka)o (see [3. 66]) and a better approximation is required. Exact
summation of (3. 83) seems impossible so we proceed as follows. If 1 —u; < 1
the function S(u;) may be approximated by

_ > 2k + 2 (0,2) B
S(ur) = =2+ 2;) e 1)(k2+ ETE gy P () + O((1 —w)).

(3. 84)
Using the partial fraction decomposition

2k + 5 _2{ 1 1 1 1 }
(k+3)E+1D)(k+3)k+2) " lk+i k+1 k+3 k+2

and the well-known formula (see Appendix B.3, Part I) for the generating

function \
[e%) s 93

tkP(O’g) )= —-+ 3. 85

kZ:O e ) R(1+t+R)3 (8. 85)

where

R=+/1—-2ut+t2,
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one obtains the integral

S(ur) =
1
1-— 1—22)d
—2+16\/§/ (1= 2){1 = 2%)de ~. (3. 86)
0 \/1—2u1x2—|—x4{1—|—x2—|—\/1—2u1:1:2+x4}2

Noting that

_3
{1+x2+ 1—2u1x2—|—x4} ‘=

7 x?
7

3
272 —3.27
’ 1— 22

(1 —up) +O((1 —uy)?) (3. 87)
the function S has the representation

S(ul) = —2+8(IO -1 — I -‘1-[3) —6(]2 —_[3)(1 —ul) +O((1 —ul)) (3 88)

where I;(u1) = I; (i = 0,1,2,3) are the following integrals tabulated in [30]
and [14]:

1
dx 1
Ip = | ————= = ;K(cosf
’ /m 5K (cos01)
0
1
/ xdx 1 1+ sin6;
V1I—2ta2 424 2 sin 64
0
1 y
z2dz 1
Iy = _— =K 50) — F 50 sin 6
2 o/m 2 (cos 1) (cosfq) +sinby
1
13:/“73‘1“7
1 — 2ta2 4 24
0

1 1 1 in6
= 5 + 5 cos(201)In [;nsl;lll] + sin ;. (3. 89)
Finally we have, when 1 —u; < 1,
S(up) = 2 — 4sin? 6y In(cosec 1) + O(sin? ), (3. 90)

with the correspondingly accurate result

Nl

Glur) = =

{In2 — 1 + In(cosec ;) — sin® 6 In(cosec 8) } + O(sin® 61).
(3. 91)
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Observing formulae (3. 79) and (3. 80) the characteristic equation of crud-
est accuracy (3. 65) may be replaced by the more accurate

26 (ka,u1) — 1 — 2v2(1 — £9)G(uy) = 0. (3. 92)

Inserting (3. 91) it is transformed to
1
1——=(1-gp){1—1In2—In(cosect;) — sin® 6 In(cosec ;) } = 0. (3. 93)
™

In spite of the fact that the only distinction between (3. 93) and (3. 65)
is the addition of one term, the corrected equation enables us to determine
the relative wavenumber (ka)q of the Helmholtz mode for the slotted acoustic
resonator with an essentially higher accuracy.

In contrast to the characteristic equation for the barrelled acoustic res-
onator (see the beginning of this section), equation (3. 93) incorporates mixed
terms in parameter 6;, as products of sin? 6y and In(cosec f1). This creates a
problem. Powers of ka, logarithmic terms in 61, and mixed terms in 6; and
products of powers of ka and terms containing 6; must be properly balanced.
A clear prompt is given by the formula (3. 66). The value of the parameter

ka near (ka)o is comparable to € = [In(cosec 91)]7%, ie., ka~e.
In accordance with (2. 75), 1 — gg has the expansion, when ka < 1,

N
1—go = (ka)"a, + O((ka)"*1) (3. 94)

n=2

where the power N is to be specified later; the coefficients a,, are known
(ag = 0). Now rewrite (3. 93) in terms of the parameter ¢

N
1- % (; an5”> {C—e?—5sin’0, -e7%} =0, (3. 95)

where C' = 1 — In 2. Fix the parameter #; < 1. Choose y so that

sin?0; = ¢7; (3. 96)
thus
_ 2
7= T ame (3. 97)
Use the approximation
sin? 6 ~ eM (3. 98)

where M = entier(vy) and substitute in the equation (3. 95):

N
1- % (Za,ﬁ") {C—e?2-eM21+0(EM)} =0. (3. 99)
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The latter can be reduced to an equation determined correctly to order O(e*)
by choosing N = M + 1, so that

M—1
1
1—=laz+as+ Y (Cap — any2)e™ + O(=M)| = 0. (3. 100)
& n=2
It is important to note that in the range of 0 < 6; < 5°, the value of M is
no more than 10, so that all terms corresponding to those in (2. 75) can be

taken into account in constructing a realistic dispersion equation. Retaining

a reasonable number of terms the approximate dispersion equation is (with
ka = x),

As before an approximate root obtained by Newton’s method is

~ (3m)2 BEAVERS s 97 11 L\
(kajo = —5—¢ ¢ 10 £ty C 20 T as00" ) °
l 2
- (336) 3 {1 (32” —3C+ 20) 52} } +O(). (3. 102)

The Q-factor of the slotted spherical acoustic resonator is

_ 2Re(ka) 16 ,
©= Tm(ka)y  (3m)%e? [1+0(7)). (3. 103)

It is clear that one can find the value of (ka)g more accurately by calculating
more terms in the expansion of 1 — gy as powers of ka.

To end this section we state the following approximate formulae that will
be used to analyse the total cross-section of the Helmholtz resonator:

F(ka,uy) =0, (3. 104)

A [ !
S {1 2¢(ka,u1) — 1 —2v/2(1 — £9)G(u1) }

a8 1
= T {1— §(/€a,u1)} . (3. 105)
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3.4 Quasi-Eigenoscillations of the Spherical Cavity.

In this section we determine the quasi-eigenoscillations of the spherical cav-
ity with two equal and symmetrically located circular holes or with a symmet-
rically located equatorial slot. The procedure is very similar to that developed
in Section 2.3, so that an abbreviated treatment is given. There is a notable
difference from the corresponding results obtained for the spherical shell with
a single hole. When the scatterer has two apertures or an equatorial slot the
scattering process can be represented as two independent processes. From
equations (3. 25) and (3. 31) it may be seen that the even and odd spherical
wave harmonics comprising the entire acoustic field are scattered indepen-
dently, without mutual coupling; the corresponding approximate characteris-
tic equations are also independent.

Employing the same procedure as used in Section 2.3 leads to approximate
characteristic equations for the quasi-eigenoscillations of the spherical barrel
or the slotted shell. However for the sake of brevity, we restrict attention to
the acoustically hard barrel and the soft slotted shell.

The quasi-eigenoscillations are indexed by an index [ taking values 0 for
even modes and values 1 for odd modes index and by an index m taking
values 0,1,2,.... The approximate characteristic equations for the quasi-
eigenoscillations of the acoustically hard barrelled shell are (for I = 0,1 and
m=0,1,2,...),

1+ Ngv)n — (E2ntiem + dr(zlr)n)x

0o ~(1)
A(m—1.0) €2s+14+m Tt qsm A(m—1.0) A(m—1.0)
1—Qnn 2 ————Qsn s
o)+ YD QT (u0) QY (o)
S =

s#n
=0, (3.106)

where C}}(ngz = qq(zlr)n / (1 — q,(f,ll); the corresponding equations for the acousti-
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cally soft slotted shell are

1- qgr)n - <N2n+l+m -1+ qgr)n) X

A (lvm_%)

oo )
s m + qsm A l,’m—% A l,m—%
1—Qnn (ul)_ M ( )(ul) ( )(U1)

sn ns
1= postitm
s=0

s#n
=0. (3.107)

The notation is defined as in Section 3.1.

For the acoustically hard slotted shell, we restrict attention to the axially-
symmetric case discussed in Section 3.2, corresponding to setting the in-
dex m equal to 0. The approximate characteristic equation for higher quasi-
eigenvalues of odd-type is

1- [(1 - pl(é))52l+1 +Pl(é)} X

s (1) (1)
(0,1 1 —py )e2s+1 + D, A (0,3 A (0,3
1— l(l 2)(U1)+ § ( 0(1) + 0(1) Q( 2)(U1)Qz(5 2)(U1)
s=0 1- |:(1 — Pso )828+1 +p50

s#n

whilst that for even-type is

1—[pi(1 —ey) +eal x

oo

s 1-¢ s +e s
1 —=Ti(ka,uq) + Ti(ka,uq) Z - ﬁl(j q _2€i : _252 Ts(ka,uq)
s s S

s=1
s#En
=0, (3.109)
where ) )
— € N 3
T, (ka, uy) = 2@% {a8 )} (3. 110)

Let us analyse the equations (3. 106)—(3. 109) commencing with the first.
In fact, four separate cases of equation (3. 106) should be considered, depend-
ing on the two possible values of I (0,1) and whether the azimuthal index m
is even or odd. For the sake of clarity these four cases are stated below.
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When | = 0 and m is even (m = 2m’), the equation reads

. - A(2m’'—L1.0
1+ q1(70)m’ 2m/ (5217 + q;1(70—)m’,2m’) ' {1 - Q;—m’,;—rzﬂ(uo)—i_

; < W+ 1DA+d" o) a1 (21
g 30 Ehpran) gt () Qf T )
R ]
k#p
=0, (3.111)

where we set 2n + 2m/ = 2p and 2s + 2m’ = 2k.
When | = 0 and m is odd (m = 2m’ + 1), the equation becomes

(0 (0 (2m’+1,0)
1+ q1() )m’ 2m/+1 (52174‘1 + q;f)—)m’,2m’+1) ' {1 - Qp m’,p—m’ (U0)+

P <%+mu+¢%ﬂ 1) A@mIAE0) A +E0
a2 A Oy o (0) Qe (0)}

1
k#p
=0 (3. 112)

where we set 2n +2m/ =2p+1 and 2s +2m’ +1 =2k + 1.
When | = 1 and m is even (m = 2m’), the equation reads

- . A(2m/—L1
L+ q1(71)m’ omr — (E2p41 + q;l_)m/,gm/) Al - Ql(,_m/,,f_,l/(uO)Jr

i 4k +3) (143, o) Acomr 11 Como 11
4(ka)? 2 pm 2m 2 QE 2 () QU 2 (o)}
k=m' ‘h2k+1 )‘
k#p

=0 (3.113)

where 2n +1+2m’ =2p+1 and 2s + 1+ 2m' =2k + 1.
Finally, when [ = 1 and m is odd (m = 2m’ 4+ 1), the equation becomes

~(1 ~(1 (2m +— 1)
1+ qz() )m, om/ 41 — (egpyo + q;z()—)m’,Qm’+1) {1- p ' "o (uo)+
i RS F G o) AmtD) A
4(ka)? Z 1) - 272 = Qk m+2 131 (u )Q; 13'7,’ (uo)}
k=m' ‘h2k+2(ka)‘
k#p

=0. (3.114)

The roots of these equations are perturbations of the roots s,; of the dis-
persion equation (2. 83) for the interior of the closed spherical cavity with
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acoustically hard walls. In the order of their succession, the solutions of these

equations are, respectively,

%527,7 )/%2p,l =1+
1 1 0 o’ _570)
5(211 + 5)(1 + q; )m/,zm') (53,0 — 2p(2p+ 1)] Q; 2 (uo)
1 1 0 .
- Z§(2p + 5)(1 + qz(z )m’ 2m’)%2pl [%%pl 2 (2p + 1)] X
2 @kt D)1+ @) Aem o)A@
T A F l(<:mp2m( )Q ﬁﬁl(uo), (3. 115)
k=m' ‘th (%2p,l)‘
k#p
2m’+1
ép—‘,—l—,‘? )/%2p+1z =1+
1 3 0 —1 A(2m/+1,0
3@+ 5)(1+ 0 ot) s — @+ 1) (20 +2)] QP 2 ()
= 3 -(0) 3 12 ]
- Z§(2p + 5)(1 F Gy 241 #apa [Popr1a — 20+ 1) (2p+2)] 7 X
—  (k+3)(1+q) A@m'+1.0 A (2m/+3.,0
QQEC m e m/(UO)Q;_m/J?_m/(’UJo), (3. 116)

>

k=m'
k#p

hé?il(%zpﬂ,z)‘

(2m”) _
Hopi11/ Hopr1g = 1+

~(1)

1 3 2m’—31.1
5@+ W+, 00) [Bpir ( ) (uo)

@2+ 1) (2p+2)] QY Y,

3 ~(1 —1
- §(2p + §>(1 + q1() )m’ om) g [Papriy — 20+ 1) 2p+2)] %
4k +3)(1+q) A@m-ia R
Z l(c m/,p— %’(uo)Qp—m’,kz
k=m
k#p

1
! h;k)-;-l(%Qerl,l)‘
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(2m’+1)
%2p+2l /”2p+2l =14

1 5 (1 -1 aA(2m’+11
5@+ DU+ 82 0 ) [Bpas — 22 +2) (20 +3)] 7 Q7 20 (wo)

5 1 —1
L@ DA T 1)1 [Bprns — 20+ 1) (20 +3) 7 x

o0

Z (4k +5)(1 +q)

kE=m'
k#p

Without exception the real parts of these roots are positively shifted com-
pared to the unperturbed roots; and all roots have negative imaginary parts.
It is logical to ask what change in the quasi-eigenvalues would be produced if
a second circular aperture, of the same size, were opened in a spherical cavity
with a single circular hole Let us answer this question by considering one of
the formulae above, for instance, formula (3. 115).

To compare (3. 115) with (2. 100), we set n = 2p,m = 2m’. The only
terms to be compared, under the condition that 8y < 1, are

2m’/+1.1 A(2m'+1,
2Q1(€ m’,p— L’(UO)Q;,m/ijm/(UO). (3 118)

1
hS o (eapsa) ’

(2m’ —Lom/+1 2m’ — ,O
Q2p o 2p—273’) (cosbp) and Q; . %/(cos 26p).
A surprisingly clear and accurate asymptotic equality holds when 6y < 1:
from equation (2. 102) and the duplication formula for the Gamma function
we deduce
~ A 2m’—l70 2m/’ -3 ,2m +
(1 + qz(,l)m/ ot ) Qz(,fm,,p{rl (cos26p) ~ 2Q;p om’ 2p— Qm)(cos 6o), (3. 119)

and

QUM 22 1) (cos fg) A 2 (60/2"™ " T(2p+2m +1)
2p=2m,2p=2m’ YT em + Drem + ) T(2p - 2m' + 1)
(3. 120)

Analogous statements are true for the other equations (3. 116)—(3. 118).
Thus opening an additional hole of the same size in the cavity wall doubles
the positive shift (from the unperturbed eigenvalue of closed spherical cavity)
in the real part of the quasi-eigenvalue, compared to that observed for the
single aperture cavity. In other words the first perturbation term arises from
the separate contribution of each hole. It can be readily shown that taking
into account one more term in (3. 106) and solving the corresponding approx-
imate characteristic equation produces a second correction term reflecting the

“splitting” impact of both holes.

Moreover, the shift in the imaginary part of %ép l/) is also double that

of the corresponding value for the cavity with a single hole. We suppress
the justification of this assertion, merely noting that it depends upon the
asymptotically correct approximation (for 6y < 1)

Qgﬁ’ﬁ) (cos eo)Qg‘,’;ﬂ) (cosby) = Qg‘?’ﬁ) (cos 90)(:25%’5) (cosBy).
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These features of the quasi-eigenvalues of the quasi-eigenoscillations for the
hard barrelled acoustic resonator are in clear agreement with physical expec-
tations.

In the same way we may derive formulae for the spectrum of the soft spher-
ical cavity with a narrow equatorial slot. The roots of approximate charac-
teristic equations are perturbations of the roots v,,; of the dispersion equation
(2. 85) for the interior of the closed spherical cavity with acoustically soft
walls. The perturbation results corresponding to formulae (3. 115)—(3. 118)
are as follows. With [ = 0 and m even (m = 2m’),

2m’ 1 1.4 ~(0,2m'—1) (0
Vép,l )/VQ:DJ =1- 5(217 + 5) ' p*m’,me’(ul)(l o qz(lf)m’am’)
~(0)
]. 1 1 - q —m! 2m/
it (op+ =)L p—m’,2m
12( D+ 2) Vot X
- 1- q‘krfm’,Zm’ A(0,2m'—1) A(0,2m'—1)
(1) 2 kfm’,pfm’ (U’l)prm’,kfm’ (u1)7 (3 121)
k=m (4k+1) ‘th (V2p,l)’
k#p
with { = 0 and m odd (m = 2m’ + 1),
(2m’+1) 1 3.1 ~(0) A(0,2m'+1)
Vop+1,0 [vopt1i =1~ 5(217 + 5) (1- qp*m’,2m’+1)Qp*m’yp*m’ (u1)
~(0)
1 3 1 - —m! 2m/
iz (op 4 2y emmramn
2 2 Vop+1,1
o0 o~ O
1- Q£:2m,2m’+1 A (O,27n'+%) Q(O,an'-&-%) . (3. 122
(1) 2 %k—m/,p—m/ (ul) p—m’ k—m/' (u1)7 ( . )
k=t (4 +3) [R5 (vapi10)
k#p

with { = 1 and m even (m = 2m’),

2m/ 1 3._ (1 A (0,2m' — 1)
Vo 1/ Ve = 1= 52+ )T 1 = G2 5 ) Q70 s (1)
~(1)
1 3 1 - q —m’ 2m/
—i-(2p+ ¢ [ L L UL
2( 2) Vop+1,l
- 1- (jl(cl—)m 2m/ A(0,2m'—1) A(0,2m'—1)
7 2 Yk—m' fm’(ul)Q —m/ kfm’(ul); (3 123)
(1) sP p s

k=t (4 +3) [R5 (v2p10)
k#p
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and finally, with [ = 1 and m odd (m = 2m’ + 1),

! 1 5 ~ /1
2m’+1 _ ~(1 0,2m’'+%)
V§P+2J )/l/2p+2vl =1- 5(2]7 + 5) 1(1 - qz(i—)m’72m/+1)Qp—ml7p—2m’ (ul)
~(1)
1 5 1- Ay ms 2m/+1
—is(2p 4 Syt pmmiamidl o
2+ Vap+2,1
- 1- ql(cl—)m 2m/+1 A(0,2m'+3) A(0,2m'+1)
(1) ) 2 k‘fm’,pfm’( 1>Qp7m’,k7m’ (U]) (3 124)
k=m (4k+5) ‘h2k+2(V2p+2,l)
k#p

In contradistinction to the hard barrelled resonator, the real parts of the
quasi-eigenvalues of the slotted soft resonator are shifted negatively compared
to the eigenvalues of closed soft sphere. Another distinctive feature is the
absence of any strong dependence in the perturbation upon the azimuthal
index m. The shift in value is proportional to 62, slightly varying from one
value of m to another.

This is clearly indicated by the approximate formula (2. 102) together with

the behaviour of the parameter qf)m,gm,ﬂ (s = 0,1): for all m it is very
much smaller than unity. Thus the Q-factor of these oscillations is practically
the same for all values of m’ (or m).

3.5 Total and Sonar Cross-Sections; Mechanical Force
Factor.

Just as for the spherical shell with a single hole (Chapter 2), numerical
analysis of the basic characteristics of more complicated scatterers is best con-
sidered in three regimes (low frequency, resonance and quasi-optical ranges).
The total cross-section o’ and the sonar cross-section o of the acoustically
hard spherical shell may be calculated in the manner of Section 2.4.

The cross-sections of the spherical shell with an equatorial slot are

oh _ 42 15[ 72 (ka) + = gl [Ts+)] (ko) +
Ta? (k‘a)2 ol J1 po s(s+ %) F(s+ 1) J2s
1 00 1 -2 F( i 1) 2
s - )
2 ; <3+ 2) T(s+1) | X35 11|" [J2s11 (Ka)] (3. 125)
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P (s+73) [s(s+1)]*
00 3\3 2
+iv2 Y (-1)° (SJWI) Cl+ vo o ke . (3. 126)
2. T (o ) e

The cross-sections of the spherical shell with two holes are

oo 2
052 42

a2 (ka)2

T'(s+3)

I'(s+1) %

s=0

9 5 1s+1
{|X35| e (ha)? 4 L2712

5511 X0, 1| [5esn (k)] 2} (3. 127)

ol 8v2
(ka)?

S (1) %x
s=0 (S + )
1 3 ; 54
. ? 2 ]
<25 —+ 2) ng]ég (ka) —+ ﬁ (25 + 2) s + ngs-i-ljés-‘rl (ka)

(3. 128)

The mechanical force factor 7 is considered only for the spherical barrel and
is given by

3?2
n=2"4 3

First consider the hard spherical shell with two holes. In the low-frequency
band, the sonar cross-sections for three aperture sizes are displayed in Figure
3.2; the total cross-sections are very similar. Both cross-sections are very
similar to those of the spherical shell with a single hole (see Section 2.4). The
only differences, for structures with the same aperture size, are a positive shift
in the relative wavenumber of the Helmholtz mode for the doubly connected
shell and a decrease in peak value. This is in accordance with the analytical
formula (3. 64).

It is worth noting that resonance peaks of the mechanical force factor n do
not occur at the frequency of the Helmholtz mode. This is distinctively dif-
ferent from the behaviour of the single aperture cavity. A formal explanation
is as follows. According to (3. 129), the value of 7 is proportional to |X?|.
The solution developed in Section 3.1 produced decoupled sets of equations
for the odd and even index coefficients. Resonance features attributed to the
even coefficients do not affect the value of |X ?|

peix ‘hﬁ”’(ka)‘ . (3. 129)
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Figure 3.2

Sonar cross-sections of various hard spherical barrels at normal in-
cidence.

A physical explanation is perhaps more enlightening. At the point ka =
Re (ka), of resonance, the distribution of acoustic pressure on the shell is com-
pletely symmetrical because of shell symmetry and symmetry of the Helmholtz
oscillation mode. Thus integration over the shell, of the component of acoustic
pressure at each point on the shell in the direction of plane wave propagation,
necessarily gives a zero value for the mechanical force factor . Thus we omit
its calculation in the low-frequency range.

The frequency dependence of the normalised sonar cross-section (o /7a?)
in the resonant regime (0 < ka < 20) is examined for three apertures sizes
(8o = 15°,30°,45°); results are displayed in Figures 3.3, 3.4 and 3.5. A
comparison of corresponding plots for the hard shell with one or two holes
(see for instance Figure 2.7 and Figure 3.3) reveals that rather fewer resonance
peaks occur for the doubly connected shell. In fact the resonance peaks for
this structure occur at values of ka corresponding to quasi-eigenoscillations
with even number of acoustic field variations as a function of the angle 6,
ie., ka = %ég?l (s=0,1,...). In other words the resonant contribution of
quasi-eigenoscillations with an odd number of field variations (in 6) is largely
suppressed. An explanation of this phenomena relies on the alignment of the
shell geometry with the spatial distribution of the quasi-eigenoscillations with

© 2002 by Chapman & Hall/CRC



N w S a1 (2]
T T T T T
i i i

SONAR CROSS SECTION , o/ na’

[
T

0

0 2 4 6 8 10 12 14 16 18
ka

Figure 3.3
Normalised sonar cross-section of the hard spherical barrel (6y =
15°) at normal incidence.

even number of field variations in 6.

As the aperture widens, the Q-factor of quasi-eigenoscillations decreases.
The half-width of the resonant peaks increases and strong resonant backscat-
tering features become smeared out.

The frequency dependence of mechanical force factor n is simpler. Resonant
peaks of this value (see Figures 3.6 and 3.7) accurately correspond to the quasi-
eigenvalues occurring at ka = %ﬁ)). Some additional peaks result from cou-
pling of the dominant quasi-eigenoscillation with other quasi-eigenoscillations
at neighbouring frequencies.

As the aperture dimension 6y increases beyond 45° the spherical cavity with
two holes becomes what might be termed a short spherical hollow cylinder.
The value 6y = 45° provides a point of demarcation between two types of
cavity structures that are distinctively different at somewhat larger or smaller
values of 6y. The justification for the introduction of this terminology is the
appearance of new effects in the deep quasi-optical band.

From a geometrical point of view, the spherical hollow cylinder is described
by three parameters: shell radius a, height h = 2asin 6, (where 6, = 7/2—6))
and maximal deviation of the spherical cylinder from the right circular cylin-
der, given by d = a (1 — cosfy). The ratios of these parameters to wavelength
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Figure 3.4

Normalised sonar cross-section of the hard spherical barrel (6y =
30°) at normal incidence.

are of great importance in scattering theory, and may be expressed as
ka
h/A\= ————, d/N=—(1—cosb).
us 27

A “rule-of-thumb” generally accepted in scattering theory asserts that if
d/\ < 1/16 there is negligible difference in the scattering features, i.e., in
this case there is negligible difference whether the generatrix of cylinder is
straight or curved. With this in mind, we consider extremely short and hollow
cylinders (defined by angle 6 = 2°) over a wide frequency range 0.1 < ka <
500; over this range d/A never exceeds 1/16.

Cross-sectional calculations are plotted in Figures 3.8 and 3.9. The magni-
tude of scattering by these cylindrical scatterers is exceedingly small compared
to that from a hard sphere of the same wavelength dimension. Nevertheless
the frequency dependence is clearly regular, the distance Aka between neigh-
bouring maxima being about 7, corresponding to a half wavelength.

The period of the envelope of short-period oscillations is related to the
value A/X\. The example displayed in Figure 3.10 shows that the envelope
has period h/2\, with maxima and minima occurring when h = nA/2 and
h=02n+1)\/4 (n=1,2,...), respectively.
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Figure 3.5

Normalised sonar cross-section of the hard spherical barrel (6y =
45°) at normal incidence.

The frequency dependence of the mechanical force factor is much clearer.
Ignoring the first extrema, maxima and minima of 7 occur when h = (n + %) A
and h =n\ (n=1,2,...), respectively.

As the parameter #; increases new phenomena appear. The behaviour of the
short spherical hollow cylinder at higher frequencies acquires some features of
an open spherical barrel-like resonator. In Figures 3.11 and 3.12 are displayed
some results for the structures with 6; = 10°.

Since the quantity 7 is essentially a near-field characteristic, the occurrence
of high @Q-factor oscillations in the cavity of open barrel-like resonator will be
clearly visible in the frequency dependence of 7.

Consider Figure 3.12. As ka, or h/), increases, increasingly sharp peaks,
with repetition period about Aka = 7, are observed, especially when h/A > 1.
This feature is very characteristic for open spherical barrel-like resonators.

For the structure with parameter §; = 15°, other phenomena appear when
the frequency range is extended to ka = 2000; large-scale oscillations with
period Aka about 800 occur. As 6; increases, the period of these large-scaled
oscillations reduces, to about Aka ~ 150 for 6; = 30° (see Figure 3.13) and
Aka ~ 50 for §; = 45°. Simple explanations of this phenomena in terms
of structural parameters are difficult, and we restrict ourselves to accurate
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Mechanical force factor for the hard spherical barrel (6, = 15°) at
normal incidence.

numerical calculations.

The behaviour of value 1 (see Figure 3.14) demonstrates that in the quasi-
optical range the spherical barrel generates or selects resonant frequencies in
the manner of the classical open barrel-like resonator.

The final part of this section examines the slotted hard spherical shell. We
will term this structure slotted if 8, < 45°, but if 8y < 45° we consider it as two
spherical caps or a two-mirrored open spherical resonator (at high frequency).
First consider the low-frequency range. The normalised sonar cross-section
o/ma? is displayed given in Figure 3.15 with values of #; equal to 1073,102
and 107! (degrees). Although such angular sizes are not practicable, it is
notable that, even at these extremely small angular values, the half-width of
resonant peaks are relatively wide because of the logarithmic dependence of
Q-factor on the polar angle 61 (see Section 3.3). More realistic values of the
parameter (6; = 1°,5°,10°) were used to calculate the sonar cross-sections
plotted in Figure 3.16. A comparison with the corresponding plots for the
hard spherical shell with one or two holes reveals that the resonant frequency
(of the Helmholtz mode) is significantly shifted towards the transition zone
between the Rayleigh scattering zone and the resonance region. For the slot
with angular semi-width of #; = 10°, resonance occurs near ka ~ 1.08. The
behaviour of the corresponding total cross-section is similar in each case.
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Figure 3.7
Mechanical force factor for the hard spherical barrel (6, = 45°) at
normal incidence.

Let us compare scattering features of the slotted spherical shell with the
spherical cavity having two holes in the resonance region. We use the same
values of angular semi-width 6, for the slotted sphere as were used for angular
semi-widths 6y of the circular holes in the doubly connected spherical shell.

Various cross-section results are presented in Figures 3.17 and 3.18 for 6; =
15° and in Figure 3.19 for §; = 45°. The first distinctive feature in the
scattering by the slotted shell is the large resonant total cross-section value due
to excitation in the spherical cavity of the lowest order quasi-eigenoscillation
at ka = ;. In contrast to the spherical shell with two holes where the
excitation of quasi-eigenoscillations with odd number of field variations in 6
were suppressed, all oscillations of an odd or even character are excited.

The complex responses of hybrid quasi-eigenoscillations that are due to
the interaction of two (or more) closely spaced quasi-eigenvalues is a special
topic in the spectral theory of open structures. The mathematical methods
developed in this book are basically sufficient to study these problems in
further detail, but since this topic is not central to this book, it will not be
pursued further.

We now describe below some interesting scattering features of this scatterer
in quasi-optical range. The upper wave size is limited so that the maximal
distance between the central points of the spherical caps is 2a/A = 100; the
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Figure 3.8

Normalised total cross-section of the “spherical” hollow cylinder
(6o = 2°).

parameter 0y varies.

The dependence of the cap cross-section o/ma? (see Figure 3.20) on the
relative maximum depth of the cap is very similar to that of the single cap
(see Section 2.4). The main difference is an increase of both cross-sections.

As the parameter ¢y decreases (hand in hand with h/)) new phenomena
connected with the excitation of two-mirror open resonators appear (see Fig-
ures 3.21 and 3.22). The characteristic feature of quasi-optical open resonators
is a regular dependence upon ka (or A). With some correction for diffraction
effects, it is clear that the maxima and minima of both or/ma? and o /ma?
occur when 2a = (2n + 1) A/2 and 2a = nA (n =1,2,...), respectively.

These features become more pronounced as the depth h diminishes. cross-
sections of the structure with 6y = 5° are examined in Figures 3.23-3.25. It is
striking that the sonar cross-section o/ 7Ta(21 nearly vanishes when the distance
between caps is an even number of wavelengths. In this case the spherical two-
mirror structure is essentially the well-known Fabri-Perot resonator. From a
physical point of view, the open resonator is not excited and releases acoustic
energy, if 2a = (2n+ 1) A\/2; on the other hand, if 2a = nA, the acoustic
energy is locked between the spherical mirrors thus causing deep minima in
the frequency dependence of the sonar cross-section.
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Normalised sonar cross-section of the “spherical” hollow cylinder
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Mechanical force factor for the “spherical” hollow cylinder (6y = 2°).
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Sonar cross-section of the hard slotted spherical shell (6; = 15°), at
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Sonar cross-section of two coaxial spherical caps (6, = 30°), at nor-
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Comparison of the sonar cross-sections of one and two caps (6y =
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Comparison of sonar cross-sections of one and two caps (fy = 5°).
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Chapter 4

Electromagnetic Diffraction from a
Metallic Spherical Cavity.

This chapter examines electromagnetic diffraction from a circular hole in a
perfectly conducting spherical shell. Several aspects of this problem are in-
teresting. First it is the simplest three-dimensional conducting structure (of
finite extent) that incorporates a cavity and edges. On the other hand, it
is the archetypical open resonator with a high @-factor strongly dependent
on aperture size. Finally, any solution that is uniform with respect to aper-
ture size (or angle measure of the spherical cap) also provides the basis for a
comprehensive analysis of spherical reflector antennas. The full-wave solution
developed in this chapter enables us to analyse accurately a large spherical
reflector antenna, of aperture size some hundreds of wavelengths.

In contradistinction to two-dimensional structures, the electromagnetic scat-
tering problem for open spherical shells is intrinsically more complex than the
acoustic scattering problem for the same structures, and cannot be reduced to
an equivalent scalar (acoustic) problem. Even the simplest problem, described
in Section 4.1, of excitation of an open spherical cavity by vertical (electric or
magnetic) dipole differs from any conceivable acoustical analogy. In Section
4.2, it will be shown that TE and TM type waves scattered by open shells
are intrinsically coupled. However the Mie series solution [13] for the closed
conducting sphere demonstrates that TE and TM waves are independently
scattered.

As will be seen in Sections 4.2 and 4.3, the coupling of TE and TM waves is
due to the coupling of boundary conditions for the associated potentials (U,
V') and their normal derivatives. In Section 4.3 the dependence of total cross-
section and radar cross-section on frequency and aperture size is numerically
studied, with special attention to resonant phenomena. The limiting case of
a circular disc is also considered in Section 4.3.

The remaining sections (4.4-4.5) are devoted to an accurate analysis of the
spherical reflector antenna. With certain parameter choices, these structures
have very nearly the same features as the widely deployed parabolic reflector
antennas.

Before commencing the first section, some comments on the published lit-
erature are perhaps helpful. The very first paper on these topics, published in
1973 by V.P. Shestopalov and A.M. Radin [73], proposed a treatment of elec-
tromagnetic scattering from spherical shells. This paper has serious errors;
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Figure 4.1

The spherical cavity excited by an axially located vertical electric
or magnetic dipole.

their solution does not belong to the correct solution class, and, furthermore,
does not take into account the mutual coupling of TE and TM waves. How-
ever the authors did demonstrate the value and utility of dual series equations
techniques, based on integral representations of Mehler-Dirichlet type for as-
sociated Legendre functions.

A correct solution of the electromagnetic plane wave diffraction problem
for ideally conducting spherical shell with circular aperture appeared in 1977
[99]. Tt followed the publication [98] of a simpler problem, of vertical electric
dipole excitation of the same structure, one year earlier (1976).

Further publications mostly dealt with applications ([111], [112], [114]).
These Russian papers were unknown in the West for a long time, until Zi-
olkowski, Johnson and co-workers published some scattering studies ([128],
[129]) using dual series techniques.

4.1 Electric or Magnetic Dipole Excitation.

Consider the open spherical shell of radius a with a circular aperture sub-
tending an angle 6y at the origin (see Figure 4.1). Locate a dipole, of electric
or magnetic type, at an arbitrary point on the z-axis a distance d (< a) in
the positive direction from the origin; the z-axis is the axis of symmetry and
the dipole moment is aligned with the axis.
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We may formulate the diffraction problem in terms of a single field com-
ponent, Hy or Ey4, corresponding to the choice of electric or magnetic dipole,
respectively (see Section 1.4). The incident field is described by Formula (1.
213) and relations (1. 89), (1. 90).

A correct formulation of the diffraction problem providing a unique solution
is as follows. First the solution must satisfy the differential equation (1. 91).
Secondly, it must be continuous across surface r = a, and satisfy appropriate
mixed boundary conditions; for electrical dipole excitation (TM case), the
conditions are

H¢(Q*O,9)ZH¢(G+O,0), 96(0,90) (4 1)
EO(@_O79):E9(G+Oa9):O7 06(00771-)7 (4 2)
and for magnetic dipole excitation (TE case), the conditions are
Hy(a—0,0) = Hyg(a+0,0), 0 € (0,00) (4. 3)
Es(a—0,0) =E4(a+0,0)=0, 6¢€ (bo,m). (4. 4)

Third, the scattered field must represent an outgoing spherical wave at infinity,
i.e., there exist functions (scattering patterns) A (0) and B (), independent
of ¢, such that

Hi ~ A(0) e* /r and Ej ~ B(0) e e (4. 5)

as r — oo. Finally, the energy of the scattered field in any arbitrary finite
region V' of space, including the edges, must be finite:

v A

Let us consider the vertical electric dipole (VED) and vertical magnetic
dipole (VMD) separately; certain similarities will allow us to treat the VMD
more briefly.

2 .
+‘HS

2}dV<oo. (4. 6)

4.1.1 The Vertical Electric Dipole (TM Case).

Taking into account the continuity condition and the far-field behaviour of
the scattered field, we decompose the total field as the sum

Hy=H + H (4. 7)

and seek the scattered field in the form

o _ PR S~ 20+l o f G (ka) v (k) T <a
Hy = T;mxnﬂ% (cob@){w; (ka) Co (kr), > a, (4. 8)

where the unknown coefficients x,, are to be found. The finite energy con-
dition (4. 6) effectively defines the solution class for the coefficient sequence
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{xp},~, . Taking the integration region in (4. 6) to be the sphere of radius a,
it is easily deduced that

W = Wrar = 2mp?ktax

oo

> s el € (ka) {zp;?(ka)—

n=1

”(”+)21) - 1] ¢3L(ka)} (4. 9)

ka

must be finite. Using the asymptotic behaviour of the spherical Bessel func-
tions and their derivatives,

2™n!

! a1 x? 9
= G - s 00

, _ 20 (1) n+3 22 2
vn (@) = (2n+1)!x{1 e O )}’

_igg!!x*” {1 + 5T (222_ 0 +0 (n2)} ,

i(2n)! 1 n— 2 _a
C;L(Z‘):W((i_)]-)'l'_n_ {1+27L(27L31)x —I—O(n )}, (4 10)

as n — 0o, it can be readily shown that

Cn (2) =

o0

Wry < C (ka) Z |2, |? (4. 11)

n=1

where C; (ka) is a function of ka alone, with finite value. Thus the coefficient
sequence {z,}, - is square summable and belongs to the functional space I5.
Now enforce the boundary conditions (4. 1)—(4. 2), bearing in mind the
explicit form of the scattered field (4. 8), the incident field (1. 213) and the
relations between the basic field component H,, and the other field components
(1. 89)—(1. 90). As a result, one obtains the following dual series equations.

— 2n+1 1 B
g D) ———x, P, (cosf) =0, 0 € (0,6p) (4. 12)

Z ntl xn¢ (ka) ¢, (ka) P} (cosf) =

i 9 + 1) P (kd) ¢, (ka) PL (cos0), 0 € (6p,m). (4. 13)

The first step in the regularization process is to identify a suitable asymp-
totically small parameter. Thus define
2n+1
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It is readily verified from the asymptotics (4. 10) that €, = O ((ka/n)Z) as

n — oo. The dual series equations (4. 12) and (4. 13) may be rearranged as

— 2n+1 " B
z:: oD ——— _2,P!(cosh) =0, 6 € (0,60) (4. 15)
Z 1 —¢,) 2, P} (cos) Z L (cos), ¢ (6y,7), (4. 16)
n=1 n=1
where L
a
Qp = i——s (2n + 1)y, (kd) ¢, (ka) . 4. 17
G (2 D (D G ko) (4. 17)

Because the unknown coefficient sequence is square summable, it can be
readily estimated that the general term of series (4. 15) and (4. 16) decays at

rate O (n_%) and O (n‘é), respectively, as n — oo. Thus the first series (4.

15) converges uniformly, whilst the second (4. 16) is nonuniformly converging.
The Abel integral transform may not be directly applied to (4. 16); the formal
interchange of the order of integration and summation leads to a divergent
series. To ameliorate this difficulty, recognise that

— iPn (cos @)

P! (cosf) = p7]

and now term-by-term integration of the series (4. 16) is permissible since
{zn},2, € la (see Appendix D of Part I [1]). The result is the following
uniformly converging series on which Abel integral transforms may be validly
applied.

Z 1—ep)xnPy (cost) = Cl—l—Zan n (cosB), 0 (Bp,m) (4. 18)

where C1 is a constant of integration.
We will employ the readily deduced integral representations of Mehler-
Dirichlet type

1 n(n+1
P! (cos ) = mﬁ{ﬂl 1 (cos8) — P41 (cosh)}
0
2{ 1 n(n+1) /bl ¢bln¢)¢
m sinf 2n+1 V/sin¢ — cos 6
0
_ 22 1 n(nt]) /C DOm0 4 1)
m sinf 2n+1 \/COSQ—COS(b
6
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to transform the original equations (4. 12)—(4. 13) to the equivalent pre-
regularised form

;xnsm <n+ 2) 0=
0, 0 e (0,00)
1 ; ! (4. 20)
Cysin 56 + (an + epxy) sin (n—!— 5) 0, 0 € (0y,7).

118

n=1

It is worth observing that the constant C; has a more profound meaning
than the purely formal role of a constant of integration. The original dual
series equations are series expansions in the complete orthogonal family of
functions P} (cosf) (n=1,2,...). Likewise, the transformed equations are
series expansions in another complete orthogonal family, the trigonometric
functions {sin (n + %) 0}2020; the unknown coefficients x,, are associated with
an incomplete subset of this family (indexed by n = 1,2,...), and the constant
C is associated with the zero index element (sin 36), the addition of which
makes the trigonometric family complete.

Making use of the orthogonality, the equations (4. 20) are easily trans-
formed to the i.s.l.a.e. of the second kind,

(I1—em)xm+ Z TnenR nm (60) = am Z anR(l) , (4. 21)

n=1

where m =1,2,...,

R0 (00)

R (00) = Rum (60) — 1= Roy (60)

ROm (90) )
and R,,, is the incomplete scalar product
A(L _l)
Ry (00) = QuZ, 2’ (cosbp)
defined in Part I (Appendix B.6); when n # m,

Rum (60) = ~ {

™

Sin(n—m)ﬁo_sin(n—i—m—l—l)%} (4. 22)

n—m n+m+1

and when n = m, the first term on the right hand side of (4. 22) is replaced
by 90.

An alternative form of (4. 21) is obtained by introducing the angle 6; =
m—0p subtended by the spherical shell at its centre. Let @,,,, be the incomplete
scalar product

Qnm (6) = OG22 (cosbp)
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also discussed in Part I (Appendix B.6); when n # m,

(4. 23)

nme = -
@nm (00) n—m n+m+1

1 {sin(nm)@o Jrsin(nerJrl)t%}
T )

and as before, when n = m, the first term on the right hand side of (4. 23) is
replaced by 6y. Now define

QnO( )

M (g — _ Qno (%0)
Q4 (80) = Qum (60) Qoo (o) Qom (0o) -

It is quite obvious that

nlrzv, (90) = Onm — (_1)n_m RTL1721 (91) )
Rgf)a (90) - 5nm - (_l)nim 217‘)71 (91) ’

and the i.sl.a.e. (4. 21) may be transformed into the more compact form

X = Y XnenQU) (01) =Y ALQL), (61), (4. 24)
n=1 n=1
where m =1,2,... and
X = (1" 2,  Ap = (=1)" an. (4. 25)

Equations (4. 21) or (4. 24) remain valid when d > a and the dipole is
located in the upper half-space z > 0, provided the coefficients «,, are replaced
by

. ka

a, =1
(kd)?

If the dipole is located in the lower half-space z < 0 then the value of «,,,
defined by (4. 17) or (4. 26), is simply multiplied by the factor (—1)""".

As in previous chapters the i.s.l.a.e. (4. 21) or (4. 24) provides the basis
for an exhaustive examination of the scattered field. Uniqueness of solutions
to these systems, and of those encountered in susbsequent sections in this
chapter, is established by adapting the uniqueness argument given in Section
2.1; the truncation number for numerical studies is chosen according to the
criterion set out in that section.

Omitting their deduction we briefly state some near-field and far-field char-
acteristics. The surface current density has one component and is equal to
the jump in the magnetic field intensity across the shell,

(2n 4 1) ¢, (kd) ), (ka). (4. 26)

. pk: = 2n+1
=H -0,0)— H Oﬁz—g
Jo ¢(a 7) ¢(a+ 7) Za n

mmnPi (cos®). (4. 27)
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The radiation pattern Sy, defined by Eg, Hs « Sy (0) €*" /1 as r — o0, equals

nn+1)"" (kd)?

n=1

Sy () = pk? i (2n+1) { ¥ (ka) Ty + ¥n (k) } (=1)"*" P! (cos ).

(4. 28)
The radiation resistance R is defined to be the ratio of the power flux across
a sphere S,. of radius r of the total electromagnetic field to that of the VED in
free space, as r — oo. The power flux P may be computed from the Poynting

vector via
1 = =
sze// E x H* dS.
2 s,

As r — oo the dominant contribution to the Poynting vector is radially di-
rected,

— " —
E x H" = EgH}i, + O(r™?),

and so the radiation resistance equals

Un (kd) | 6y (ha)

wa? Tty (4. 29)

M\w

i (n+1)(2n+1)

Amongst near-field characteristics the stored or accumulated energy is of
particular interest. We distinguish between the energy W* accumulated inside
(r < a) the open spherical shell from that energy W) accumulated in the
exterior (1 > a).

How should we calculate the energy in the infinite domain (a < r < 00)?
The energy of the field is divergent; so, we take into account the part of
scattered energy that adheres to the open shell, i.e., the reactive part of the
energy. From a physical viewpoint the difference between the total energy of
the scattered field and the energy carried by the outgoing travelling wave is
exactly the desired stored external energy W(®). With this understanding

. = 2n+1
W}AZ = 2mp?ka Z 74_ D \:z:n\wa (ka) x

{H

The total stored energy is then defined as the sum of scattered energy that
is stored in the internal (r < a) and external (r > a) regions,

n(n+1)
ka)?

- 1] [T <ka>2}. (4. 30)

Wrn = Wiy + W:(rej\)4 (4. 31)

where values of Wi, are defined by formula (4. 9).
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In analysing the high Q-factor oscillations that develop in this open spher-
ical resonator it is useful to decompose

Wrar =Y Wik (4. 32)
n=1

into a sum of terms representing the normalised energy contribution of each
harmonic, and to examine the ratios

O Wi
TM W M

(4. 33)

measuring energy distribution amongst each harmonic.

Before presenting numerical results let us consider analytical features of
the solution obtained above. First, a careful look at the expression for surface
current density (4. 27) reveals that the general term of the series decays at the

rate O (n’%) as n — 00, i.e., is relatively slowly converging. Although this

rate of decay is not so bad for numerical calculations, the rate of decay of the
terms in corresponding surface current expression for the structure excited by

the VMD is rather slower (O (n_%)) and it is imperative to accelerate the

convergence of the series. In the VED case, this is achieved by rearranging
the i.s.l.a.e. (4. 24) in the form

Z (Xses + Ag) QW) (6y). (4. 34)
s=1
Setting X,, = (—=1)" z,, into formula (4. 27) and interchanging the order of

summation produces the computational formula for surface current density

k2 &

jo = —z'pT ; (Xses + A I, (9, 01), (4. 35)
where 9 = 7 — 6 and
<2 1
S(9,01) = Z n + QW (8,) P! (cosd) . (4. 36)

This function vanishes when 9 € (61, 7) ; when 9 € (0, 6;) it may be expressed
in the form

I, (9, 61) = cosec ¥

{[Gs_l (0,01) = Ggy1 (0,01)] + M

QOO (91) [Gl (19, 91) + GO (19, 91)}} s (4 37)
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s=1 2 3 4 ) 6 7
2.744 | 3870 | 4.973| 6.062 | 7.140 | 8.211 | 9.275
6.117 | 7.443 | 8.722 | 9.968 | 11.189 | 12.391 | 13.579
9.317 | 10.713 | 12.064 | 13.380 | 14.670 | 15.939 | 17.190

W N =

Table 4.1 TM 1s0-oscillations, spectral values %f(l])

where the function G, (¢,61) is defined by (2. 178); we recall that it may be
easily computed from the formulae (2. 180)—(2. 181).

The convergence rate of the modified series (4. 35) is O (s*%) as § —

oo. Importantly, the vanishing of Il (¢,6;) for 9 € (01, 7) shows that the
boundary condition (4. 1) is satisfied term by term. Moreover, using (2. 180)—
(2. 181), analysis of the form (4. 37) of II, (4, 60;) in the interval ¢ € (0,61)
reveals that the surface current jg has the physically expected behaviour as
0 — 6y (or ¥ — 0): each term in (4. 35) is proportional to (cos® — cos 91)%
in the vicinity of the sharp edge.

Thus accurate calculation of the surface current density distribution is facil-
itated by this transformation to a much more rapidly convergent series. This
analytical transformation will be used later in the analysis of the spherical
reflector antenna, where such calculations are of practical interest.

Now let us consider the quasi-eigenoscillations that develop in the open
spherical cavity with a small aperture (6p < 1), when the excitation frequency
coincides with one of the quasi-eigenvalues of the spectrum sz,;. The spectrum
of eigenvalues of quasi-eigenoscillations in the closed cavity (of TM;so-type)

is determined by the roots %Si)) (1=1,2,...) of the characteristic equation

v () =0, (4. 38)

where s = 1,2,...; for each s, the roots are indexed in increasing order by I.
The indices s and [ designate the number of field variations in the radial and
angular variables (r and 6), respectively. Some lower order roots are shown in
Table 4.1. Following the same idea used in Chapters 2 and 3, the perturbation
to the spectral value P

o caused by a small aperture (with 6y < 1) may be
analytically calculated:

(1)
1 SS
%SZ/%SZ)) 148 (s+1) (0)5 (o)
2541 sy —s(s+1)
s(s+1) 1 i n(n+1) RY (60) REY (o) (4. 39)
2n +1 . .

sl n=1

n#s

2
251 [ s s+ 1) o ()]

Thus the real part of the quasi-eigenvalue sz slightly exceeds #9 and

sl
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Im (5¢5;) < 0, indicating radiative losses; the associated Q-factor

T™ __ Re (51)
1s0 — -2
Tm (5¢4;)

(4. 40)

is of finite value.
Provided that (2n + 1) 6y < 1 and (2s + 1) 6y < 1,

R(J (60) = RG) (00) =
(2n+1) (25 + 1)
(7

63 {1 +0 ((2n F1)262, (25 + 1) eg)} (4. 41)
and

QU (60) = Q) (B0) = o (0 + 1) s (s + 65+ 0 (w¥5%6) . (4. 42)

Thus, for small apertures (fyp < 1), the following series in (4. 39) may be
approximated as

i n(n+1) RS (60) RY) (60) _ (25 +1)° i ) (2n + 1)
2n + 1 c(LON[P T 36w (0) ’
n=1 n (%sl )’ n=1 n <%sl )‘
n+#s n#s
(4. 43)
and hence
TAr~ 65, (4. 44)

This result is of restricted interest. To obtain accurate values of the Q-
factor for larger apertures, it is necessary to find the complex roots of the full
characteristic equation, that may by approximated by the matrix equation of
order N (N must be chosen sufficiently large),

det{In —E+A} =0 (4. 45)

wherely istheidentity matrix of order NV, F isthediagona matrixdiag (¢1,e2,¢3,...,6N) ,
and A is the square matrix

ElRl 62R21 € R31 sNRg\})l
€1R(1) €2R(1) €3R(l) €NR(1)

A= €1R§3) €2Ré§) €3Rg§) SNR( ) . (4 46)
EIRS\)[ EQRS\), EgRS\), ENR( )

Formula (4. 40) defines the so-called unloaded Q-factor of an open spherical
resonator. The loaded Q-factor is defined as follows. Consider an oscillatory
system that is excited by an external source; let W be the energy stored by
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the system, and W be the radiated energy that is irrevocably lost by the
oscillating system. Consider the value
14
=2r—— 4. 47

Q=2 (4. 47)
as a function of all variables that describe the oscillating system. At resonance,
this value is the @Q-factor of this resonant oscillation. At the resonance point it
has a (locally) maximal value, but in the vicinity its values follow a bell-shaped
form. It is not difficult to justify that

SW=Py-R-T (4. 48)

where Py is the power radiated by the source (possibly a dipole) in free space,
R the relative radiation resistance (see [4. 29]) and T the oscillation period.
By elementary algebra the loaded Q-factor of the spherical open resonator is
given by

3
Lo = Fha- Wran/R. (4. 49)

This equation may be used for systematic studies of resonant phenomena
arising from the excitation of metallic thin-walled spherical shells with circular
apertures.

By way of illustration, the frequency dependence of the stored internal and
external energies (W}Z)w and W}e&), respectively, is presented in Figure 4.2
for the open spherical resonator with parameter 8y = 30° excited by a vertical
electric dipole located in the lower half-space (z < 0) with ¢ = d/a = 0.9.
The energy stored outside the resonator is very small compared to that stored
internally. The value of q%g 134, that measures the energy fraction associated
with the s-th harmonic, is displayed in Figure 4.3 for s = 1,2. It shows that
at least for the first three resonances (solid line) the energy contribution of
the first harmonic exceeds 95%.

4.1.2 The Vertical Magnetic Dipole (TE Case)

Let us now consider the vertical magnetic dipole replacing the vertical elec-
tric dipole described at the beginning of Section 4.1. Taking into account
the continuity condition and the far-field behaviour of the scattered field, we
decompose the total field as the sum

Ey = EY) + B3,
and seek the scattered field in the form

By =S upieose) {3 0 ) S 50

n=1

where the unknown coefficients y,, are to be found. The finite energy condi-
tion (4. 6) effectively defined the solution class for the coefficient sequence
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STORED ENERGY , W

Figure 4.2

Internal (solid) and external (dashed) stored energy for cavity (0 =
30°) excited by a electric dipole located in z < 0 with ¢ =d/a = 0.9.

{yn},—, . Taking the integration region in (4. 6) to be the sphere of radius a,
it is easily deduced that

W =Wrg = 2rm*k*ax

S rlA D 2 (k) {w (k) —

= 2n+1

n(n+1)
ka)?

— 1] wg(ka)} (4. 51)

must be finite. Using the asymptotic behaviour of the spherical Bessel func-
tions and their derivatives (see equations [4. 10]) it can be readily shown
that

Wre < Cy (ka) Y |ynl® (4. 52)

n=1

where Cs (ka) is a function of ka alone, with finite value. Thus the coefficient
sequence {y, } - is square summable and belongs to the functional space I5.

Now enforce the boundary conditions (4. 3)—(4. 4), bearing in mind the
explicit form of the scattered field (4. 50), the incident field (1. 213) and the
relations between the basic field component E, and the other field components
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Excitation of the cavity (6 = 30°) by a electric dipole located in
z < 0 with ¢ = d/a = 0.9. First (solid) and second (dashed) harmonic
terms.

(1. 90). As a result, one obtains the following dual series equations.

Z Yn P} (cosf) =0, 6 € (0,6) (4. 53)

n=1

Z Yntn (ka)  (ka) Py (cosf) =

n=1

i 2n + 1) ¢y, (kd) ¢, (ka) P (cos®), 0 € (0,7). (4. 54)

The first step is to identify a suitable asymptotically small parameter. Thus
define
1 dn(n+1)

pn =1— kTLT—I—lzbn (ka) Cn (ka) . (4. 55)

It is readily verified from the asymptotics (4. 10) that p, = O (n_Q), as
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n — oo. The dual series equations (4. 53)—(4. 54) may be rearranged as

Zyn (cosf) =0, 0 € (0,00) (4. 56)

> 2n 41 L
Z D) — fin) Yn P, (cos )

= 2n+1
= —————B,P(cosh), 0 € (p,7) (4. 57)
2D 0

where

4
fn = —i n(n+ 1), (kd) ¢, (ka 4. 58
k(kd)z( ) ¥n (kd) Cn (ka). (4. 58)
Because the unknown coefficient sequence is square summable, it can be
readily estimated that the general term of series (4. 56) and (4. 57) decay at

rates O (n_%> and O (n_%) , respectively, as n — oo. Thus the first series

converges uniformly, whilst the second converges nonuniformly. The difficulty
is circumvented in the same way as for the VED case. Set

iPn (cos )

P! (cos ) = T

and then validly integrate term by term (because {y,},.; € l2) to obtain the
following uniformly converging series to which Abel integral transforms may
be applied,

Zyn ) (cos @) = Ca, 0 € (0,6)) (4. 59)
where Cs is a constant of integration.

We now use the integral representations (4. 19) of Mehler-Dirichlet kind to
obtain the equivalent pre-regularised form

o 1 C3 cos 36, 9 € (0,6)
ncos|n+ -0 = S
nz::l Y ( 2> n; (Bn + tinyn) cos (n+ 3) 0, 6 € (6o, ).
(4. 60)

The constant Cs formally arising as the result of integration has an interpre-
tation that parallels that given to the constant C in the previous section. The
original dual series equations were series expansions in the complete orthog-
onal family of functions P! (cos®) (n=1,2,...); the transformed equations
are series expansions in another complete orthogonal family of functions, the
trigonometric functions {cos (n + %) Q}ZOZO; the unknown coefficients y,, are
associated with an incomplete subset of this family (indexed by n =1,2,...);
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and the constant Cy is associated with the zero index element (cos %0) that
makes this family of functions complete.

Making use of orthogonality, the equations (4. 60) are easily transformed
to the i.s.l.a.e. of the second kind

(1= fim) Ym + Z Ynin QL) (B0) = Z Ba Q% (0 (4. 61)
n=1
where m = 1,2, ... and Qg}% (6p) was defined in the previous section.

Introducing the angle 8, = m—#6 leads to the alternative and more compact
form (recall [4. 24])

Y,, — ZYnun R ( ZB RM (9 (4. 62)

where m =1,2,... and
Yoo = (=1)" Ym, B = (=1)" Brm. (4. 63)

Equations (4. 61) or (4. 62) remain valid when d < a and the dipole is
located in upper half-space z > 0, provided the coefficients f3,, are replaced by

.4
Bn = —zmn (n+1) ¢y (kd) Yy, (ka) . (4. 64)

If the dipole is located in lower half-space (z < 0) then the values of G,
defined by (4. 58) or (4. 64), are modified by a simple multiplication with
the factor (—1)""".

Let us collect the near-field and far-field characteristics. The surface current
density has one component and is equal to the jump in the magnetic field
intensity across the shell,

2 o0
Jo = —{Ho(a—0,0) — Hyg(a+0,0)} = —% yn Pl (cosf). (4. 65)

n=1

The radiation pattern Sy defined by Ey, Hy «~ So (0) €*" /r as 7 — 0o equals

> 7/}71 (kd) 7/}71 (ka) n—1 1
Sy (8) = mk? 2n+1 + n e (—1 P, 0).
2 (0) =k 3 (2n >{(kd)2 Sy (1) Pl (cost)
(4. 66)
The radiation resistance equals
3 — Vn (kd) Y (ka)
2; (n+1)(2n+1) (k) + Sy U (4. 67)

© 2002 by Chapman & Hall/CRC



Finally the stored external energy (see the discussion in the previous sec-
tion) is

iy = 2wt - D v ) >
n=1
{2+ n(ni—:l) - 11 1Cn (ka)|” = |l (ka)|2} :
(ka)

The total stored energy is the sum of scattered energy that is stored in the
internal (r < a) and external (r > a) regions
Wrg = Wig + W, (4. 68)

where the value of W is defined by formula (4. 51).
In analysing high Q-factor oscillations that develop in this open spherical
resonator it we may decompose, as in the TM case,

Wrg = Z ng (4. 69)
n=1

into a sum of terms representing the normalised energy contribution of each
harmonic, and to examine the ratios

wim

(n) TE

= . 4. 70
TE WTE ( )

Before presenting numerical results let us consider analytical features of the
solution obtained above. First, a careful look at the expressions for surface
current density (4. 65) reveals that general terms of the series decay at the

St . . .
rate O (n~2 ) as n — oo, i.e., the series is slowly converging, and at a rate

that is rather slower than the corresponding series for the VED.
Acceleration of convergence is achieved by rearrangement of the i.s.l.a.e. (4.
62) in the form

Yo=Y (Yaps + Bo) R(Y (61) . (4. 71)
s=1

Setting Y,, = (—1)"y, into formula (4. 65) and interchanging the order of
summation produces the computational formula for surface current density

. k2 o
Jo = o T (Yapa + B.) Lo (9,61, (4. 72)
s=1
where 9 = 7 — 6 and
Ly (9,61) = Y _ RS (61) Py (cos®) . (4. 73)
n=1
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This function may be expressed in the form

_ _ _Rso(b1)
LS (19’01) _ FS (19,01) 1—R00(91)F0 (19,91) ,19 € (0,81) (4 74)
0, 9 e (91,7‘(’)
where 5
F; (9,01) = %Gs (9, 61) (4. 75)

and G, was defined by (2. 178). The function Fj (1, 6;) may be easily com-
puted from the recurrence formula

2 -4 25— 1
Fy(9,0,) = — sing——o (5-5)0 2 sin G, (9, 6,)
s /2 (cos ¥ — cos 07)
2s —1 -1
5 cos¥Fs_q (v,01) — T2 s—2 (9,01), (4. 76)
s
valid for s = 1,2, ..., initialised by the elementary expression for Fj
2 tan (549
Fy (9,0) — -2 (3Y)

T /2 (cos 9 — cos b))
sin 6 {Sin %91 + \/2 (cos ¥ — cos 91)} -+ cos %01 (cost — cosby)
1+ cost —2cosf; + 2sin %01\/2 (cos ¥ — cos )

(4. 77)

The convergence rate of the modified series (4. 72) is O (3_%) as § — 00.

More importantly, the vanishing of L (9, 61) when ¢ € (61, 7) shows that the
boundary condition (4. 3) is satisfied term by term; using (4. 76) and (4.
77), analysis of the form (4. 74) of L (¢,61) in the interval ¢ € (0,6;) reveals
that the surface current j, has the expected singular behaviour as § — 6y (or
¥ — 61): each term in (4. 72) has the correct behaviour (a singularity of form

(cos® — cosby)” %) in the vicinity of the sharp edge. Thus accurate calculation
of surface current density distribution is facilitated by this transformation to
a much more rapidly convergent series.

Now consider the quasi-eigenoscillations that develop in the open spherical
cavity with a small aperture (g < 1) when the excitation frequency coincides
with one of the quasi-eigenvalues of spectrum v;. The spectrum of eigenvalues

of quasi-eigenoscillations in the closed cavity (of TE;so-type) is determined by
(0)

the roots vy’ (I =1,2,...) of the characteristic equation
0
v (W) =0, (4. 78)
where s = 1,2,...; for each s, the roots are indexed in increasing order by I.

The indices s and [ designate the number of field variations in the radial and
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s=1 2 3 4 5 6 7
4.493 | 5.763 | 6.988 | 8.183 | 9.356 | 10.513 | 11.657
7.725 | 9.095 | 10.417 | 11.705 | 12.967 | 14.207 | 15.431
10.90 | 12.323 | 13.698 | 15.040 | 16.355 | 17.648 | 18.923

(0)

W N =

Table 4.2 TEiso0-oscillations, spectral values vg;

angular variables (r and 0), respectively. Some lower order roots are shown
in Table 4.2.

Following the same idea used in Chapters 2 and 3, the perturbation to
the spectral value VS)) caused by a small aperture (with 6y < 1) may be
analytically calculated:

2541
“h oY ) -

2s+1 (0) > 2n+1 Q(l) (6o) (1) (6)
T D™ 2 ninsD) o (! )\2 |
n sl

Thus Re (vs) < V(l) and Im (vg) < 0, indicating radiative losses with Q-factor

Re (I/ l)
o= o— = 4.
1s0 Im (Vsl) ( 80)

va /vy =

(4. 79)

n#s

of finite value.

Providing that (2n+1)6y < 1 and (2s+ 1)y < 1, the angle functions
R (0o) and QY (0p) may be approximated by formulae (4. 41)-(4. 41),
and so for small apertures (6p < 1), the following series in (4. 79) may be
approximated

= 2n4+1 QN (80) Q) (8y) 452 (s +1)° i n(n+1)2n+1)

n+1 o2 202572 oz
n= n ) Cn (V‘gz))‘ n=1 Cn (V(El))‘
n#s n#s
(4. 81)
and hence
lso ~ 05 (4. 82)

The above formula is of restricted interest. For accurate values of the Q-
factor for larger apertures, it is necessary to find the complex roots of the full
characteristic equation, that may by approximated by the matrix equation of
order N (N must be chosen sufficiently large),

det {Iy — M + B} =0 (4. 83)
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wherely istheidentity matrix of order NV, M isthediagonal matrix diag(p1,u2,u3,...,uN) |
and B is the square matrix

NIQ%) uzQ% usQ(l) MNQS\ir)l
,LLlQ(lz) :LLQQ(QQ ,USQg MNQSV)Q

B= Q% quS qum...mQS&é : (4. 84)
M1Q1NM2Q M3Q ~--NNQ§\113V

Finally, in parallel with equation (4. 49), the loaded Q-factor of a spherical
open resonator is given by

lsO = k:a WTE/R (4 85)

By way of illustration, the frequency dependence of the stored internal and
external energies (W} 5 and W}%), respectively, is presented in Figure 4.4 for
the open spherical resonator with parameter 6y = 30° excited by a vertical
magnetic dipole located in the lower half-space (z < 0) with ¢ = d/a = 0.9.
As we have already seen in the electric dipole case, the energy stored outside
the resonator is very small compared to that stored internally. The value of
qéf%, (s = 1,2), is displayed in Figure 4.5, showing that at least for the first
three resonances (solid line) the energy contribution of the first harmonics
exceeds 95%.

4.2 Plane Wave Diffraction from a Circular Hole in a
Thin Metallic Sphere.

The previous section considered vertical dipole excitation of the spherical
cavity with a circular hole. If the dipole is located along the vertical axis
of symmetry, only TM or TE waves are excited depending upon whether the
dipole is of electric or magnetic type. However, when the cavity is illuminated
by an electromagnetic plane wave the TM and TE waves are coupled even if
the wave propagates normally to the aperture plane. This more complex
cavity scattering scenario is addressed in this section (see also [99], [111]).

Consider then a thin metallic sphere with a circular hole irradiated by a
plane electromagnetic wave, as shown in Figure 4.6a. The z-axis is normal to
the aperture plane and the direction of propagation coincides with positive
z-axis. The incident field is described by

EY = —Hg = exp(ikz) = exp(ikr cosf) (4. 86)

x

where we have employed the symmetrised form of Maxwell’s equations (1.
58)—(1. 59).
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Figure 4.4

Internal (solid) and external (dashed) stored energy for cavity (0 =
30°) excited by a magnetic dipole located in z < 0 with ¢ =d/a = 0.9.

According to (1. 243) the associated electric (U®) and magnetic (V°) Debye
potentials are

U9 fcosp)| 1 «— )
{VO} _{Sin¢}’i/€2’l“z:1Anwn (kr) P, (cos®), (4. 87)
where
2n+1
A, =i"—— .
! n(n+1)

Debye potentials (U?®, V*) associated with the scattered field E° ) H° must
satisfy the Helmholtz equation. Furthermore, the total field must satisfy
appropriate boundary conditions (see Chapter 1), and the scattered field must
satisfy the radiation conditions

ikr ikr

Sl (07¢)7 H5>Eip o

Eg,Hj -~ S2 (6, 9) (4. 88)

r r

as kr — oo, where the radiation patterns Sy (6, ¢) = Sy (0) cos ¢ and S (0, ¢) =
S () sin ¢ take a rather simple form.
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Harmonic energy fractions for dipole excited cavity of Figure 4.4.

Finally the energy W of the scattered field in any finite but arbitrary volume
of space incorporating the edges of the scatterer must be bounded (see 1. 287):

v

where dV = r?sin drdfd¢ is the volume element in spherical coordinates.

2 —
+]HS

2
}dV < 00, (4. 89)

In the interior region (r < a), we seek Debye potentials for the interior
— —

electromagnetic field E?, H® in the form

OS¢ .
= An, P, (cos 4,

U ikQ,’,, nz::l 7an¢n (kr) n (COS 6) ( 90)
; sing ; L

V= ;A"yfm)% (kr) Py (cos ) (4. 91)

where ng ), y,(f) are unknown coeflicients to be determined, whilst in the exte-

rior region (r > a), we seek Debye potentials for the exterior electromagnetic
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Figure 4.6

The spherical cavity illuminated by a plane wave a) at normal inci-
dence a = 0 and b) with a = 7.

— —
field E°, H® in the form

. o COS@ (e) 1
Uve =0+ —= E A P 4. 92
ikQT — nxn Cn (kT) n (COS 9) ( 9 )
sin ¢
Ve =y E A () Pl . 4.
Z‘k?,r. —~ nYn C’ﬂ (kj?") n (COS 6) ( 93)

where ng), ygf) are unknown coefficients to be determined.

The mixed boundary conditions on the surface r = a for the tangential
components of the field require vanishing of the tangential electric field on

the metal,
- = =

f —
i XxE'=i, xE°= 0, (4. 94)
for 6 € (0,6p) and ¢ € (0,27), and continuity of the tangential magnetic field

across the aperture

— T =

> —
i H'=1, - H° (4. 95)

for 8 € (0,6p) and ¢ € (0,27) . In fact, the tangential electric field is continu-
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ous over the complete spherical surface r = a,

- T =

—
s (2 - €
ir X B' =1, X B,

and it is readily deduced that

2(© = wfl((lfz)) (x D _ 1), (4. 96)
(e) _ Vn (ka)

Yo (y 1) . (4. 97)
Cn (ka)

The mixed boundary conditions (4. 94) and (4. 95) impose equivalent

conditions on the Debye potentials and their normal derivatives (on the surface

r = a), and their enforcement produces the following coupled sets of dual series

equations for the unknowns x%), yg).

3 ' 0
Z A"'T'(f;)qi[}'tz (ka) Pé (COS 0) = Bj tan 57 = (O, 90) (4 98)
n=1
S ; P} (cos ) 0
(i) _ 1) Ln 9989 _ 0
7§L=1An (mn 1) bty = Bacotys 0€@om) (4. 99)

> Ay (ka) Py (cosb) = iB, tan, 0€(0,60) (4. 100)

n=1

= - P! (cosf) 0

E A 0 _1) """ — B — 4. 101
2 n (yn ) ¢ (ka) 1B3 cot 5 0 € (6p,m) (4. 101)

where B1, B are the polarisation coupling constants.

In contrast to the approach adopted in the previous section we carry out
a regularisation process that reduces to the exact analytical solution of the
corresponding static problems (when ka = 0). The definition of the parameter
iy, given by (4. 55) is replaced by

=1 — é (2n + 1) ¥ (ka) ¢ (ka) (4. 102)
but the definition of ,, (4. 14) is retained. From the asymptotics (4. 10),
kgg fin = klziglo en =0 (4. 103)

for all n. With these definitions, and the rescaling
2D = (=) ¢ (ka) n, Y = (=i)" ¢ (ka 4. 104
n C’I’L ny n Cn yna

the equations (4. 19) may be written

Z 1 —&,) 2, P! (cos) = —ikaB; tan g, 6 € (0,6) (4. 105)
n=1
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o 2n+1 in . B 0

g (n+1) < _W)Pn(cose)—BscotT 0 € (6p,m) (4. 106)
ii(l—ﬂ ) Py (cosf) = Lptan? gc (0,60) (4. 107)
—n(n+1) e ka 2’ ’

;N

- 2n+1 i , 4
g ( e (ka)) P} (cos ) = —iB3 cot 2 0 € (0, ).

(4. 108)

The next step is to identify the solution class of the coefficient sequences

{@n}o2 1, {yn},—; imposed by the finite energy condition. Evaluation of the
integral (4. 89) produces

W= z?’“Z (20 +1) {Jzal? IC), (k)1 + ya* [Cu (ka)  }
2 _ n(n+1) _ 2 (La
x {wn (k) = | = o 1] 2 (k >} (4. 109)
so that
3" @n+1) feal (E (ka)” {w (ka) — "(ZC}” ] V2 (ka) § < oo
i (4. 110)
and
Z 20+ 1) [yul? G (ka) {w (ka) - “(,m;” —1] V2 (ka)} < .
. (4. 111)
The asymptotics (4. 10) now show that
{zn}o 1 €1(2), {yn}req €12(0) = lo. (4. 112)

The standard process of regularisation may now be applied. Suppressing
the details (see also [111]), one obtains the coupled i.s.l.a.e. of the second
kind for the unknowns ., yx,

o] o) o) o)
- E TnEnCnm _i § ynUndnm = § (079 (5nm - Cnm) _i E ﬁndnmv
n=1 n=1 n=1 n=1

(4. 113)
- Z ynlffntnm - 7/ Z TnEnPnm = Z ﬁn (6nm - tnm) - 7/ Z AnPnm;
n=1 n=1 n=1 n=1 (4 114)
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where m =1,2,..., and

iTL

= ¢ (ka)’
b= s
n — Cn (ka)’
. 1 —6o0 (6o) .
Cnm = Q@ (00) — kam@m (60) Vin (60)
_ Vi (90)
dpm = aanO (90) 5
_ QO’H’L (00) *
Pnm = m@m (90) )
_ 1+ (ka)® Vo (6o)
tam = Qnm (6o) + ano (60) Qom (00)

Vi = O tan 2 Qo (80) — Wi (60)
q (ka,00) = ka[l — Qoo (00)] Vo (0o) — %Qoo (6o) - (4. 115)

In addition,

. cos (n+ 1) 6
Qnm (90) = Qnm (90) - #QOWL (90> )
cos 56
_ A(-%.3) _ 1 [sin(n—m)by  sin(n+m+1)6

Qnm (00) = Qnm (cosé’o)—w p— + rp——
and

W, (6) @ cos mb _ sin (m+1) 90}

77 m m-+1

~ 1 |sinmby  sin(m+1)6o (4. 116)
7| m2 (m+1)° |~

If the plane wave is incident from the opposite direction (so that the aper-
ture is in shadow, see Figure 4.6b) the i.s.l.a.e. is replaced by

S oo ) oo
* * . * * . *
Ly — § TpEnCnm + 1 E ymundnm = E oy, (6nm - Cnm) +1 E ﬂndnmv
n=1 n=1 n=1 =1

(4. 117)
U = D Ynbntnm +1 > ThenDum = Y B (Onm — tum) +1 Y OPrm,
n=1 n=1 n=1 n=1 (4 118)
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where m =1,2,..., and

{x:z’yjnva:zaﬂ:n} = (_l)m {xmvymvam»ﬁm}' (4. 119)

The i.s.la.e. of the second kind (4. 113)—(4. 114) and (4. 117)—(4. 118)
are very convenient for deducing approximate analytical expressions in the
Rayleigh scattering regime (ka < 1, i.e., A > a) that have no restrictions on
aperture dimension (i.e., is uniform in the parameter 6y € (0, 7)). Suppressing
the details, the method of successive approximations shows that

Tn — i = Faip (ka)? — iasn (ka)® F agn (ka)* + O ((ka)s) (4. 120)

Un — B = Fbinka + iban (ka)? F bsn (ka)® + O ((ka)4> (4. 121)

where the upper and lower signs refer to the cases shown in Figure 4.6a and
Figure 4.6b, respectively; in addition

Q10 (bo)
Qoo (6o)

1
Ain = QTn (00) ) A2pn = 6Q;n (00) + ‘/TL (90) )

asn = 2370621‘77, (90) -
[1— Qoo (60)] Q7o (Ao) — 3Q20 (6o)

Vi (6o) + F, (60),

Qoo (fo)
m ERPNG Q1o (6o)
bln (00) b2n — 3Q2n (90) + Q()() (GO)QOW, (90)7
_ 1,0
b3n = TOQM (6o) +
Qlo (00) VO (00) j %Q;O (00) QOO (90) Qon (90) + Gn (00) ;
Qo (o)
and
C1E (2024204 3) Q1 (6)
m (o) = iz:: (n+1)(2n— 1)(2n+3)Q m (00),
90 Qnm (00)
m (B0) _22 2n—1 )(2n+3)° (4. 122)

the expressions Q') (6p) are defined by (4. 22).
The approximate solution (with ka < 1) given by formulae (4. 120) and
(4. 121) collapses to the ezact solution of the corresponding electrostatic and
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magnetostatic problems at ka = 0. The electrostatic U, and magnetostatic

U,., potentials are related to the electrostatic E and magnetostatic ﬁ field
by

— —

FE =—gradU,, H = —gradU,,

and for the spherical cavity have the expressions

U, = —rsinf cos ¢+

acos¢n§:1 Q3 (00) P} (cos6) { ((Z//C;))gl 7 :;Z} , (4. 123)
Uy, = —rsin 6 sin ¢+
(r/a)" : r<a

asmgbZQ(l) 6o) P} ( cos@){n ( } (4. 124)

n+1)""(r/a)" " r>a

In deducing (4. 123) and (4. 124) we used the relationship between the static
potentials U, and U, and the Debye potentials U and V,

Uez—%(rU) Unm z—%(rV). (4. 125)
Now we show how to avoid the comparatively complicated solution form of
(4. 113)—(4. 114) for the particular case of Rayleigh scattering. For the rest
of the frequency band, stretching from low frequencies (A > a), through the
diffraction (or resonance) regime, up to deep quasi-optics (A < a), it is more
effective to use a relatively simple algorithm based on these equations, even
for calculations at short wavelengths.
To realize this aim, it is convenient to represent the total Debye potentials
(4. 90)—(4. 91) in the alternative form

U=U+

o {2 et (0120

V=Vt

Sz'1kn2¢ Z {djn ]f: QEZE ; : i Z}%Pﬁ (cos®). (4. 127)

By virtue of condition (4. 89), both sequences of unknowns {z,} -, and
{yn},—, belong to the same solution classes as before (I (2) and Iz, respec-
tively).
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In an analogous way enforcement of the mixed boundary conditions pro-
duces a pair of coupled dual series equations relatively for the rescaled coeffi-
cients

X, =i"2n+ 1) x,, Y, =1i"yn, (4. 128)
in the form
— 2n+1
g 211 (1—¢€n) Xn — an} Pl (cosf)
0
= —4kaC; tan 2 0 €(0,0p), (4.129)
> 0
Z (cosf) = Cy cot 2 0 € (6p,m), (4. 130)
n(
n=1

i L {(1 = pn) Yo, — Bn} Py (cos )
n(n+1)

1 0
= —%Cl tan 5, 0 e (0, 00) 5 (4 131)

= 2n 41 pl ) 0
Z:: T 1) Y, P, (cosf) = —’LCgCOti, 0 € (6o, ). (4. 132)

Here we have introduced the notation

L on41)e (ka), (4 133)

o, = i""kay), (ka), B, = —i"* ”

and C; and Cy are so-called polarisation constants (see Section 1.5). Notice
that {X,,} —, and {Y,,} , lie in ls.

We make use of Abel integral transforms based on the representations (4.
19) and on the following representations for the functions tan £6 and cot 6
to transform equations (4. 129)—(4. 132) to regularised form,

(1 —cosf) = i {PO (cos8) — Py (cos®)}

Z\f 1 0 sin%gbsind)

— —d 4. 134
T o° o v/cos¢ —cosb ¢ )

1 1 1
cot 59 =09 (14 cosf) = ] {Py (cos @) + P (cosb)}
2V2 719/’7 cosé(bsirué
)

= ——csc
T cos @ — cos ¢

dp. (4. 135)
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We obtain

= 1
E anin(n—|—2)9_
n=1

—i4kaC1 sin %0 + > (Xnen + ayp)sin (n + %) 0, 6¢€(0,6p)
n=1

(4. 136)
—Cysin 16, 0 € (60, 7)
ZYncos (n—!— -)0=
n=1
—%Ol CcOS %0+n2::1 (Yn,un +ﬂn) COS (Tl+ %) 9, 0 e (0700) (4 137)

iC3 cos 30, 6 € (O, m).

It is worth noticing that the transform from equations (4. 129)—(4. 132) to
(4. 136)—(4. 137) replaces a series expansion in one complete set of orthogonal
functions (namely {P} (cos 9)};0:1) by another complete set of orthogonal
functions ({sin (n+ )0} " or {cos (n+3) 6} _ ).

The polarisation constants make the change of basis invertible; without
their presence the transform process described would induce a map of [y into
a proper subspace of itself. Both C; and C5 may be taken as zero index
Fourier coefficients (n = 0).

Making use of the orthogonality of the trigonometric functions leads to the
coupled i.s.l.a.e. of the second kind

X — Z XnenRpm (00) + idkaRo, (00) C1 — Rom (90) Cs

n=1

- iaanm (6o), (4. 138)

n=1
where m =1,2,..., and
- Z XnenRno (0o) +idkaRoo (6) C1 + [1 — Roo (60)] Co

n=1

= anRu (6y), (4. 139)
n=1
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and

= Yoptn Qi (60) + éQOm (60) C1 + iQom (6o) C2

n=1

Z rLQn'rn 90 (4 140)

where m =1,2,..., and

- Z Yo tin@no (6o) + kflaQoo (6o) C1 — i [1 — Qoo (6o)] C2

n=1

=3 BaQuo(0); (4. 141)

n=1

here Ry (0o) and Qnm (6p) are the well-known functions given by (4. 22)
and (4. 23). The constants C; and C3 may be eliminated from this system,
by use of equations (4. 139) and (4. 141), but we prefer not to do so; this
solution form is simpler for numerical investigation.

Before presenting numerical results let us use the approximate analytical
solution (4. 120)—(4. 121) when ka < 1 to analyse the total and radar cross-
sections. The radar cross-section (RCS) op is defined (see, for example, [77])
by

op = lim 4mr° (|E§|2/|E3|2) (4. 142)
where scattered field Fj is that observed in the direction opposite to the

propagating incident wave (§ = 7 in this particular case).
The radiation patterns (see [4. 88]) take the form

2 1
S ( CO&Q& Z 7;;_:_ 0 { 1, (cos ) + y{m, (cos 9)} (4. 143)
2 1
Sy (0,0) = Sm¢ Z nt { 7, (cos0) + y )7, (cos 0)} . (4. 144)
where
T, (cos ) = iP1 (cos®), m,(cosl) = LP1 (cos ) (4. 145)
o~ " " ~ sinf " ' '
Since .
o (=1) = 7 (=1) = (—=1)" ”(”; ), (4. 146)
Sy ()] = |2 (m Z "en+) (o) —y)), (4 147)
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and the normalised RCS equals

i (2n+1) (ng) - yff))

Making use of the complex power theorem with respect to the electromag-
netic field for the spherical layer incorporating the open spherical shell, it is
possible to deduce the energy relation (using Equation [1. 19])

2

5 (4. 148)

Ta

2T
k2

n=1

el

(2n+1) {Rex(e) + Rey® ‘ (e) } —0, (4 149)

that is a conservation law for scattered energy. Associated with (4. 149) is the
total cross-section (T'CS) o; in its normalised form, it is defined analogously
to Formula (2. 110) and equals

o 2 & 2
T 2 N2+ ‘ ()
Ta? (k:a)2 ;( n ){ s

In the Rayleigh scattering regime (A >> a), the cross-sections are

bt

) 2} . (4. 150)

2
o 1
rai — (20,11 + b11)2 (ka)4 (2&21 + b21 “+ a1 + 3b12> _

5 10 3 715 15
+0 ((ka)g) (4. 151)

2 b1y by  dars b
2(2a11+b11)( UL 9agy + AL +b31+a22+22+13+13>(ka)6

% = ;{(4(1%1 + b%l) (k‘a)4 +

3
5
+0 ((ka)s)}; (4. 152)

to this order neither RCS nor TCS depend upon the aperture orientation.
For a closed sphere (0y = 7), it follows from (4. 122) that a1; = b1 = 1,
and

8 1
[4 (aty + 2a11a51) + b3y — 2b11bs1 — 5a11 b11 + zaiy + 1*5[)%2] (ka)®

% —9(ka)* +0 ((ka)ﬁ) : (4. 153)
# - % (ka)* + O ((ka)G) . (4. 154)

At the other extreme, when 6y < 1 and the structure is very nearly a circular
disc of radius aq = asinfy ~ aby, we have

ap = %93 +0(65), bii=0(6})
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and the cross-sections are

op _ 64 4 6
w2 on? (kaq)” +O ((kad) ) (4. 155)
o 128 s 6
Ta:  27n? (kaq)” +0 (de) ) ' (4. 156)

These results for the ideally conducting sphere (4. 153)—(4. 154) and circu-
lar disc (4. 155)—(4. 156) are in complete agreement with well-known classical
results [49]. Although it is possible in principle to extend the number of terms
in formulae (4. 151) and (4. 152), it is more productive to use the i.s.l.a.e.
as a basis for numerical algorithms to investigate the reflectivity of the cavity
across various frequency bands; what is more important is that it is possible
to devise suitable numerical algorithms to carry out all desired calculations
with guaranteed accuracy.

4.3 Reflectivity of Open Spherical Shells.

In this section we make use of the system (4. 138)—(4. 141) to effect
extensive radar cross-section computations for open spherical shells. It is
convenient to rearrange the formula (4. 148) in terms of the coefficients X,
and Y,. We distinguish two cases, the spherical disc or cap (with 6y < 90°)
and the spherical cavity with an aperture (with 6y > 90° or 6; = 180° — 6y <
90°). The hemisphere demarcates the boundary between these classes; its
RCS (to be discussed below) is shown in Figure 4.7. Set

W =" " (), (ka) X, — (2n+ 1) Yoty (ka)}; (4. 157)

we then normalise the RCS for the spherical disc in the form

OB 1 2
— =— , 4. 158
= G W (4. 158)
where ag = asin 6y, and in the form
1
75 — 2 (4. 159)

7 = (ha)?

for the spherical cavity.

Acoustic and electromagnetic scattering mechanisms for open spherical
shells have much in common, at least for reflectivity. The crucial distinctive
feature of electromagnetic scattering lies in the more complicated structure of
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Figure 4.7
Normalised radar cross-section for the hemisphere.

the quasi-eigenoscillations that develop inside the cavity, due to the mutual
coupling of TM and TE modes, formally recognized in the emergence of con-
stants such as By and Bs (see [4. 98]-[4. 101]). Pure TM or TE oscillations do
not develop for modes with azimuthal indices m > 1; such isolated modes are
only possible in the axially symmetric situation (with index m = 0) consid-
ered in Section 4.1. This coupling completely vanishes as the aperture closes
(01 — 0), so if the aperture is small (f; < 1) oscillations that are dominantly
of TM or TE type may arise, according as |F,.| > |H,| or |H,| > |E,|.

We begin our calculations of reflectivity with the most powerful reflector in
the class of open spherical shells, the hemispherical shell (with 6y = 67 = 90°);
its radar cross-section is shown in Figure 4.7 over the range 0 < ka < 628
(0 < a/A <100). The RCS is extremely difficult, if not impossible, to predict
by high frequency methods such as geometric optics because of multiple reflec-
tions of rays inside the hemispherical cavity. Similar behaviour is observed for
deep spherical dishes; for example the RCS for spherical dishes with 6y = 60°
and 6y = 45° is shown in the next two figures (4.8 and 4.9). There is an
overall decrease in peak RCS values in the same frequency band.

As we have already seen in the acoustic context (Chapter 2), the radar cross-
section of shallower dishes is easier to predict via geometric optics because
there are no multiple reflections and just two types of rays contribute domi-
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Figure 4.8

Normalised radar cross-section for the open spherical shell (6, =

60°).

nantly to the reflected field, one from the edge and the other from the central
point of the dish. The constructive or destructive interference of these rays
gives rise to the relatively simple dependence of RCS on frequency. We recall
that two nondimensional parameters, kag and h/\, where h = a (1 — cosfp)
is dish depth, were useful. The radar cross-section results displayed in Figures
4.10 and 4.11 for spherical dishes with 8, = 30° and 20° confirm the simple
and regular dependence on these parameters.

We complete this first set of calculations by comparing three shallow dishes
with 6y = 20°,10° and 5°. The RCS (see Figure 4.12) is very close to that for
the circular disc provided that h/\ < 1/4.

We now consider the RCS of spherical cavities with apertures of 6; < 90°.
The scattered response now is dominated by resonant features that occur at
frequencies lying close to quasi-eigenvalues of quasi-eigenoscillations of hybrid
type, when the coupling of TM oscillations and TE oscillations is so strong
that |E,| and |H,| are commensurate. This phenomenon occurs for larger
apertures with 30° < 61 < 90°.

High @-factor quasi-eigenoscillations that are dominantly of TM or TE
type develop if the apertures are small enough (6; < 30°). The radar cross-
section of the closed metallic sphere is readily differentiated from that of the
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Normalised radar cross-section for the open spherical shell (6, =
45°).

high @Q-factor system comprising the sphere with a small aperture. Effec-
tively the RCS of the cavity structure is that of the closed sphere super-
imposed with resonance doublets in the vicinity of the quasi-eigenvalues of
quasi-eigenoscillations. Radar cross-sections of the closed sphere and the cav-
ity with an aperture (6, was taken to be 10°) are plotted in Figures 4.13 and
4.14, respectively. In the range on 0 < ka < 6 the curves practically coincide,
except in those narrow frequency intervals where high @Q-factor oscillations
are excited. The reasons for the existence of these resonance doublets that
characterise the rapid variation of the radar cross-section in the vicinity of
quasi-eigenvalues are entirely similar to those discussed in the acoustic con-
text in Chapter 2, where the same phenomenon in the sonar cross-section of
the structure excited by an acoustic plane wave was observed.

As might be anticipated, this striking feature disappears as the aperture
widens, because the Q-factor diminishes, resonant regions overlap, and there
is increasingly strong coupling between TM and TE oscillations. This change
is illustrated in Figures 4.15 and 4.16 for the cavity structures with 6; taking
values 30° and 60°, respectively.

In conclusion we note that the radar cross-section values calculated for the
cavity with #; = 60° are in excellent agreement with the experimental results
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Normalised radar cross-section for the open spherical shell (6, =
30°).

reported in [43].

4.4 The Focal Region of a Receiving Spherical Reflector
Antenna.

The regularised system obtained in Section 4.2 allows us, perhaps for the
first time, to place a theoretical analysis of the spherical reflector antenna
(SRA) on a completely sound footing, and to obtain numerical results of
justifiable and guaranteed accuracy. It is important to note that it is uniformly
valid and applicable to any size SRA, small or large. The electrical size of
an SRA is given by the ratio D/\, where D is aperture diameter and A
wavelength; in the notation of Section 4.2 D = 2asinfy. We shall call an
SRA small, moderate or large according as 1 < D/A < 20, 20 < D/X < 100
or D/X\ > 100.

A study of the focal region is essential for the proper design of any focusing
system. Theoretically, the best shape of a reflector is parabolic. From a
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Radar cross-section for the spherical dish (6, = 20°).

geometric optics perspective, any bundle of parallel rays reflected from the
concave surface of a parabolic mirror, collects at the same point of the optical
axis, the focus. However, in practice, instead of focusing to a single point, the
rays concentrate in a region known as the focal spot. In better designs, the
extent of this spot is about a wavelength. However the centre of the spot is
usually shifted some distance from the focal point predicted by GO, even for
the supposedly ideal parabolic dish (albeit of finite extent).

This deviation is due to the small but nonzero size of a wavelength (ne-
glected in GO) and the impact of edge rays diffracted by the sharp rim of a
parabolic reflector. The situation is worse for spherical reflectors. Spherical
aberration (see [87], [33]) plays an important part in focal spot formation.
Suppression of such distortion requires a knowledge of the electromagnetic
field distribution in the neighbourhood of the focal spot. No approximate
high-frequency technique works totally satisfactorily in this region: although
the location of the focal spot may be found, fine detail of its structure is
invariably absent.

Although this is not a handbook on antenna theory, we wish to make a
preliminary study of the basic features of SRA, especially for those readers
who may wish to pursue this interest. Thus, in this section we concentrate
on an accurate study within the SRA near-field zone of the normalised elec-
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tromagnetic energy density
1 (1—=12  |—2
WQ{‘E’ +’H‘ } (4. 160)

measured in decibels (101og;, (W)). Note for comparative purposes that the
plane electromagnetic wave propagating in free space has unit energy density
(0 dB).

We first the energy density distribution along the optical axis of the SRA
(z-axis). The diameter of a focal spot along a line is defined as distance
between two points where the value of the energy density W falls to 1/e of
its maximal value Wi,ax. The focal region is that volume in which W exceeds
Wmax/e~

We consider two spherical dishes. The first has angular size 6y = 15° and
f/D = 0.966, where f = a/2 is the focal distance according to geometric
optics. The second employs the parameters of the world’s largest SRA, the
Arecibo Observatory [48], with aperture dimension D = 305m and radius of
curvature a = 265m. Thus its angular size is 6y = 35.13° and f/D ~ 0.434.
Clearly spherical aberration is significant for a dish of this depth.

According to a well-known “rule of thumb” in antenna design, the spheri-
cal reflector is expected to behave as a parabolic reflector provided that the
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Radar cross-section of the closed sphere.

maximal deviation from the ideal parabolic shape does not exceed A/16. This
limits the electrical size D/ of the SRA with parameter 6y equal to 15° and
35.13° to 53.5 and 4, respectively, the latter value being much smaller than
any likely operating wavelength.

Axial distributions of energy density for the shallower SRA (6y = 15°) are
displayed in Figure 4.17, with D/)\ equalling 10,50 and 200. The reflector
focuses the electromagnetic energy into one simple spot. Furthermore, the
main peak is well separated from the next local maximum that is at least
~ 11.5 dB lower (this value occurs when D/A = 200). This SRA may be
excited effectively by a single point source, for instance, a Huygens source.
From the reciprocity theorem [28], location of the primary source at that
point of the optical axis where the maximum energy is focused results in the
formation of a well-collimated main beam.

Axial distributions of energy density for the deeper SRA (6 = 35.13°) are
displayed in Figures 4.18 and 4.19, with D/ equalling 10, 50,200 and 437,
the last value corresponding accurately to the line source frequency used at
Arecibo [48]. Only when the reflector is electrically small is there formation
of a focal point. Only in the range (5 < D/X < 20) do we observe formation
of a bright spot well separated (in level of energy) from other local maxima
(darker spots, typically 10-10.5 dB lower). In transmission then, single point
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Normalised radar cross-section for the open spherical cavity (6, =
10°).

source is effective only in this range.

At larger electrical sizes, spherical aberration tends to level local energy
maxima. The difference between the main and next local maximum for D/\ =
50 (see Figure 4.18) is about 7.5 dB; for larger sizes (D/)\ = 200,437) the
difference is within 1-1.5 dB (see Figure 4.19). The focal region breaks up into
separate spots in the range 50 < D/A < 100; the energy level of the nearest
local maximum to the main peak exceeds the cut-off level Wy,,.x/e. In such
circumstances excitation of SRA by a single source is of limited effectiveness,
and more effective excitation is possible through the use of line sources or
distributed sources that approximate the multiple focal spot distribution.

Let us investigate the shape of the focal spot for both shallow and deeper
reflectors. Calculations in both the E-plane (¢ = 0°) and H-plane (¢ = 90°)
were carried out with a rectangular mesh of spacing A/20. From Figure 4.20
it can be seen that the shallower reflector focuses the energy into a single
spot of shape similar to that of a prolate spheroid with semi-minor and semi-
major axes a and b, respectively, that vary from (a,b) = (0.35,1.67)\ to
(a,b) = (0.33,2.1)A as D/ varies from 10 to 100.

The deeper reflector performs differently. Within the range 10 < D/A < 50
it focuses the energy into a single spot of less elongated prolate spheroidal
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Normalised radar cross-section for the open spherical cavity (6; =
30°).

shape (Figure 4.21) with (a,b) equalling (0.4, 1)A and (0.42, 1.08)\ when D/A
equals 10 and 50, respectively. As D/ increases beyond 50, the focal spot
deforms noticeably and then completely breaks up with several secondary
focal spots (Figure 4.22).

4.5 The Transmitting Spherical Reflector Antenna.

In this section we continue to use the regularised solution developed in Sec-
tion 4.5 to analyse the SRA, with some attention to extremely large reflectors.
As in Chapter 2, instead of the traditional primary radiation pattern of form
cos™ ) (n=0,1,...) we use a complez-point Huygens source (CPHS) for more
realistic models of actual antenna feeds, being close to a beam-like distribu-
tion of Gaussian type. Beamwidth of the primary beam and the illumination
levels at the reflector edges (the tapering) are easily specified for the CPHS,
and only minor amendments to the regularised system previously developed
for a stable and accurate computational algorithm are needed.
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Figure 4.16

Normalised radar cross-section for the open spherical cavity (6; =
60°).

A comprehensive analysis of the SRA is outside the scope of this book, and
belongs more to handbooks of antenna design. However we wish to give a
flavour of how the techniques introduced in this book may be adapted to this
purpose with substantive success. Let us first describe the simulation of a
beam-like radiation pattern of a primary source or antenna feed.

4.5.1 The Complex-Point Huygens Source: Debye Po-
tentials.

The term Huygens source, or real Huygens source, is usually applied to the field
generated by a pair of perpendicularly crossed electric and magnetic dipoles
with dipole moments p" and 7, respectively, of equal magnitude (|p] = |/,
see Figure 1.2[right]). We may describe the electromagnetic field of such a
source, located at ro = (xg,¥o0,20), by the electric f[o and magnetic ﬁém)
Hertz vectors

Iy = i,10,, 0™ =710, (4. 161)
where
I, = exp (ikR) /R, (4. 162)
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Figure 4.17

Axial distributions of energy density for SRA (6y = 15°) with D/
equal to 10 (left), 50 (centre) and 200 (right).

with R = \/(m —20)>+ (y — y0)* + (2 — 20)*. A complex-point Huygens source
is obtained by formally allowing the source location to be complex-valued; we

will set
zog=d+1b (4. 163)

with a suitable choice of branch cut for R defined as in Section 2.7.
Thethree-dimensional free-space Greenfunction G (7, 7)) isequal to (47) ™" Tl (7, 79)
and satisfies the inhomogeneous wave equation

AG(7,70) + kG (7 ,79) = =6 (7 —79) (4. 164)

even if 7y is complex-valued.
To determine the associated Debye potentials U°?, V° we use results of
Chapter 1. Making use of the readily verified relations

31_[0 sin 6 8H0 81_[0
T 05 T
81_[0 sin 6 (‘3H0 8H0

ar = o0 0%,

where rg = d + ib, the relation between the radial field components (F, and
H,) and the function IIj is

E? 1], 0l 1 9 oIl cos ¢
{H?} =7 [Z’“aemars (“ae)] {siw | (4. 165)

The expansion of Iy in spherical wave harmonics is

_ i = Cn (krs) Un (k‘?“) T < |TS|
Iy = Trr ngo (2n+ 1) P, (cos0) {U’n (k) G (k1) o7 > |1 .(4. 166)
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Figure 4.18

Axial distributions of energy density for SRA (6p = 35.13°) with D/
equal to 10 (left), 50 (centre) and 200 (right).
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Figure 4.19

Axial distributions of energy density for SRA (6, = 35.13°) with
D/X =437 (left), and expanded view (right).

Substitution of (4. 166) into (4. 165) produces spherical wave harmonic
expansions for the radial components EY, HO.

A comparison of these results with relations between U°, V° and the elec-
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Figure 4.20

Energy distribution in the focal region of SRA (0, = 15°) with D/
equal to 10 (left), 50 (centre) and 100 (right).

tromagnetic field components (see formulae [1. 49], [1. 50]) yields

UO\ _kfcosg)| = 2n+1 tn (krs) G (kr) ,m > [
{V"}_r{sinas}zn(nﬂ)Pé(cose){qn(krs)wn(kr),mrs}

n=1
(4. 167)
where
_ Ay, (krs) | by (k)
t, =1 s + o (4. 168)
. Gy (krs) G (k)
Gn =1 o + e (4. 169)

The representation (4. 167) of U and V° makes it possible to treat the trans-
mission problem in a similar manner to the problem of plane wave scattering
from a spherical cap (see Section 4.2).

What value of kb provides the desired level of illumination (or taper) at the
edge of the reflector? From (4. 167) and (1. 49)—(1. 50) one can calculate the
spatial field distribution generated by the CPHS located in a free space. Let
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Figure 4.21

Energy distribution in the focal region of SRA (6, = 35.13°) with
D/ equal to 10 (left) and 50 (right).

us now imagine that a perfectly transparent spherical reflector occupies some
region of space, i.e., the transparent structure has no effect on the radiated
field of the CPHS (see Figure 4.23), and locate the source at an arbitrary point
along the optical axis. Calculate the electromagnetic field energy densities, w;
and we, at the centre point and edges of the transparent spherical reflector.
The ratio w, /w; is a direct measure of the tapering. Given a desired level of
tapering L (specified in decibels, as is usual in antenna design, so that L < 0),
we can then solve the equation

10logyg (we/wi) — L = 0, (4. 170)

for the unknown kb (all the other SRA parameters being fixed).

This direct approach is convenient for small to moderate values of D/A.
Although valid at larger electrical sizes, it requires substantive calculation
of spherical Bessel functions, and it is more convenient to use elementary
functions and base calculations on equations (4. 161) and (1. 38). Thus
consider normalised coordinates s = z/a and ¢t = p/a, shown in Figure 4.23; a
is the radius of the transparent reflector. In addition, let ¢ = d/a and p = b/a
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Figure 4.22

Energy distribution in the focal region of SRA (6, = 35.13°) with
D/ equal to 100 (left) and 437 (right).

0.48

be the normalised parameter to be found. Equation (4. 170) takes the form

w (cos By, sin f)

5 (L0) }—Lzo, (4. 171)

101ogy [
where we regard w = w(s,t) as a function of two variables s and ¢. The
complex distance r in (s, t)-coordinates is rs = a (¢ + ip) .
Suppressing an elementary but lengthy deduction, the analytical expression
for w is 1
w=———7 (A+ B+ C)erR-R), (4. 172)
2 (ks)
where the star () denotes the complex conjugate, R?> = t? + (s —q — z'p)2
with a cut at ¢t = 0 given by

_Js—q+ip, s>q¢q
R(S’O){q—s—i—zp, S<q7

and the values of A, B and C are
A=|R|"%4,?, (4. 173)
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Figure 4.23
Reflector illumination by a real or complex point Huygens source.
where

Ai=—(s—q—ip)(s—q—ip+ R)+
z‘[2t2—(8—q—ip)(8—q—ip+R)] [—%2—(8—(1—2‘19)2

] (4 174)

ka- R (ka- R)®
B R 2|14 thalsmazip) | ZL4i a(‘s*zq*lp) , (4. 175)
ka- R (ka - R)
and
3 . . 3 . 2
C=IRl(s—g—ip)+ R 3-47w * s-a—-w
| | (S q Zp) + +7/I€(l R ka + (ka)2 R2

(4. 176)

Nlustrative values of kb, obtained by solving (4. 171) for a CPHS placed at
g = 0.5, are shown in Table 4.3 for various values of 6y and D/\; the taper L
is fixed at —10.8 dB.

It is instructive to compare the energy distribution for the CPHS with kb =
1.955 with that of the real Huygens source (kb = 0), shown in Figures 4.24
and 4.25, respectively. The first is Gaussian beam-like whilst the second has
the well-known cardioid-like distribution. The location of the SRA is shown
as a dashed line. The value kb = 1.955 corresponds to that value of L, which
provides tapering of an imaginary spherical reflector with parameters 6, =
30°, D/X = 50. The next plot (Figure 4.26) shows the relative distribution
of energy density at the surface of the transparent reflector, as a function
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Electrical Size D/
6o 10 20 50 100 200
15° 1 9.106 | 8.917 | 8.867 | 8.860 -
30° 1.975 1 1.959 | 1.955 | 1.954 | 1.954
35.13° | 1.311 | 1.302 | 1.299 | 1.299 | 1.299

Imaginary part kb of the complex source point location.

Figure 4.24

Energy distribution of the CPHS with D/\ = 50, 6, = 30°, ¢ = 0.5,
kb = 1.955. The countour levels are in dB.

of angle #; the angles # = 0° and # = 30° indicate the centre-point and
rims, respectively. The cardioid-like distribution of the real Huygens source
provides an intrinsic tapering (—3.85 dB for 6y = 30°,¢ = 0.5).

Accepting that the concept of CPHS is useful for the simulation of primary
feeds, we may employ the solution scheme of Section 4.2 with one change, the
replacement of plane wave excitation by CPHS excitation.

4.5.2 Excitation of the Reflector by a CPHS.

We seek the total solution for Debye potentials U and V' in the form

U=U"+U*V=V'4+V* (4. 177)
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Figure 4.25

Energy distribution of the real Huygens source with D/\ = 50, 6, =
30°, ¢ = 0.5, kb = 0. The countour levels are in dB.

where U° and V are defined by (4. 167), and the scattered Debye potentials
are

- COSQSZ X P! (cos0) {?f(fg)iz EZ:% :: z Z} , (4. 178)

oo

- sm(bz 22—:11 WP (cos ) {Z}:((:;))éz EZ;; :: i Z} , (4. 179)

where {X,,},7,,{Y,},—, are unknown coefficients to be found. The finite
energy condition (4. 89) requires that {X,} -, and {Y,,} —, belong to l.

The scheme developed in Section 4.2 produces the followmg i.s.l.a.e. of the
second kind

i4kaRomCy = RomCa + Xm — Y XnenRom = Y @nRom, (4. 180)

n=1 n=1

1 ) o0 o0
%QOmCI + ZQOmC2 + Ym - Z YnﬂnQnm = Z ﬁnQnma (4 181)

n=1 n=1
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Figure 4.26

Normalised incident energy (dB scale) on the reflector surface for
a real (dashed line, kb = 0) and complex (solid line, kb = 1.955)
Huygens source. D/\ =50, 6 = 30°, ¢ = 0.5.

where m = 1,2, ..., with the accompanying equations

00 00
—idkaRoyC1 — (1 — ROO) Cy + Z XpenRpo = — Z an Ry, (4 182)
n=1

n=1

_éQOOC& +1i(1 = Qoo) Ca + Z Yo tinQno = — Z BnQno; (4. 183)

n=1 n=1

here C; and Cy are so-called polarisation constants, Rpm = Rnpm (6p) and
Qn'm - Qnm (00) are defined by (4 22)’ and

" (ka) ! (k
en =1+ i4ka%ﬂ(“), (4. 184)
fin = 1= = (2n+ 1)y (ka) Gu (ka) (4. 185)

are the asymptotically small parameters, satisfying

en=0(Mn"?), p,=0 ((ka/”)Q)
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as n — oo. In addition, «,, and (3, are known coefficients given by
oy, = idkat, (kr) ), (ka),

B = == 20+ 1), (kry) G (ka) (4. 186)

i

a

Numerical computation of the coefficients X,,, Y,, employs the standard
truncation method. After computation of a finite set of coefficients {Xn}nj\’;’"1
{Yn}fgl, where Ny > ka is the truncation number, the antenna character-
istics may be computed. (Clear definitions of basic antenna parameters are
given by Kraus [52].)

A complete description of the field intensity in far-field zone in every di-
rection 6, ¢ is given by the so-called principal plane patterns and mazimum
cross-polarisation pattern. At large distances (r — oo), both radial compo-

nents E,. and H, decay as O (7’*2), tangential components dominate, and
Eg=Hs+ O (r %), Es=—Hp+ O (r7?) (4. 187)

as r — oo. In far-field zone (r — oo, kr > ka, r > D [aperture size]),

Ey = e: Sy (6) cos g+ O (r~2), (4. 188)
Ey = ei:r Sy (6)sing + O (r2), (4. 189)
where
Sy (0) = ik? i (—i)" A, [anTn (cos @) + b7, (cosB)], (4. 190)
n=1

Sy (0) = —ik? i (=i)""" Ay, [anmy (cos 0) 4 by, (cosB)] (4. 191)

and A, = (2n+1) /T(ln +1),
an = tn (k) + (20 + 1) 4, (ka) X, (4. 192)
by =ty (krs) + ¥nYn, (4. 193)

and the angle functions 7, (cosf) and 7, (cosf) are defined by (4. 145).
When 6 is fixed, the maxima of Ey and Eg occur at ¢ = 0 and ¢ = 7,
respectively. The planes ¢ = 0 and ¢ = 7 are called the principal planes,
and Sp (0) and Ss (0) the principal plane patterns. Denoting their absolute
maximum values by S7*** and S5**, respectively, it is convenient to calculate

the so-called normalised principal plane patterns (in dB) via

SpoT™ (0) = 20logg (51 (0)] /57)
S5 (6) = 2010, (152 (6)] /S7™). (4. 194)

© 2002 by Chapman & Hall/CRC



It is easy to see that in our particular case S7** = S; (7) and S¥2* = S5 (7).
It is obvious that total pattern

S O) = 151 (0) cos? ¢ + 152 (6)] sin?

does not possess rotational symmetry, as |Sy (6)] # |S2 (6)]. The cross-polar
pattern measures the maximum difference between these patterns via

S5er™ (9) = 201log,, ('S ! (Z)anff (9”) : (4. 195)
1

The directivity D of an antenna [52] is the ratio of the maximum value of
the radiation intensity (power per unit solid angle) Upax to its average U,
(averaged over all spherical directions). In the far-field of the antenna the
directivity may be expressed as the ratio of the maximum value Py, of the
Poynting vector to its average P,,. Thus

D= Umax/Uav - max/Pav~ (4 196)

The beam area 24 is related to directivity by Q4 = 4n/D. We recall that
the Poynting vector is defined by P = %Re {E X ﬁ}, so that as r — oo it is

essentially radial,
P =Pi,+0 (r7®) (4. 197)

where P = <|E¢9|2 + |E¢|2) r~2. Using (4. 194), (4. 195) we deduce

2

k o0
+1
Prax = P (7, ¢) = 8—22: (2n + 1) (an — bn) (4. 198)
and
P*ﬁm? 1 > |ba? 4. 199
aﬂ_4r2n:1( n+ ) |an‘ +|n| y ( )

and directivity is computed from (4. 196).

4.5.3 Numerical Results

Our examination of the SRA aims to find the location of the antenna feed
(modelled by a CPHS) that is optimal according to one of the following cri-
teria, (a) the location giving the maximum directivity D, (b) the location
giving the lowest level of sidelobes (without significant widening of the main
beam), or (c¢) a location providing some compromise between the first two
criteria, where the directivity D is close to its maximum but the sidelobe
levels are reduced below those occurring at that location where directivity is
maximal. It is generally accepted that the optimal taper for an SRA is about
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Figure 4.27
Dependence of directivity on CPHS location for the SRA with 6y =
15° (D/A =5).

—11 dB. Using the rigorous mathematical method developed above, we verify
this assertion of antenna theory.

First let us compute the dependence of directivity D on normalised source
location z/a for small to moderate SRA (5 < D/A < 50) with a real Huygens
source (kb=0) and a CPHS of taper —10.8 dB. The calculated maximal
value Dy .y of directivity is compared with the ideal directivity, given by
Dy = (mD/A)?, via the aperture efficiency

Eap = Dmax/DO- (4 200)

In Figures 4.27-4.28 the solid curves depict the dependence of directivity D
on the CPHS normalised source location z/a with taper —10.8 dB for the
SRA with angular extent 6y = 15°; the dashed curves depict the directivity
for the real Huygens source.

As electrical size increases from 5 to 50, the optimal location ¢pa., of com-
plex point source decreases from 0.542 to 0.508, and aperture efficiency eq
decreases very slightly from the values 81.5% to 80.1%; the same is true of the
real Huygens source. The results confirm, as asserted in the previous section,
that, when D/X\ < 53.5, the shallow SRA (with parameter §, = 15°) can be
regarded as a parabolic reflector from an engineering point of view. The ef-
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Figure 4.28

Dependence of directivity on CPHS location for the SRA with 6y =
15° (D/X = 50).

fectiveness of the shallower SRA (6 = 15°) is retained at higher frequencies,
for D/X < 200.

The optimal position of the CPHS providing maximal directivity also pro-
vides the lowest level of the first sidelobes, i.e., criteria (a) and (b) are satisfied
simultaneously. The principal plane patterns for optimal complex source lo-
cation (gmax = 0.508) are displayed in Figure 4.29. The next figure (4.30)
shows a fragment of principal plane patterns close to the main beam aligned
at @ = 0°; the pattern for two source locations, ¢ = ¢max = 0.508 (solid line)
and ¢ = 0.500 (dashed line), demonstrate the optimal source location simulta-
neously satisfies criteria (a) and (b); maximal directivity and the lowest levels
of the first sidelobe (about —25.4 dB) are achieved when ¢ = gyax = 0.508.

The directivity calculations for the deeper SRA (with 6y = 35.13°) are de-
picted in Figures 4.31 and 4.32. Spherical aberration is much more significant:
as its electrical size increases from 5 to 50, aperture efficiency e, decreases
dramatically, from 78.1% to 53.7%. The optimal location of the CPHS over
this range is nearly the same, about g = 0.540.

Principal plane patterns for the SRA with parameters 6y = 35.13° and
D/X = 50, and two complex source locations are shown in Figure 4.33. It is
impossible to satisfy the directivity criterion (a) and the sidelobe level criterion
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Figure 4.29

Principal plane patterns of the SRA (6, = 15°) with optimal source
location.

(b) simultaneously; the first is achieved at the point ¢ = 0.540, but the second
at the point ¢ = 0.530. Also reduction of the sidelobe level (from —14.2 dB
for ¢ = 0.540 to —16.0 dB for ¢ = 0.525) is achieved with significant widening
(lower directivity) of the main beam (see Figure 4.34). As the electrical size
of the SRA increases, the directivity reduces dramatically.

We may conclude that a single point source is a very ineffective feed, with
dramatically reduced aperture efficiency over the larger range of electrical
sizes examined in this section.
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Figure 4.30

Principal plane patterns of the SRA (f; = 15°) with various source
locations.
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Figure 4.31

Dependence of directivity on CPHS location for the SRA with 0, =
35.13° (D/X =5).
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Figure 4.32

Dependence of directivity on CPHS location for the SRA with 0, =
35.13° (D/X = 50).
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Figure 4.33

Principal plane patterns of the SRA (6y = 35.13°) with various source
locations.
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Principal plane patterns of the SRA (6y = 35.13°) with various source
locations.
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Chapter 5

Electromagnetic Diffraction from
Various Spherical Cavities.

In this chapter we consider electromagnetic scattering from spherical cavity
structures that are more complicated than those encountered in the previous
chapter. The first group contains structures consisting of pairs of open spher-
ical concentric shells, of unequal radii. The special case of two symmetrical
spherical caps (of equal radii) is treated separately. The second group consists
of doubly-connected shells, the so-called spherical barrels.

First we consider electromagnetic plane wave scattering from two concen-
tric spherical open shells (Section 5.1). Whilst this is a two-body problem,
the complexity of the solution method, from a mathematical viewpoint, is
only marginally greater than that of the single spherical shell with a circular
aperture, though of course there is an increase in the number of dual series
equations to be treated.

If the two spherical caps lie on a common spherical surface of specified
radius, the diffraction problem is intrinsically more complex and is closely
related to the diffraction problem for spherical barrels. For these structures
we develop a solution based upon the analysis of some appropriate triple series
equations.

Vertical dipole excitation of the slotted spherical shell and of the spherical
barrel are considered in Sections 5.2 and 5.3, respectively. Plane wave exci-
tation of the same structures requires more complicated analysis because of
a coupling of TM and TE modes that is absent in vertical dipole excitation.
The reasons for this increase of complexity, manifesting itself through the ap-
pearance of polarisation constants, are very similar to those encountered for
the single aperture spherical cavity. Plane wave scattering from the perfectly
conducting slotted spherical shell is analysed in Section 5.4.

The analysis of horizontal dipole excitation of the slotted shell or barrel has
a similar level of complexity because of the coupling of TM and TE modes,
and is discussed in Section 5.5.

Finally in Section 5.6, a resonant structure comprising a spherical cap and
a circular disc is considered. Apart from its intrinsic physical interest, it is
interesting from the analytical point of view because it gives rise to integro-
series equations that are amenable to analytical regularisation methods.
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Figure 5.1
Concentric spherical shell cavity.

5.1 EM Plane Wave Scattering by Two Concentric Spher-
ical Shells.

In this section we consider electromagnetic plane wave scattering by two
concentric spherical shells. The radii of the inner and outer shells are a and b,
respectively (b > a); circular apertures in the inner and outer shells subtend
angles 61 and 6y, respectively. The structure is axisymmetric; let the axis of
symmetry be the z-axis. The problem geometry is shown in Figure 5.1. An
incident electromagnetic plane wave propagates in the positive direction of
the z-axis, with electric field EO and magnetic field ﬁo aligned parallel to the
x-axis and y-axis, respectively. As usual, the Debye potentials U°, V? of the
incident plane wave are given by formulae (4. 87).

Subdivide space into three regions, labelled 1, 2 and 3, being the interior of
the smaller shell (0 < r < a), the spherical annular region between the smaller
and larger shell (a < r < b), and the exterior of the whole structure (r > b),
respectively.

The total electromagnetic field in each region ¢ (i = 1,2, 3) is derived from
Debye potentials U} and V' that may be decomposed as a sum of incident
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and scattered potentials via
Ul =0+Us, Vi=v4V, (5. 1)

where the scattered potentials U and V,;* may be expanded in spherical wave
harmonics as

Us — j;sf ZA"{ Dn (k1) + b G (r) | P (cos6), (5. 2)
Ve = jg;¢ Z An { n (k1) + 59, (kr)} Pl(cost), (5. 3)

where A, = i"(2n+1) /n(n+ 1) and the coefficients a? b9 @l and b
are to be determined. The boundedness of the field at the origin implies that
b(l) b(l) 0; the radiation conditions require that a(g) = ~§Lg) =0.

Continuity of the electric field on the surfaces r = a and r = b allows us
to eliminate four of the unknovvns (ag), an) b2 and b,(f)) in favour of the

remaining four (a%l), a, b and B ), via
al) = ATA @, b = ATA ),
i) = ATA @), b = A A, (5. 4)
where
Ay =, (ka) ¢, (kb) = 4, (kb) ¢, (ka) (5. 5)
n (k) o (kD) = Y (k) Go (k) (5. 6)
Ao = {vh (ka)all) = &, (ka) b2 } &, (kD) (5.7)
Ay = { G (0) VD — 5, (k) a1 s, (Ra), (5. 8)
By = {n (k)@ = G, (ka) B2 | G, (k). (5. 9)
Ay = {Gu (k) B — o (kb) @)} 4 (k) (5. 10)

The deduction of suitable series equations for the four unknowns (a%l), (35})7

bg’) and 6%3)) is quite similar to that described in Section 4.2. Suppressing the
obvious but lengthy details, the functional equations describing the problem
are

ZA" (1 + ag)) Y (ka) P (cosf) = Cy tang, 6 € (0,61) (5. 11)

ZAA { (kb)ald — ¢! (kb)b<3>} 1 (cos ) = —Cgcotg,

0e 0, (5 12)
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Z A, (1 + a(l)) Yy, (ka) Pl (cos ) = iCy tang 0 €(0,6,)

ZA A { (kb)ad — ¢, (kb)b<3>}P (cos@)——Cgcotg,

0 e (91,7‘1’)

and

M8

A, {w; (kb) + ¢ (kb) b,<;’>>} P! (cosf) = Cs tan g 0 € (0,6)

n=1

ZA A { (ka) b — ', (ka) aﬁLl)}P,{ (cosB) = —iCy cotg,
S (90,7‘()

ZA {qpn kb) +§n(kb)b(3)} (cos@)—ngtang 0 € (0,6)

ZA A, { kb) b — 4, (ka) a (1)}1371 (cos@):—C4cotg,

0 c (90,7‘()7

where C; (i =1,2,3,4) are constants to be determined (as well as the

knowns a(l) b(3) a and 5513))-

To effect the regularlsation process introduce rescaled unknowns by

(1) — (_Z)n A" ~(1) _ (_\n An

T o, (ko) = (=9 ¥ (kD)™
@ _ (=" A 2@ an A
" 2n+1¢/, (k )ym bw’ = (=) Cn(ka)vn

The asymptotically small parameters are defined by

e =14+ idka (2n+1)"" ¢, (ka) ¢, (ka) —
idka (2n 4+ 1) 47 (ka) ¢, (kb) /4y, (kD) ,

€2 = 14idkb (2n+1)"" !, (kb) ¢!, (kb) —
idkb (2n + 1) 7" 4y, (ka) ¢;F (kb) /G, (ka)
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M _q_
pD =1 =L (204 1) (ha) o () +

(om0 (ka) Gu (kD) i (RD), (5. 25)

i = 1= i (kD) Go (kD) (2 + 1) +
7
7 2+ 1) ¥n (ka) G (kD) /G (ka) . (5. 24)

We shall see that they are closely related to the asymptotically small param-

eters already encountered in Sections 4.1 and 4.2.
It is convenient to introduce the notations

g = ¢, (kb) /G, (ka),  q) =), (ka) /4], (kb), (5. 25)
t) = Co (kD) /G (ka), 1D = (ka) /tn (kD) (5. 26)
and
ozgll) = 4" kay)! (ka), 0553) = —4i" " kb, (kb) (5. 27)
B0 = S 204 1) (ka), B2 = i 2 D (R8). (5. 29)

With this notation, the functional equations (5. 11)—(5. 18) may be written

S (Y, a0 P o) s )
Zn(nJrl){(l En)x” On }Pn(cose)—24]‘/’6101’5%127 6 € (0,6,)

n=1

(5. 29)

0
_ (1) 1 1 0) = —i el
E n( {xn a,’Y }Pn (cos ) iC cot 3’ 0 € (6,m) (5. 30)

=1

S

= 1 0
(1) WL pl = =
ngn n+1 {( — Hn ) Zn ﬂn }Pn (COSH) kacltan2a 96(0701)
(5. 31)
Z 2nt 1 { - t(l)vn} P} (cos) = —iCy cot g, 0e€(01,m) (5. 32)

—

and

S M _ -2 (2 1 . Q
Zn(n+1) {(1 Ep )yn Qy, }Pn (cosB) —z4kbC’3tan2, 6 € (0,60)

n=1

(5. 33)
AR - (2) 1 = — —
Z n(n+1) { qn xn}Pn (cos 9) 1Cy cot 5 0 € (6p,m) (5. 34)

n=1
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i n+1 {( uﬁf)) 5(2)} s (cosf) = *bcstan; 0 € (0,60)
" (5. 35)

z:: D) { 2% zn}Pn(COSH)— ’LC4COt2, 0 € (6p,m). (5. 36)

The asymptotically small parameters 5%), (1) (i = 1,2) are closely related
to the parameters ¢, u, introduced in Sectlons 4.1 and 4.2, but incorporate
additional terms accounting for the interaction between the two open spheres.
Making use of very first terms in the asymptotic expansions (4. 10) one can
readily show that the additional terms depend upon the parameter ¢ = a/b
and, in fact,

) q2n+1 +O( 2n+2)
p) = pi (ka) = " + O(¢*" ),
)
)

~ o~ o~
w W
o
T o —

S
S
=)

t
w
=

_ 7q2n+1 +O( 2n+2)7
— q2n+1 _’_O(q2n+2)7

as n — o0o. Moreover,

¢ = ¢ +0("?), ¢ ="+ 0", (5. 41)
te) =q"+0(¢"™), ) =q""" +0(¢"?), (5. 42)

as n — 00, so that the coupling between the sequences {z,},-, and {y,} -,
is asymptotically weak, as is that between {z,} —, and {v,} ~,

The regularisation procedure expounded in Section 4.2 and elsewhere may
be adapted to transform equations (5. 29)—(5. 32) and (5. 33)—(5. 36) to
the following coupled i.s.La.e. for the unknown coefficients {zy, } o~ 1, {yn } .o
{zn},—, and {v,} —, that all belong to the class lo:

n=1’

- Z In€$L1) Rym 91 Z ynqn nm - Ry, (01)]
n=1
— z4kaR0m (91) Cl + ZROm 91 Z a(l nm 01 (5 43)
n=1

where m =1,2,...,

- Z JL‘né‘n nO 01 + Z ynqn Rpo 91)

—idkaRoo (61) C1 — i [l — Rog (61)] C2 = Z alRuo (01), (5. 44)

n=1
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Z Znﬂn )Qnm (61) — Z 'Unt(l) Snm — Qnm (01)]
n=1

n=1

QOm (91) Cl + QOm 91 Z 6(1)Qnm 91)
n=1

where m =1,2,...,

- Z anig)Qno (91) + Z vntrng)QnO (91>

n=1 n=1

- ]?laQoo (61)C1 —[1 = Qoo (61)] C2 = ;ﬁg)Qno 61),

Zy E( )an 90 Zx q - Rum (90)]
n=1
— 14kbRy,, (00) Cs+ ZRom 90 Z Qo nm 90

where m =1,2,...,

(o) (o)
=Y e Ruo (60) + Y 20q) Ruo (60)
n=1

n=1

— Z4kbR00 (90) 03 — Z [1 — ROO 90 Z Oz” nO 90

Z Un,un Qnm 90 Z Zn nm Qnm (90)]
n=1
QOm (6o) C3 + Qom (60) C. Z B Qrm (60) ,
n=1

where m =1,2,..., and

- Z ’Un,un QnO 90 Z Znty, )QnO (90)

- @Qoo (60) Cs — [1 = Qoo (60)] Ca = Y B Quo (60) -

n=1
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This multi-parametric scattering system is characterised by the indepen-
dent parameters 0y, 61, kb and ¢ = a/b. If 6y and 6, exceed 90° the struc-
ture may usefully be regarded as two coupled cavities, the interior spheri-
cal cavity (r < a) and the spherical annular layer (a <r <b). Our previ-
ous studies indicate that the scattered response is dominated by the quasi-
eigenoscillations that develop when the excitation frequency is close to one of
the quasi-eigenvalues of these oscillations.

For the complete range of the four parameters in this diffraction problem,
a complete examination of the radar or total cross-section is too lengthy and
we restrict ourselves to one or two limiting cases in which the aperture of
the inner cavity closes (so 1 = 7). For any ¢ (¢ < 1), the quasi-eigenvalues
are, when 67 is small (f; < 1), perturbations of the eigenvalue spectrum of
the interior of the annular region obtained when both apertures close; this is
obtained as the roots of the expressions A,, and A,, (defined by [5. 5]-[5. 6]).

In fact, the characteristic equation for the TM oscillations takes the form,
foreachn=1,2,...,

o (q%(o)) ¢ (%S})) — ! (5 ( (0)) ¢ <q%<°)) —0, (5. 51)

where the roots are ordered in ascending order (%,(101) < %,(702) < ...), whilst

the characteristic equation for the TE oscillations takes the form, for each

n=12,...,
o (40 () 00 () 6 (@) 0 62

where the roots are also ordered in ascending order (v, © ) < V,(LOQ) <...).Ifa—
0, the roots coincide with the roots of the Characterlstlc equations obtained
for the empty spherical cavity (see equations [4. 38] and [4. 78]).

If ¢ < 1, the inner sphere may be considered as a small embedding in the
outer open spherical cavity of radius b, and one may simplify both equations,
using formula (4. 10). An application of Newton’s method shows that the
presence of the small metallic sphere perturbs the eigenvalues %( ) and I/(O)
for closed spherical cavity, for TM and TE types of oscillations, respectlvely7
according to

%nl/%( .
2
(0) n+1 , (0)
2"n)?  n+1 {(%nl) o (”m )} M1 L O (o203) (5. 53
) @nt 1) n B RETE +0(¢*"*7) (5. 53)

2nnl)? n 2, .,
ot =1+ iy () e ()] 7 0 ).
(5. 54)
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Thus the frequencies of oscillations of TM type in the spherical cavity with
an embedding are reduced by an amount proportional to ¢?*+!, whilst the
frequencies for TE type oscillations are increased by an amount also propor-
tional to ¢*"*1. For lowest order TM or TE oscillations (n = 1), the shift (¢3)
is proportional to the volume occupied by the small metallic sphere.

Another extreme is the narrow spherical gap (or concentric layer) charac-
terised by p=1—¢ = (b—a) /a < 1. Under this condition, one may justify
that no eigenoscillations of TE type occur. Only TM oscillations develop at
frequencies close to the spectrum of eigenvalues defined by

%n:\/n(n—kl){l—k;(p—p2+p3)—|—0(p4)}. (5. 55)

These oscillations play an important part in studies of the natural annular
resonator formed by the Earth and ionosphere, and are known as Schumann
resonances. The spectrum of doubly indexed TM eigenvalues %7(3) obtained
when ¢ = 0 degenerates into a singly indexed sequence s, when p < 1, due
to the collapse in radial variation previously indexed by [.

This preliminary quite simple information is useful in sorting out which
resonances occur in the more general situation. The total and radar cross-
sections for a hemispherical shell (fy = 90°) enclosing a smaller closed sphere
(#1 = 180°) are shown in Figures 5.2 and 5.3, respectively, for values of ¢ equal
to 0, 0.1 and 0.5. The plots corresponding to the values ¢ = 0 and ¢ = 0.1
are practically indistinguishable over the range ka < 20.

In Figures 5.4 and 5.5 are plotted the total and radar cross-sections for the
narrow concentric hemispherical cavity (¢ = 0.98).

Assuming that both Earth and ionosphere are perfectly conducting, a crude
model of the Earth—ionosphere resonator is provided by the fully closed spher-
ical annular region described above, and we may use (5. 55) to calculate
low-frequency resonances that develop inside this resonator, being

n(n+1){1—|—1(p—p2+p3)} (5. 56)

i ;

o
- 27R
(in Hz), where R is the radius of Earth, p = h/R and h is ionosphere alti-
tude. Using the values R = 6.409 - 10 and A = 10° m predicts the lowest
resonance frequencies to be f; = 10.45Hz, fo = 18.10Hz, f3 = 25.6Hz,
f1=33.06Hz,.... In fact, the values of the observed spectrum are somewhat
less than this, for example, f; ~ 8H z.

Recognising the diurnal variation of the ionosphere, a slightly less crude
approach is to replace the outer spherical shell of this model with a perfectly
conducting hemispherical shell. This case corresponds to the data plotted
in Figure 5.4 and 5.5. However the values of f,, (n=1,2,3,4) are nearly
unchanged from the previous values, and we are forced to conclude that the
model is too simplistic for accurate prediction of the Schumann resonances.
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Figure 5.2

Total cross-section of the concentric shells with 6; = 180° and 6y =
90°, for various values of q.

As the aperture becomes narrower, increasingly large Q-factor oscillations
are excited. This phenomenon is illustrated in the total cross-sections plotted
in Figures 5.6 and 5.7 for aperture angles 6y equal to 120° and 150°, respec-
tively and in the corresponding radar cross-sections plotted in Figures 5.8 and
5.9.

5.2 Dipole Excitation of a Slotted Sphere.

Cavity backed slot antennae are of widespread importance in antenna theory
and design [54]. A canonical problem of relevance is the spherical shell with
a thin equatorial slot, where the cavity is excited by a vertical (electric or
magnetic) dipole located on the axis of symmetry. Consider then a thin-walled
hollow metallic sphere of radius @ in which an equatorial slot is symmetrically
removed so that the two spherical shells each subtend an angle 6y at the
origin; set 61 = 3 — 6o, so that the slot subtends an angle 26y at the origin.
See Figure 5.10.
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Figure 5.3

Radar cross-section for the concentric shells with ; = 180° and
0y = 90°, for various values of q.

Let the z-axis coincide with the axis of symmetry, on which is located a
vertical electric or magnetic dipole, in the cavity interior; without loss of
generality, it may be located in the upper half space z > 0.

The problem may be formulated in a manner very similar to that studied
in Section 4.1 (dipole excitation of a spherical cavity with a single circular
aperture). We retain the notations employed in that section, and mutatis
mutandis, we may write down at once symmetrical triple series equations to
be solved for the unknown coefficients x,, and y,.
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TOTAL CROSS SECTION ,c/mh?

Figure 5.4
Total cross-section for the concentric shells with 6, = 180° and 6, =

90°.
5.2.1 The Vertical Electric Dipole.

Deferring the vertical magnetic dipole (the TE case), we consider first the
vertical electric dipole (the TM case) for which the functional equations are

oo

(1 —en)znPy (cos0) Zan L (cos), 0€(0,00) (5. 57)
n=1
. 2n+1
g n + 1 I"P’f} (COS 0) = 07 NS (GOaﬂ- - 00) (5 58)

Z 1 —e,) 2, Pl (cos) Z wPl(cosf), 6¢€(m—0p,m). (5. 59)

As usual we may transform the triple series equations (5. 57)—(5. 59) to a
decoupled pair of dual series equations for the even and odd index coefficients
and treat each separately. Setting

u=22%>—1=cos(20p), wg=22—1=cos(26), (5. 60)

© 2002 by Chapman & Hall/CRC



30 T T T T T T T T T

N
a1
T

N B
o
T
i

[
&
T

RADAR CROSS SECTION , 6_/nh?
[
o

0 2 4 6 8 10 12 14 16 18 20
kb
Figure 5.5
Radar cross-section for the concentric shells with ; = 180° and
0y = 90°.

and using the relationships

1 1 1
Py, (z) = (1—u?)? (n + 2) P,Ei%) (u), (5. 61)
1 1 _1
Phn@=v20-w! (ne3) PPV, oo
the system for the even index coefficients is
P (1)
> —tap, Py (u) =0,  ue(-1u), (5. 63)
n

n=1
> 1 1,1
Z (n + 2> (1 - EQTL) xZnPrS—lQ) (u)
n=0

- 1
:Z (TL+2> 04277,Pn7712)7 u € (u0a1)7 (5 64)
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Figure 5.6

Total cross-section for the concentric shells with 6, = 180° and 6, =
120°.

and that for the odd index coefficients is

oo

n+ 3 1,1
Z nf_‘_i‘mnﬂﬂg 3) (u) =0, u € (ug,—1), (5. 65)

n=1

i (” + ;) (1 —e2np1) 1’2n+1P7gl’_%) (u)

n=0

1.—4

::_OO (n+;> O‘Q”HP’g’ 2)(%&), u € (up,1). (5. 66)

A direct use of the Abel integral transform method identifies the asymp-
totically small parameter

1
pn—1_<n+4>

that satisfies p, = O (n7?), as n — oo, and transforms equations (5. 63)—(5.

(5. 67)
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Total cross-section for the concentric shells with 6, = 180° and 6, =
150°.

64) to their pre-regularised form

ZX%Pffl -

3
{ 220:1 X2npnP7(L2_10) (u)7 3 U E (_17'[1/0) (5 68)
30 .
Zzozl (AQn + €2nX2n) P752_1) (u) , U S (UOa 1) )
where ( 1) )
I'in+ 3 (2,002
{A2n, Xon} = F(T—Fi) {hnz,l } {aan, Tan} . (5. 69)

From (5. 68) we deduce immediately the i.s.l.a.e. of the second kind for
the even index coefficients Xs,,,

00 s
(1 = pm) Xom — Z Xon (€20 — Pn) Qiz—l,)m—l (uo)

n=1

=3 4,Q Y, (wo), (5. 70)

n=1
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Radar cross-section for the concentric shells with ; = 180° and
0y = 120°.

where m =1,2,3,....

In contrast to (5. 63) and (5. 64), equations (5. 65) and (5. 66) are not

directly solvable by the Abel integral transform method because the second

index 0 of the relevant Jacobi polynomials Pfﬁf ) takes the value — %, and

the methods of Chapter 2 of Part I [1] may not be validly applied. However
as noted at the end of Section 2.2 of Part I the standard device to surmount
this difficulty is to integrate both equations (5. 65) and (5. 66) making the
use of formula (see formula [1.174] of Part I)

1+u)%

/(1+u)—%P£17*%) (u) du = (n+l PO (). (5. 71)
2

Term-by-term integration of these expansions in orthogonal Jacobi polyno-
mials may be justified as in Appendix D.2 of Part I. Thus

oo :

n+
2 G e

1
Tons1 P (0) = 0, we (—1,up), (5. 72)
n=0 + 1)

3 [l
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Radar cross-section for the concentric shells with ; = 180° and
0y = 150°.
> (1= eant1) Coni1 P (u) =
n=0

(1+0) 0+ e P (), we (u,1), (5. 73)

n=0

where C' is a constant of integration to be determined subsequently by the
requirement that the solution {xgn,+1}210 belongs to the functional class Is.

The integrated equations (5. 72) and (5. 73) are now amenable to treatment
by the standard Abel integral transform method, and one obtains

o o0 - (1.0) [ F(u), u € (—1,up)
(1 —u) Z Xon+1Pn (u) = { Fy (u), u € (uog, 1),

n=0

(5. 74)
where
1 — AL
Fy(w) = (1=w)? 3 XonagaPi®” (),

n=0
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Figure 5.10
Dipole excitation of a slotted spherical cavity.

oo

1 A (L
Fy(u) = (1=u)?* Y {Aopi1 + Xonirgans1} P77 (w)

n=0

2 V2+V1-u
+ —Clog | ———|,
VT v1i4+u
r(n+32 1 -3
{Ol2n+1al'2n+1} = F((’I’L—Fi)) {hgf’o)} {A2n+1,X2n+1} (5 75)
and
2
3 T 3
go=1-—"D1 (n+5) (5. 76)
(n+3)(n+1) | T(n+1)

is the asymptotically small parameter satisfying ¢, = O (n_Q) as 1 — o0.
Since {zont1},p lies in lp, it follows that {Xon41}, . lies in I3 (2). This
constrains the value of C, for if it could be chosen arbitrarily we could only
make the weaker assertion that {Xa,41},. lies in I5 (0) = l. The constant
C' is thus determined by recognising that the series on the left hand side of (5.
74) is uniformly convergent to a function that is continuous on the interval
[-1,1], and is therefore continuous at the point u = ug (also see Chapter 2
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of Part I). Thus

oo VT (1 —ug)’

2 log [(V2+ vI— ) /vITu

° (1
Z {Aon+t1 + (e2n+1 — Gn) Xont1} Pr(z2’0) (uo). (5. 77)
n=0

Now multiply both sides of (5. 74) by 7(” 0) (u) and integrate over (—1,1).

Taking into account the readily evaluated interval

1
V13— 1
I’":/ log fjm B (u) du =
uo
1+ wug V2+ VT =g | A-11)
log m 27 (uo)
\/(m+§)(m+1) V1 uo

1
1 (1_u0)2 A(%ao)(

+ﬂ(m+§)(m+1) "

and the identity (see Appendix B.6, Part I)

Nl

Agéﬁo) (uo) _ (1 +'LLO) (1 +U0)
Vm+5) m+1)

(n+3) (n+1) i
+\/(m+;)(m+1) i (o), (5. 79)

P (o) P (o)

and the value (5. 77) for C' we obtain the i.s.l.a.e. of the second kind

oo . l70
(1 = gm) Xomy1 — Z Xon+1 (E2n+1¢n) ngm ) (uo)
n=0

= 2
Z:: 2n+1Qnm UO) + ﬁc . Im, (5 80)
where m =0,1,2,....

One may verify that the choice of the constant C' eliminates all terms of
order O (m™!) and the solution thus lies in I3 (2). Introducing the coefficients

* X 1
{ X351 A5y} = \/(m + 2) (m+ 1) {Xomy1, Azmir}, (5. 81)
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so that {X§m+1}::=o € Iz, the final form of the i.s.l.a.e. is

(1= qm) X541 — ZX2m+1 (€2n+1Gn) Snm (uo) ZA Snm (o), (5. 82)
n=0

where m =0,1,2,..., and

V2+ VT —u

Snm (uo) = an%’l) (u0) — Qn (u0) Qm (uo) / log 1+ up

] . (5. 83)

with

CuNd p0
Qs(uo)—21/4<1 2“0) r )
(s+3)(s+1)

Thus the problem of slotted sphere excitation by an electric vertical dipole
produces a pair of i.s.l.a.e. (5. 70) and (5. 82) of the second kind for the even
index coefficients {Xs,} -, and odd coefficients {XQn +1} o» respectively.
Uniqueness of solutions to these systems, and of those encountered in other
sections in this chapter, is established by adapting the uniqueness argument
given in Section 2.1; the truncation number for numerical studies is chosen
according to the criterion set out in that section.

5.2.2 The Vertical Magnetic Dipole

We now consider vertical magnetic dipole excitation of the slotted spherical
cavity. The relevant functional equations for this excitation (the TE case)
corresponding to (5. 57) and (5. 59) are

= 2n+1 = 2n 41 )
g D) — 1) Yn P} (cos 0) g ﬂnP (cos9),
0 €(0,00) (5. 84)
Z Yn P} (cosf) =0, 0 € (6o, ™ — 6) (5. 85)
n=1
= 2n+1 L = 2n+1 L
g D) — pn) Yn P, (cosf) = Z oy 1),6’nPn (cos®),

n=1

0 e (m—0p,m). (5. 86)

As for the electric dipole case, we may transform the triple series equations
(5. 84)—(5. 86) to a decoupled pair of dual series equations for the even and
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odd index coefficients and treat them separately. Recalling the relationships
(5. 60), (5. 61) and (5. 62), we obtain

Z (n+ )y P ()

0, u € (—1,up) (5. 87)

S i (.5 n+ o
Z 1 - /~52n) Yon PP, ( ) = Z T/B2npn71 (u)7

n=1 n=1
u € (ug,1) (5. 88)
o0
1 (1’7%)
Z (n + 2) Yon+1Pn (u) =0, u € (—1,up) (5. 89)
n=0

n -+ 1,— n+3
Zn+1(1—l~t2n+1)y2n+1p( 2 (u) = Z

(1,-3)
ni1Pn ? )
2 +1ﬂ2 +1 (u)

u € (ug,1). (5. 90)
In contrast to the dual series equations obtained in the electric dipole exci-
tation case, both the dual series equations (5. 87)—(5. 88) and (5. 89)—(5. 90)

are directly amenable to treatment by the Abel integral transform method
and may be transformed reduced to their pre-regularised form

{ZOO ot Y2n]5(%,1)( ), u € (—1,up) (5. 91)
Z 1{B2n+1 +M2n}/2n}P 2, )( )7 UE(UO,l)

N 5(5.0)
> Vop1 Pa? (u) =

n=0
~A(Ll
{ S TnY2n+1PT(L2,O) (u), . u € (=1, u0) (5. 92)
) H(3,0 .
Yo ABont1 + pont1Yons1} Pr(wz ) (w), u € (uo, 1)

and subsequently to the well-conditioned i.s.l.a.e. (second kind Fredholm
matrix equations)

0o 1
(1= tm) Yo — 3 (H2n — tn) Q421 (u0)
n=1

oo

Z Bon Q7 (uo), (5. 93)
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where m =1,2,..., and

oo
A(L
(1= 7m) Yamir = 3 (H2ngr — 1) Qi (o)
n=0
N 5(5,0)
=Y Bonr1Quin (uo), (5. 94)
n=0
where m = 0,1, 2,...; the variables and coefficients have been rescaled so that
1\ T(n) y,Go:
Ynan = = =73~ h2_7 nsy 2n 5. 95
{Ya, Bon} (n+4>1“(n+%){"1}{y2 Bon } ( )
3\ T'(n+3)

1 1
{Y2n+1a BZn-‘rl} = (n + 4> {h7(12 0 } ’ {y2n+17 62n+1} ’ (5 96)

and the parameters

1 ne )2
=1~ nn(r—il——’l—/i) {Ilj‘((n_:— i)) } ’ (5. 97)

3\ (T (n+2))
rnzl—(n+4) {F((TH_i))} , (5. 98)
are asymptotically small: both ¢,, and r, are O (n_Z), as n — 0o.

This completes our brief discussion of magnetic dipole excitation of the cav-
ity. Before leaving this section, we note that the slotted spherical cavity is
symmetrical about the plane z = 0. If the lower cap (in the half space z < 0)
is discarded and replaced by the perfectly conducting infinite plane z = 0, we
may apply image theory to deduce that the excitation of the structure con-
sisting of spherical cap and infinite plane by a vertical electric dipole (axially
located) is described by equation (5. 82), and all the even index coefficients
X5, vanish. Magnetic dipole excitation of the same structure is described by
equation (5. 93) and all the odd index coefficients Ya,, vanish. In both cases
the dipole strength should be doubled, as should all field components.

I'(n+32)

5.3 Dipole Excitation of Doubly-Connected Spherical Shells.

The dipole excitation of a spherical cavity with two equal circular apertures
symmetrically located is closely related to the problems studied in the previous
section. The geometry is shown in Figure 5.11a.

In fact, from a mathematical point of view there is a single change. The
equations to be solved are given by (5. 63)—(5. 66) and (5. 87)—(5. 90),
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Figure 5.11

Dipole excitation of a) a spherical cavity with two equal circular
apertures , and b) a semispherical cavity with a circular aperture,
mounted on a perfectly conducting infinite ground plane.

except for the definition of subintervals on which they hold. Precisely, 6
now denotes the angle subtended by the aperture at the origin (instead of the
angular measure of a spherical cap); also ug = cos 26y.

For vertical electric dipole excitation, the series equations to be solved are

o0 1 1
) (n + 2) (1 ean) 22, PLU () =

n=1
- 1 (1.3)
> (n+ 3 )Pt (), we (=Lug) (5. 99)
n=1
> n+ L (1,3
> T%znpngf (u) =0, u € (ug, 1), (5. 100)

n=1
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and

oo

1 _1
Z (n + 2> (1 —ée2n41) $2n+1P7(zl’ 2) (u) =

n=0

o) 1 a1
}:(n+2>a%H39 D),  ue(-1lug) (5. 101)

n=0

"t (1.-3)
Z Zon+1Pn (u) =0, ué€ (up,1). (5. 102)
ont 1

For vertical magnetic dipole excitation, the series equations to be solved
are

> n -+ 1 17L
Z n L (1= p2n) yznP,(l_f (u) =
n=1
N+ g 1
oL - 16, P13 (1) we (<1ug) (5. 103)
n=1
= 1 1
<” + 2) Yo PUE (1) = 0, u € (u, 1) (5. 104)
n=1
and
> n -+ % (1 _l)
1- n n Pn C2 =
Z:O 1 (1 = p2n+t1) Y2nt1 (u)
 n+3 _1
Z 452n+1P7(L1’ 2) (w), we(=1ug) (5.105)
frd n+1
= 1 _1
> (nt3)men PP =0, e ). (5. 106)
n=1

The pair of equations (5. 99)—(5. 100) is formally very similar to (5. 87)—(5.
88); likewise the pair of equations (5. 101)—(5. 102) is formally very similar
to (5. 89)-(5. 90); the same similarity exists between the pairs (5. 103)—(5.
104) and (5. 63)—(5. 64); likewise the same similarity exists between the pairs
(5. 105)—(5. 106) and (5. 65)-(5. 66). For the sake of brevity, we omit details
of the regularisation of equations (5. 99)—(5. 102) and equations (5. 103)—(5.
106) and simply state the i.s.l.a.e. obtained in the standard way.
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For the vertical electric dipole excitation, the i.s.l.a.e. for the even index
coefficients is

(]. —52m) X2m+ZX2n Eon — fn) 62(27 : (’LLO)

n—1,m—1
n=1

f: { - ff’i)m l(uo)}, (5. 107)

where m = 1,2, ..

N

{Xon, A2n} = L(n+3) {h& 1)}

F(n+1) U7t

and the asymptotically small parameter

2
f1 n+i [ Tm+1)
! n(n+sz) |F(n+3)
satisfies f,, = O (n_2), as n — o0; the i.s.l.a.e. for the odd index coefficients
is

{1'27“ a?n}

0
(1 = €2m+1) Xomi1 + Z Xont1 (E2n41 — gn) (2 ) (uo)
n=0

_ZA2n+1{ - (21)(u)}, (5. 108)

where m = 1,2, ..

C(nt2) g ot
{X2n+17A2n+1} = m {hn } {$2n+1,042n+1}

and the asymptotically small parameter

satisfies g, = O (n_Q), as n — o0.

For the vertical magnetic dipole excitation, the i.s.l.a.e. for the even index
coefficients is

(1 - NZm) }/Qm + Z YZn (,u2n - hn) Q(éﬁl) — (UO)
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where m =1,2,...,

_ INT (n+3) ¢, 302
{Yon, Bap} = <”+ 4> Tt {hn—l } {y2n, Bon'},

and the asymptotically small parameter

2
N\ [ T(m+1)
hp,=1-— + = —_—
(” 4) {r (n+1)
satisfies h,, = O (n‘2), as n — oo; the i.s.l.a.e. for the odd index coefficients
is

(1 = pams1) Yo, 11 + Z (€2n+1 = 9n) Yo 11Snm (uo)

n=0
= "B}y {0nm — Sum (uo)}, (5. 110)
n=0

where m =0,1,2,...,
* * 1\? 1
{Bomi1: Yopqr} = | m+ B (m+1)% {Bamy1, Yomy1}
and the asymptotically small parameter

(Do [Ty )’
n—i—% F(n-&-%)

e, =1—

satisfies e, = O (n_g), as n — oo. Furthermore, the functions Sy, (ug) are
defined by (5. 83).

This completes our discussion of dipole excitation of the barrel. Before
leaving this section, we note that the structure is symmetrical about the plane
z = 0. If the lower half (in the half space z < 0) is removed and the remaining
upper part is mounted, as shown in Figure 5.11b, on the perfectly conducting
infinite plane z = 0, we may apply image theory in a very similar fashion to
that described at the end of the previous section to arrive at a regularised
i.s.l.a.e. in which half the desired solution coefficients vanish.

5.4 Plane Wave Diffraction: Perfectly Conducting Slot-
ted Spherical Shell.

It was shown in Section 4.2 that when a perfectly conducting spherical shell
with circular aperture is illuminated by an electromagnetic plane wave, the
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TM and TE modes couple and the final solution form is more complicated
than the situation of axisymmetric excitation by a vertical electric or magnetic
dipole. This may be recognized by comparing the solutions. The excitation of
purely axisymmetric TM modes and TE modes is described by the systems (4.
24) and (4. 62), respectively. Diffraction of normally incident plane wave is
described by the i.s.l.a.e. of the second kind (4. 117)—(4. 118), or equivalently
(4. 138)—(4. 141).

The next level of complexity is found in the spherical shell with two equal
circular holes (the spherical barrel) or with a symmetrical equatorial slot.
Where the structure is excited by a vertical electric or magnetic dipole axially
located, axisymmetry is retained, and an effective solution of some suitable
triple series equations may be developed, based on the techniques of Part I
[1]. One obtains two decoupled i.s.l.a.e. of the second kind for the even and
odd index Fourier coefficients (see Sections 5.2 and 5.3).

Plane wave diffraction from a perfectly conducting slotted spherical shell
presents an intrinsically more complex problem. The TM and TE modes
of the scattered electromagnetic field are inextricably coupled through the
appearance of so-called polarisation constants. Because of its complexity and
importance, we will give rather fuller details of the derivation of the final
solution.

Let us formulate the problem briefly. An incident plane electromagnetic
wave propagating along the positive z-axis is scattered by a spherical shell
with an equatorial slot (see Figure 5.12); the z-axis is the axis of symmetry.
The equatorial slot subtends an angle 26, at the origin; each spherical cap
subtends an angle 8y = m — #;at the origin.

The statement of the problem is quite analogous to that given in Section 4.2.
The only inessential difference is the form of the solution. Thus, formulating
the problem in terms of Debye potentials, we seek the solution as a sum of
incident and scattered potentials in the form

cos ¢ 2n+1 m
= Z D) Py, (kr) P} (cos 6) +

cosg g~ 2ntl G, (ka) Yy (kr), 7 <a
iwr Z et e (G ) 1Tl e

and

sin ¢ 2n+1 i)
=12 Z et w (k1) PL(cos6) +

sin ¢ 2n +1 ‘ Cn (ka) p (kr), T<a
ik2r Z (n+ 1 nFy (cost) {¢n (ka) Gy (kr), 7> a, (5. 112)

where {z,},~ and {y,} - are the unknown sets of Fourier coefficients to
be determined. As in Section 4.2, both {x,} ~, and {y,}, -, lie in lo. The
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= H

Figure 5.12

Plane wave excitation of a slotted spherical cavity.

tangential electric field components vanish at the conducting surface, and both
electric and magnetic field components are continuous across the aperture.
Thus the tangential electric field is continuous on the spherical surface r = a,

ir X B

=i xE (5. 113)
r=a—0 r=a+0

for all # and ¢. Moreover the mixed boundary conditions to be enforced on
the spherical surface r = a are

=i XK
r=a—0

inx E =0, 0€(0,00)U(m—bp,7), (5 114)

r=a+0

=i X H
r=a—0

i x H 0 € (6,7 —6), (5. 115)

r:a+07
for all ¢. The continuity condition is satisfied if Debye potentials obey

o (rU)
or

a(rU)
or

;o V]
r=a+0

r=a—0 r=a+0" (5 116)

r=a—0

for all § and ¢ on the spherical surface r = a.
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Imposing these conditions leads to the coupled systems of triple series equa-

tions
= 2n+1
;m{(l—fn)xn—@n}lﬁ (2) =
1
— idkaCy +Z, z € (
11—z

Sl x 1—=2 1+ 2
- __pl =C C! , S
712::1”(”-1-1) n (%) 2\/14—,2+ Vi1-—z §

> 2n+1 L
E —{(1 - — P, =
n:1n(n+1) {( €n) Tn — an} Py (2)
. 1—=z
—z4kaC’H/1+2, z
and

S (U= )y B} L) =
n(n+1)

S
—

1 142
Eal\/ 1—2’ z€(

o0
2n+1 1 ) [1—z 1+2
7nP :C 7_0 )
;n(n—l—l)y n (2) =iC 112 "*V1i—2
> {0 ) B} L) =
2y () =} ()=

1 1—=2
ST eid
ko ‘N1tz §

where z = cos (), zo = cos (6p),

—1,-2) (5. 117)

(—Z(),Z()) (5 118)

€ (20,1) (5. 119)

~1,-z) (5. 120)

z € (=20, 20)

(5. 121)

€ (20,1) (5. 122)

‘n+1
an = 4" kay!, (ka),  Bn=— - (2n + 1) ¢y, (ka), (5. 123)
and the asymptotically small parameters
!/ !
en = 14 idkq¥n (k) G (ka) (5. 124)
2n+1
fin = 1= = (204 1) ¢, (ka) G, (a) (5. 125)

ka
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satisfy ¢, = O ((n7?)), pn = O ((ka/n)z) as n — oo. In addition, the
constants C; (i = 1,2,3,4) are polarisation constants to be determined subse-
quently.

Making use of the symmetry

Py (=2) = (1" Py (2), (5. 126)

we may split the triple series equations (5. 117)—(5. 119) and (5. 120)—(5.
122) into two independent groups,

> Ton -~ z

Z n+4) {(1 - 5271,) Top — Oégn} P21n (z) =

n:ln n—’_%
7.~ 1—=2
— skaA 1 .12
shaday [T, € (0.1) (5. 128)
ii Py, (2)——éi 2€(0,2) (5. 129)
= (n‘i‘% (n+1)y2n+1 2n+1 4\/@7 s <0 .
i — {(1 = p2nt1) yant1 — Bont1} Ponyy (2) =
—(n+3)(n+1)
1 ~ 1—2z
— Ay —— 1) (5. 130
st T 2 at) G130
and
- Ton+1 1 Avg
o P 2)=—o 2e(0,z 5. 131
;(n+%)(n+1) 21 (2) Vio 2 (0, 20) ( )

> "t {(1 = e2n41) Tant1 — A2np1} Payyy (2) =
no(n+%)(n+1) "
1, ~ [1—=z
— —kaAyy| —— 1 5. 132
2014 1+Zaze(20a) ( )
o~ ntg 1 1 ¢
Yan Py, (2) = ——As———, 2z € (0, 29) (5. 133)
nz::ln n+3) 2 V1—22
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oo

(1 = p2n) Y20 — P2n} Pay (2) =

1 ~ [1—-=z
- — —_— 1 . 134
2kaA4 112 S (207 )’ (5 3 )

where the polarisation constants C;(i = 1,2, 3,4) are replaced by

mCE=yA

n=1

Ay =4(C5— Cy),
g3:4(02+03),

4(01 - 04)7

A
Ay =4(Cy +Cy). (5. 135)

The symmetry of the situation dictates that the systems (5. 127)—(5. 130)
and (5. 131)—(5. 134) are decoupled, so that the spherical harmonics in the
first group scatter independently of the second. The first group (5. 127)-
(5. 130) consists of even spherical harmonics of TM type and odd spherical
harmonics of TE type that are coupled solely through the presence of the
modified polarisation constants A; and Aj. Likewise, the presence of the
modified polarisation constants Az and A, is responsible for the coupling of
the odd spherical harmonics of TM type and even spherical harmonics of TE
type in the second group (5. 131)—(5. 134).

‘We now make use of the relation between the associated Legendre functions

1 . . (1,:‘:%)
P, and the Jacobi polynomials P, ,

M

Pl (2) = <n+ ;) (1-2)? PP (), (5. 136)

Py (2) = f(n+2)( — ) P () (5. 137)

where u = 222 — 1, to transform the groups (5. 127)—(5. 130) and (5. 131)—(5.
134) to functional equations in the variable u € (—1,1). Setting ug = 228 — 1
we obtain

)

(k@ixjp“’z)( )= Ay, we (~1,up) (5. 138)

n=1

1,1
4 { 1 - 5277,) Top — a2n}P7(lff) (’LL) =

_
|
£
(]
S
3|+
=

1

. . .
;kaAg{l—( ;“) } we (ug,1) (5. 139)
oo 3

n 4+ 1,-1 7~
(1—u)n§:O +1y2n+1P( 2’@):-1141, we (—1lug) (5. 140)
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oo

1 1,—%
(1—u) Z T (1 = p2n+1) Yont1 — Pont1} pt?) (u)

n=0
1 ~ 14+u 3
__2ImA2{1_< 5 > },ue(uo,l) (5. 141)

(1-u)} ffj:ll PR (w) = Ay, we (<1, u0) (5. 142)

and

n + % (117%)
(1—u)) {(1 —e2nt1) Tong1 —aznia} Po” 27 (u)

;kal4{1(1;”) } u€ (up,1) (5. 143)

ad n+ L (1,1) 7~
(1—u) 7;:1 - Lyon P37 (u) = —1A3, u € (—1,up) (5. 144)
Z(X’ 1 (1.3)
1 - - 1 - n n n P 72
u Z n M2 y2 — B2 } ( )

2/10/4 {1_<1;u>_2}7 u € (ug,1). (5. 145)

The series (5. 138)—(5. 145) have relatively good convergence rates. The
terms of the series in (5. 138), (5. 141), (5. 142) and (5. 145) are O (n‘g>

as n — 00; the terms in the remaining are O (n’%) as n — 00. Thus all the

series converge uniformly, and term-by-term integration is justified; term-by-
term differentiation is justified for the more rapidly convergent series. The
treatment of the pairs (5. 142)—(5. 143) and (5. 144)—(5. 145) is quite similar
to that of (5. 138)—(5. 139), but the dual series equations (5. 140)—(5. 141)
warrant special consideration.

We first consider the pair (5. 138)—(5. 139), differentiating both sides of
the first equation according to the result

d Ly 0.%)
- [(1 —w) P2 (y )} = P (), (5. 146)
to obtain
ngnP(o’z) = 0,u € (=1, up). (5. 147)
n=1
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Equation (5. 147) is equivalent to (5. 138) provided we retain information
about the constant A;. This is most conveniently done by evaluating the
uniformly convergent series (5. 138) at the point u = ug to obtain

A=(1-u)) = T2 pa) )y (5. 148)
n=1
The Abel integral transform technique may now be applied in the usual

way to (5. 147) and (5. 139). The relevant integral representations for the
kernels of both equations

POY ()= (1 +u)?

I (n+2) / (1+a) P @) 1. (5. 149)

r(Hr(n+1) (u— ;%

and

dz (5. 150)

I (n+1) / (1-2)% P2 (@)
L(3)0(n+3) (

1

T —u)?

are substituted into (5. 147) and (5. 139), respectively. The order of sum-

mation and integration may be interchanged (uniform convergence of these
. . 3

series being ensured by the decay rate O (n_i) of the terms as n — ©0).

The resulting Abel integral equations are readily inverted (by the standard
inversion formulae) to obtain the following pre-regularised system employing
the rescaled coeflicients

Nl=

{X2na AQrL} =

n+iT(n+1)
471’{

2)

" S } {z2n, a2n}, (5. 151)

.1
£

in the form

_ Fi(u), we(—1,u)
F(u)—{Fz(u)7 UG(UO’IO)’ (5. 152)

where F' is the continuous function (on (—1,1))

Fu)=(1—u)?(1 Z Xon P2V () (5. 153)
Fi(u=(1-u)?(1 Zint Y (), (5. 154)
Fy (u) = ' kad, (1-— u)% +

NG
1 19

(1—u)? (1+u) . (Xaneon + A2a) P2V (w), (5. 155)
n=1
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and the asymptotically small parameter

tn=1—"(n+§){r(n+é)} (5. 156)

n+1 I'(n+1)

satisfies ¢, = O (n™2), as n — oo.
1
The family {P(z’l)} is orthonormal, with weight (1 — x)
(—1,1): -

Nl

(1+z), on

Nl

1 1 1
/ (1-2)% (1+2) BV (2) B2V (2) do = G-

-1
Exploiting orthonormality transforms functional equation (5. 152) into the
second kind i.s.l.a.e. for the unknowns Xo,,,

(1 -t )X2m + Z X2n tn - 5271) Q’EL2 1)m 1 (UO)

n=1
(3.1) , 2\? -
:ZA%Q” 11 (o) = ika | = ) Ao (ug), (5. 157)

where m =1,2,... and

e

S (uo) =

3 ~(2.0

2 fmmed)

In terms of unknowns Xs,, the constant A (see [5. 148]) takes the form

A= Z_:l annl Fin + 1)) P2t (o) (5. 159)

Because the dual series equations (5. 138)—(5. 139) and (5. 140)—(5. 141)
are coupled through the constants Ajand EQ, the system (5. 157) together
with condition (5. 159) is not soluble without taking account of the pair (5.
140)—(5. 141). We thus consider the regularisation of this pair.

Rearrange (5. 140) as

1 n—|— (1,-1) 1 A
(1+wu) 2 Yo Pn Y (W) =
Z n+1 Y1-uw)(1+u)?

ue (=1,u). (5. 160)

)

Apply fractional integration both sides of this equation using the formulae
(see formula [1.172] of Part I)

P A @ TR g
/71 (u—1)? i“(n+1) P2 (u) (5. 161)
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and

“ dx T .
/_1 (1-12) (ufx)(ler)_ﬁ(l_u) (5. 162)
to obtain
s 3\ T (n+1 . D 7oN3

n=0

ue (=1,u). (5.163)

Further transformation of (5. 163) and (5. 141) follows the same steps used
to obtain equation (5. 152) and produces

Gl (u) ; u € (_17u0)

G (u) = { G (1), w € (g, 1) (5. 164)
where the rescaled variables
_T(+1) 1,303
{Yony1, Bony1} = m {hn } {y2n+1, Bont1} (5. 165)
are employed,
Gu) = (1w Yo PO (u), (5. 166)
n=0
/9N 3 0o
i ~ 1 (1
Gilu)=—7 <7r> Ao ;%nﬂqna&?’” (W), (5. 167)
A [V vi=a
Gy (u) = —= (27) 2 log |~ ——
2 (1) = = 52 2m) log | Y20
1 s A(Ll
(1—u)? Z (Yont1p2n41 + Bant1) BY (u), (5. 168)
n=0

and the asymptotically small parameter

2
I'(n+3)
5. 169
D) { T(n+ 1) (5. 169)
satisfies ¢, = O (n™?), as n — oo.

Because the sequence {y2n+1}fb°=0 lies in [y, the relation (5. 165) implies
that {Ya,41},., lies in I3 (2). Uniform convergence of the series (5. 167)
defining the function G implies its continuity at the point u = ug, i.e.,

n

3 el

_|_
qn_l_(n—l— )(

N

G1 (UO) = G2 (uo) . (5 170)
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Thus, the equations (5. 140)—(5. 141) are transformed to the second kind
i.sla.e.

(1 ) Yomss 3 Yoo (n — izns) QY (o) =
n=0
= A (L i/m\3 ~
> B Qi (w0) = 5 () Vin (1) Ar+
n=0
/A{ 1 2 \/1 - m
22 (2m)72 { 2V, (uo) log V2 fol Win (o) :
2ka V14 ug \/(m—i—%)(m—l—l)
(5. 171)
where m =0,1,2,..., and
A(—5.1)
1 Pz
Vi (1) J;“‘) (w) (5. 172)
\/(m—|— ) (m+1)
_ 3 5(3
Wi (1) = <1 2“0> L (5. 173)
Vm+5) (m+1)

Furthermore, the system (5. 171) must be supplemented by the condition
imposed by the continuity of G (see (5. 170)),

1

i(m\z ~ (2m)7 2
1(5) A - 2ka log

\/§+\/1—U0]
Ay =
1+ ug

\/ﬁz_% <n+;> (n 4+ 1) {Y2n41 (@n — p2ns1) — Bony1} Wa (uo) (5. 174)

The solution of the system comprising equations (5. 157) and (5. 171) com-
bined with equations (5. 159) and (5. 174) completely specifies the scattering
by a slotted sphere of even harmonics of TM type coupled to odd harmonics
of TE type.

From the computational point of view some additional analytic manipula-
tion of the obtained equations is desirable. Although the unknowns {Ya,4+1 }20:0
should lie in the functional class I3 (2), how well their numerical approxima-
tions obey the same requirement depends strongly on how accurately the
relation (5. 174) is fulfilled numerically.

Let us make an analytic rearrangement so that the solution automatically
lies in I (2). Use (5. 174) to express Ay in terms of Ajand {Yont1},—, and
substitute into (5. 171). Use the property of the incomplete scalar product
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Aﬁmﬁ) (see Appendix B.6 of Part I),

[N

AHO () = — L0 L+ 10) pdy () pGhO) ()
\/(m + %) (m+1)
(n+3)(n+1) 11
' \/(m+ N )

that may also be expressed (see [5. 172] and [5. 173]) as

Introducing the rescaled unknowns

- - 1
{Y2n+1, 32n+1} = \/(n + 2> (n+ 1) {Yont1, Bont1}

we may state the final form of the second kind i.s.l.a.e. as

(1= ¢m) Yoms1 + Z Yont1 (g = Han+1) Rum (uo)
n=0

= —igli)m (’LL()) + Z B2n+1an (UO) )

n=0
where m =0,1,... and

Wn (Uo) Wm (Uo)
log[(\/i—&-\/l—uo)/\/l—i—uo}’
(T 3 W (uo)
(I)m<u0)_(2) 4log[(\/§+\/1—u0)/\/1+u0]-

A(_1
an (uO) - 5Lm271) (UO) - \/§

In the rearrangement (5. 177) it is now obvious that {f@mﬂ}

m=

(5.

(5.

175)

. 176)

. 177)

178)

(5. 179)

. 180)

belongs
0

to the functional class I3, and so {anH}fLo:O € I3 (2). Thus, the final solution
now consists of equations (5. 178), (5. 157) and relations (5. 159) and (5.
174). Tt is convenient to represent the very last relation (5. 174) in terms of
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Y2n+17 B2n+1 as

1

i (TN~ (2m) 2
1(5) AL - 2ka log

f+m
VI+uo

= \[Z {Y2n+1 — M2nt1) — an+1} Wi (ug) . (5. 181)

Let us now turn to the equations (5. 142)—(5. 145) describing the scattering
of odd harmonics of TM type that are coupled to even harmonics of TE type.
They are solved in a manner similar to that which was used to obtain the
is.la.e. (5. 157) with the additional relation (5. 159), and so we supply an
abridged description of their solution. According to this scheme equations (5.
142) and (5. 143) are first transformed to their pre-regularised form

1w} S Koo P () = {Hl (w), we (ZLuo) 5 g9

—~ Hs (u), u € (ug, 1)
where -
1 (1
H1 ('LL) = (]_ — 7_1,)2 Z X2n+1pnp7’(b2,0) (U)
n=0
and
. 7=
Ha () = —— " kalog | V2V 54
2 (2m)? Vitu
% > 5(3:0)
(1—-w) Z (Xon+1€2n+41 + A2nt1) Pr? (u),
n=0
with the additional relation
~ > Toan+1 p(1,—1)
Az = (1— —— P, 2 . 5. 183
0= (1= u0) 32 TR (o) (5. 183)

In terms of the rescaled variables

3\ T(n+1) (, (202
Xoni1, Ao = — | —/——=5 1 ha*’ n+1, ¥2n
{Xont1, Aont1} <n+4>f‘(n+g){ } {Zon+t1, ont1}

the second kind i.s.l.a.e. is

o . 1’0
(1 - pm) X2m+1 + ZX2n+1 (QH - 52n+1) ngrf;n ) (UO)
n=0
ika
———— Ko (uo) A4+ZA2n+1Q 29 (), (5. 184)
2 (2’/T) 2 n=0
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where m =0,1,2,...,

_ 137([571) (uo) V2 + V1 —ug
Km<uo>——(1+uo)\/(m+é)(m+l)1° VIt
1—wup\?2 pv(né’ ) (uo)
(5 e

2
3\ ' [T (n+3)
po=1-(n+3) {r<n+1> (5. 156)
obeys pn:O(n_Q),asn—m)o.

Again, in a similar way, equations (5. 144)—(5. 145) may be transformed
to the functional equations

(1) Z Yo P30 ( { I;Z%’, “uee(a;’“lo)) (5. 187)

where -
Ky ()= (1—w)? Y Yaura P2 ()
n=1
and
A 1 24+ V1 —
Ko (u) = v (1fu)% V2log u
2ka /7 Vitu
3 e A (3
+(1=w)? > (Yaupton + Ban) P2V ()
n=1
with the additional relation
Z {(1 — pon) yon — B2 }P (13) (1) = —LAVAL (5. 188)
n n n -1 Ska . .

Then (5. 187) is transformed in the usual way, with the rescaling of variables

n—1T(n+2) {

anBn =
{¥2 2n} n I‘(n+2)

} {y2n, Ban}

into the second kind i.s.l.a.e.

(o)
A (2,0
(1 - TWL) }/2m + Z YVQn (rn - M?n) Q£L2_17)m,_1 (UO) =

n=1

1 [/2\? ,
ha <7r> (uo) As + Z anQEf Lm—1 (u0), (5. 189)

n=1
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and the asymptotically small parameter

rn:1—< 1) n I'(n+HT (n+32) (5. 191)

") a T IThr )Tt 2)

satisfies r, = O (n™2), as n — oo.

This concludes our analysis of plane wave diffraction from the slotted spher-
ical shell. These mathematical tools are equally applicable to plane wave scat-
tering from the spherical barrel (the cavity with two symmetrically located
circular apertures ) and many other related problems. The apparent com-
plexity of the solution presented is rewarded by a system of well-conditioned
equations for which a stable numerical scheme of well-defined accuracy over
a wide frequency range is easily implemented.

5.5 Magnetic Dipole Excitation of an Open Spherical
Resonator.

In this section we consider a pair of related electromagnetic problems, hor-
izontal magnetic dipole excitation of an open spherical resonator, and hori-
zontal electric dipole excitation of a grounded barrel-type open spherical shell.
The geometry is shown in Figure 5.13. In contrast to the problems studied
in Sections 5.2 and 5.3, there is mutual coupling of TM and TE modes in the
scattered electromagnetic field. As the figure suggests, the solution to both
problems relies on the image principle.

Since the solutions to both problems have many similarities, we restrict
attention to the first and consider only the excitation by a magnetic horizontal
dipole of an open resonator formed by an infinite metallic plane and spherical
cap (or mirror). As we shall see, the standard formulation of this problem
leads to a system of equations that is very similar to that encountered in the
previous section, so that the regularised solution format may immediately be
deduced.

Let the ground plane be z = 0, and suppose that the structure is axisymmet-
rical about the z-axis. Suppose the cap has radius of curvature a and subtends
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Figure 5.13
Dipole excitation of various spherical cavities.

an angle 6y at the origin. The dipole is located in the upper half-space on the
axis of symmetry, and we may suppose that its moment p’is aligned with the
positive z-axis. We shall employ spherical coordinates, centred at the origin.
The real physical structure is located in the upper half-space. It is equivalent,
after removal of the infinite metallic plane, to the structure obtained by the
addition of the mirror image of the cap in the plane z = 0, and of a dipole
of moment —p’ located at the image point in the lower half space. Thus the
initially posed problem is equivalent to the excitation, by a pair of horizontal
magnetic dipoles, of a spherical cavity in which an equatorial slot has been
removed as shown on Figure 5.13a.

Let us formulate the problem in terms of electric U and magnetic V' Debye
potentials. The potentials associated with the horizontal magnetic dipole and
its image may be expressed as

U'=Ut+U", VO=VvT4+V- (5. 192)
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where

m
VE = — cospx

rd
o ()L G (kd) by (kr), v < d
;(:tl) A, P} (cose){% (hd) G, (k). 7> d, (5. 193)
Ut = —% sin ¢ x

3 (£1)"* 4,P) (cos@){qi:’l EZ?)Z’:((::)) :;‘l{ (5. 194)

and the plus and minus signs refer to the potentials generated by the dipoles in
the upper and lower half space, respectively; asusual A, = 2n+1) /n(n+1).
Thus

iﬁ
rd
I S G (k) Yo (k) 7 < d

- =+ P 0 n+1 n-+ 5 5195
7;) (n + %) (TL + 1) et (COS ) {wén-&-l (kd) <2n+1 (k?"), r > d ( )

VO =2— cos ¢x

and

U° = 2 sin o x
rd

S n4l Con (kd) oy, (kr),r < d
;n(n +4%)7P21n (cos@){wzn (k) C22n ryor>d. & 196)

In the limit when d — 0, we obtain a model of a magnetic slot in the plane
and the representations (5. 195)—(5. 196) simplify to
imk

Vo= 2——G (kr) sin 6 cos ¢, Ul =o. (5. 197)

One may justify that the tangential electric field components vanish on the
plane z = 0,

E, (7‘, gqﬁ) = B, (7’, gqﬁ) —0. (5. 198)

It is quite clear from the problem symmetry that the scattered electromagnetic
field comprises only odd oscillations of TE type and even oscillations of TM
type. Thus we seek the scattered potentials in the form

imk
Ve = 2% COS X

> n+32 1 Yont1 (kr), r<a
——————ban1P5, 4 (cosf i (ka
7;0 (n+ %) (n+ 1) 2n4+1479 +1( ){ Té_’;rll((il’ja))gznﬂ (kr), ">a
(5. 199)
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k
U = 2% gin g x
T

° n—|—% L Yo, (k1) , r<a
——=—aa, Ps, (cosf a) 5. 200
> et | A (3G 0w

Imposition of the boundary conditions on surface r = a leads to the fol-
lowing two systems of dual series equations, coupled through polarisation con-
stants Byand Bs, to be solved for rescaled coefficients {2, }, - ; and {yan+1},—q

Ton 1 z
2 p = A4By——, e (0, 5. 201
oo n l
Z ( 4; {l'Qn (1 - 52”) - 05271} P21n (Z)
n=1 2
— ke (222)7) s o) (5. 202)
- 1 1+ 2 ) 05 .
and
i i Py (2) B €(0,z) (5. 203)
)= z Z .
: % +1)y2n+1 2n+1 mv 5 <0

%) Pln .
nz::o {W2nt1 (1= p2ns1) = Bonsa} (n‘*‘zégﬂ(iil)

1
4 1—2\2
= Z%Bl (1 T Z) , 2 € (Z(], 1) (5 204)

where zg = cos 6y,

Con (Ka)

Gon = ~p —— Tom, ban+1 = Can+1 (ka) yant1 (5. 205)
and the asymptotically small parameters are defined by
/ !
e, =14 i4kaM,
2n+1
[y =1— é (2n + 1), (ka) G, (ka) . (5. 206)
Furthermore,
n (kd
Qopn = i4ka w2 ( )CQn( )7

_ i Yoni1 ()
62n+1 - ka (4n + 3) kd

The regularisation of this system is very similar to that considered in the
previous section, and so the details are omitted.

Cont1 (ka). (5. 207)
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Figure 5.14
An open resonator composed of spherical and disc mirrors.

5.6 Open Resonators Composed of Spherical and Disc
Mirrors.

In the previous section, an open spherical resonator with a plane mirror of
infinite extent was considered; in this section the mirror is replaced by a finite
disc. There are extensive studies of this type of resonator and a comprehensive
treatment is beyond the scope of this book. The aim of this section is to
illustrate how the rigorous approach developed in this book may be applied
to such problems, and we restrict ourselves to the simplest configuration shown
in Figure 5.14.

The upper mirror is composed of part of a spherical surface with radius of
curvature b and angular extent 6, so that its location is described in spherical
polar coordinates by {(r,0,¢)| r =b, 0 < 6 < 65,0 < ¢ < 27 ; the lower
mirror is a thin metallic circular disc of radius a, lying in the half-plane z = h,
where h > 0.

For the sake of simplicity we excite the open resonator by a vertical electric
dipole (VED), of moment p = p?, located a distance d, from the origin O
along the axis of symmetry (the z-axis). The VED produces an axisymmetric
electromagnetic field of TM type; by virtue of the axial symmetry of the
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resonator, the scattered electromagnetic field is of the same type, i.e., it is
axially symmetric.

We will need to consider spherical and cylindrical coordinates with a com-
mon origin O aligned so that the positive z-axis corresponds to the half-line
6 = 0. In spherical coordinates three components (H,, Hp, Ey) of an axisym-
metric electromagnetic field of TM type vanish (see Chapter 1), and the field
is described by the remaining three (E,, Eg, Hy); in cylindrical coordinates
the three vanishing components are (H,, H,, Ey) and the field is described
by the remaining three (E,, Hy, E.). In both cases the electric components
(Er, Eyg) are simply expressed in terms of the magnetic component Hyg, and
it is sufficient to solve any TM scattering problem in terms of this component
alone.

In cylindrical coordinates, it can be readily shown that the electromagnetic
fE}d of the VED is described by the z-component of an electric Hertz vector

Y = ng> where

o 0 o= VIT=EZ|z—d|
II; =p  ————————
z 0 /12 — k2

where Im (\/ V2 — kz) < 0 when v < k. Due to the well-known relation between
—
II° and the electromagnetic field,

vJy (vp)dv, (5. 208)

N — —
H = —ikcurlll®, E = curlcurlIl’, (5. 209)
the nonvanishing components are

o11° 0 ef\/u27k2|zfd\
z

11
HY =ik = —ik — 2T (vp)dv 5. 210
¢ ap p 0 72 1(vp) ( )
aQHO o 2 2
EY= =2 =5 —d TRk lE=dl2 g d 5. 211
2= G = sian e —d) [ AT wp)dv (5. 210)

1 110 00 L —v12—k2|z—d|
FO — _72 ( 0 2> =p € V2 Jo (vp) dv. (5. 212)
0

=T oo \"op N

In spherical coordinates the nonvanishing components of the dipolar elec-
tromagnetic field are

_ Pk Lo (kd) Co (BT) 7 > d
0 K SN o 1) Pl (eosy d Y (R G (kr) r > d
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o ipk?

r T T3 X
(kr)? (kd)

(5. 215)

Z n(n+1)(2n+1) P! (cosf) { éin(gfg)zfs ((]f:)) ,’: <>c;l

It is convenient to represent the component Hy of the total field as a super-
position of the incident component Hg and contributions from the spherical

mirror H(; and disc Hg in the form
Hy=H)+ Hj+ HY, (5. 216)

where Hg is defined in (210)—(212) and (5. 213)—(5. 215), the spherical mirror
contribution is sought in the form

pk? & 1 P, (kr) r<b
H; = — 2 1a,P, !
8= T 2 (Bt L anky (cosf) {w; (kb) G (k) /L (kD) , 7> b,
(5. 217)
and the disc contribution is sought in the form
Hg = —ik?sign (z — h)/ g ) Ji (vp) e VIRl =Rl gy, (5. 218)
0

The unknown modal coefficients {a,} -, and unknown spectral function g
are to be determined subsequently by the requirements that the solution form
satisfies Maxwell’s equations, radiation conditions at infinity, and continuity
conditions for tangential electric field components on the boundary surfaces
r =band z = h. The edge condition (see Section 1.5) determines the class in
which the solution coefficients a,, and function g lie.

The pertinent mixed boundary conditions are

By (b+0,0)=Eg(b—0,0) =0, 6¢(0,6) (5. 219)
H,(b+0,0)=H,(b—0,0), 0 € (6p,m) (5. 220)
E,(p,h+0)=E,(p,h—0)=0, p<a (5. 221)
Hy (p,h+0)=Hy (p,h—0), p > a. (5. 222)

In order to effect these boundary conditions the basic solutions in spherical
coordinates for Maxwell’s equations must be re-expressed in cylindrical coor-
dinate format and vice versa. The general principle was enunciated in Section
2.9 of Part I [1], and the integro-series equations that arise in the electrostatic
analogue of the above structure were as analysed by these methods in Section
8.5 of Part 1.

We first examine the dual integral equations that arise from the enforcement
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of the mixed boundary conditions (5. 216) and (5. 217),

/ g W) V2 —k2J; (vp)dv = % / e VIR L2 T (bp) dv+
0

ik (2n k 22 R , a
> s ot 1 (Wi 2) B ()| e
(5. 223)
/000 g () Ji(vp)dv =0, p > a. (5. 224)

To re-expand the spherical wave harmonics on the right-hand side of (5. 218)
as cylindrical wave functions or, more accurately, as a Fourier-Bessel integral,
we make use of the two results (see [24])

/N
ST
——
eI
—~
T
—_
N
S
<
s i
+ | o
Bl
ST
Fr
ol
/N
—
<
o
R
—
|
N—————
=
J’_
()
+
N
3
/N
—
Q
+
<
[N}
S—
[V
—

a? +y?) + a2
L puts 1
= /O - xQ)% sin (a (1 2) z) C;Zif) ((1 — x2) 2) T, (zy) ()% d
(5. 225)
and
T\ D" ed o o 2y}
(5) WCQ” ’ m Jutison ((04 +y?) )
1 xu-i—% 1 N . l
= /O mcos (a (1- ;52)2) olets) ((1 —z?) 2) T, (zy) (zy)? da,
(5. 226)

where ultraspherical polynomials Céy) are related to the associated Legendre

functions P,E 11 7) by

1
3 2 + 2\ 2
Cérgz) - T | = (y - ) P21n+1 “ g
(2 + a2)? y (2 +a2)?

2 2\ 3
055)1< - 1>=(y +o) P§n< “ 1). (5. 227)
(y2+a2)2 Yy (y2+a2)2

Thus the spherical wave harmonics on the right-hand side of (5. 218) may
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be expanded in the surprisingly simple form

dd [”"“ (k07 2) i (W )
(_

n—1 k 1
1}1/0 dv-vPy, ((1 - y2/k2)§) J1 (vp) x

Cos ((1 - 1/2/k2)% k;h) ,1=0
sin (1= v2/k2) " kh) 1=

Thus the dual integral equations (5. 218)—(5. 219) may be rearranged in the
compact and elegant form

/Omug@)u—s(v,kwl(up) / VIR L2 T (1) du

z=

(5. 228)

/ {Z (2n+ 1) anoy, (v, k; h)} vJy (vp)dv, p<a, (5. 229)
n=1

/000 g () Ji (vp)dv =0, p>a, (5. 230)

where

cmn=<—1f/1aw(¢k2—v%01%n<”kij”2>, (5. 231)

B2 5,2
Font1 = (1) sin <\//€2 - 1/2h> P, <kk”> (5. 232)

Now as usual in the regularisation method, we identify the parameter

el k) = LYV =R (5. 233)

v

that is asymptotically small: € (v, k) = O (kz/VQ), as v — o0.

The edge condition demands that g belongs to Ly (0,00) and justifies the
validity of subsequent transformations on dual integral equations in this sec-
tion. Employing the Abel integral transform method (as explained in Section
2.6 of Part I) leads to the pair of functional equations

| e gy o= [T vig0)e ) 3y woav
0 0

+%/ e*“’LkQ(d*h)l/%J% (vp) dv

+ %/ {Z (2n+1) anan} I/%J% (vp)dv, p<a, (5. 234)
0 n=1
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/ I/%g (v) J% (vp)dv =0, p>a. (5. 235)
0

Further transformation of (5. 229)—(5. 230) uses the Fourier-Bessel trans-
form and the representation of the unknown function g in a Neumann series

oo

g () = (ua) 2 Y (45 +5)2 yudyyy 5 (na), (5. 236)
s=0

where {y,} o0, € lo. We use also the discontinuous Weber-Schafheitlin integral
(see [23])

oo _1 3 (370) 2/, 2
/ Js (up) Jory 5 (na) dp = a (pfa)? B (1—2p /a),p<a
o 2 0, p>a

(5. 237)
that implies the important result

[ or o { [ ) Dy )t dp = g ). (5. 238)
0 0

Finally the dual integral equations are transformed into the second kind
i.s.l.a.e.

Y — Zaslys - Z 62nlan =M, (5 239)
s=0 n=1

where [ =0,1,2,...,

e (v, k)

g = [(45 + 5) (41 + 5))* /O N agrs (va) Jyy s (va)dy, (5. 240)

SIS

k
B = iad (4+5)F 2n+1) / Ou (v, b, B v E s (va)dv, (5. 241)
0

and )

N = % (41 +5) 3 / —VVP=k?(d=h) 3 Jorps (va)dv. (5. 242)

Enforcing the mixed boundary conditions (5. 214), (5. 215) leads to the
following dual series equations that hold providing that the disc does not
intersect the spherical mirror (so bcosfy > h),

Z 2n + 1) apt!, (kb) P} (cos6) =
n=1

dv

* / g (l/) e\/u2—k2h {d [le (V’I“ sin 0) e—\/vz—kzrcos 0} }
0 dr b

k

; n+ 1) wnd) D 1 (kb) P (cos6), 6 € (0,05) (5. 243)
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i (2n+1) anw =0, 0€(f,m). (5. 244)

n=1

We exclude the case in which the disc intersects the spherical mirror (bcos 6y < h)
from further consideration. Start the formal re-expansion via

F(v,k;0) =
eV ”Lkzhﬁ [rJl (vrsin ) e*V"Lkz”OSG} . bcosby > h
e~V ”Lthd—dT [rJl (vrsinf) eV "2*’“2“3059} . bcosby < h

1N 2 1
= ann (v, k) P} (cos) (5. 245)

where .
zn (1, k) :/ F (v, k;0) P} (cos ) sin 6d6. (5. 246)
0

Then transform (5. 238)—(5. 239) to

n (kd) _,
ZTp (1= cos@ =ikb ¢ (kb P cosf
R e ) 0 v s

2n+1
_ kbz nnt D) {Zys sn} (cosf), 6€(0,60), (5. 247)

= 41 1
> b s, € om), (5. 248)
where "
o ) 5 210
n(n+1)
4s+5)2 .
Ao = w/ v 2 doey 5 (va)zn (v, k) dv (5. 250)
a2 0 2
and the asymptotically small parameter
2n+1
n =14 ikb——— (kb) (. (kb 951

satisfies €, = O ((kb/n)z) as n — 00.

In the customary way we may transform equations (5. 242)—(5. 243) to the
second kind i.s.la.e. (noting that {x,} -, € l2),

— f: Tnen QL (00) + i Yntnm = Z R,QY) (6 (5. 252)
n=1 n=0
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where m =1,2,..., and

Qno (o)

lelrzl (90) = C'271m (90) - Qoo (90) Q()m (9()), (5 253)
eSS oo
tpm = Zkb; s (S T 1)Anstm (90) ) (5 254)
. n (kd)
Ry = ikb(2n + 1) w(k;)z)gn (kb). (5. 255)

Taking into account (5. 244) we may rearrange (5. 234) in the form

Um = D Cnm¥n = O BhimTn = Y, (5. 256)
n=0 n=1
where m =0,1,2,..., and
. G (KD)
= . 5. 257

Thus, the originally stated problem is reduced to a coupled pair of second
kind i.s.l.a.e. for the unknowns x,, and y,, that are amenable to standard
numerical solution techniques employing truncation methods.
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Chapter 6

Spherical Cavities with Spherical
Dielectric Inclusions.

In this chapter we consider electromagnetic diffraction from cavity structures
that contain dielectric obstacles. In common with previous chapters, a rigor-
ous treatment based upon regularisation methods is possible in the context
of spherical geometry, so that we shall consider spherical shell cavities with
spherically symmetric dielectric inclusions. Our choice of problems is con-
strained to a few but characteristic situations that arise frequently in practical
applications.

The first, examined in Section 6.1, concerns the resonant heating of bodies
with absorbing properties; thus, instead of the scattered field, the quantity of
greatest interest is the electromagnetic energy coupled to the cavity region.

The second concerns the reflectivity of dielectric spheres partially screened
by a metallic spherical shell. In Sections 6.2 and 6.3, we consider homogeneous
dielectric spheres and multi-layer structures consisting of homogeneous dielec-
tric shells. If several suitably graded dielectric layers are employed, a model
of the Luneberg lens is obtained, and so a rigorous theory of the so-called
Luneberg lens reflector is obtained.

Whilst this selection of problems is not exhaustive, it indicates the scope and
applicability of regularisation methods for various configurations of dielectric
loaded metallic structures.

6.1 Resonant Cavity Heating of a Small Lossy Dielectric
Sphere.

Consider a perfectly conducting spherical cavity of radius b containing a
small lossy dielectric sphere, concentrically located and of radius a. In this
section we examine the coupling of electromagnetic waves to the cavity re-
gion and calculate the energy absorbed by the dielectric sphere. The ab-
sorbed energy manifests itself as heat, and it is of great practical interest to
design structures that are effective for heating purposes, particularly in the
microwave regime. We shall excite the cavity by a vertical electric dipole
(VED) located outside the cavity at a distance d, along the axis of rotational
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Figure 6.1

Spherical cavity containing a concentrically located small lossy di-
electric sphere, excited by a dipole source.

symmetry. The geometry is illustrated in Figure 6.1.

Suppose the sphere is composed of homogeneous material of relative per-
mittivity €, relative permeability p and conductivity o. The angle subtended
at the centre of the cavity by the aperture is #; = m — 6. The structure is
excited by the spherical wave radiated by a VED of moment p located along
the z-axis at the point given by r = d, 6 = .

The electromagnetic field of the VED is described by the Debye potential
(see Chapter 1)

U%r,0) = ipk{ i "(2n+1) P, (cos ) x
k2 (kod)®
U (kor) G (kod) , 7 < d 6. 1)
Cn (ko) n (Kod) , 7> d )

where kg = w/c. Here and henceforth the time harmonic dependence factor
exp (—iwt) is suppressed.

Subdivide the space into three regions, where regions I, IT and III comprise
the interior of the dielectric sphere (r < a), the interior of the cavity excluding
the dielectric sphere (¢ < r < b), and the exterior of the cavity (r > b),
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respectively. In each region we seek the total field in the form

Ul(r,0) = kgT :O (—1)" (20 + 1) 2ptbn (kr) Py (cos6) (6. 2)
U(r,0) =
koigzr 2 (=1)" (20 + 1) {gnthn (kor) + 20Cn (kor)} Pa (cos8), (6. 3)
and
U (r,0) = U°(r, 0) + kg;r nﬁ; (—1)™ (20 + 1) vnCo (k7) Py (cos ), (6. 4)
where
k* = k2 (ue +ip (o/eow)). (6. 5)

We suppose henceforth that ;1 = 1. The enforcement of continuity of electric
and magnetic flux densities across the surface of the dielectric sphere requires

kU (a,0) = k32U (a,6) (6. 6)
and 5 5
v I _ Y Ir
o U =g (U] (6. 7)

for all § € (0, 7). Thus the coefficients y,, and z, may be expressed in terms
of x,, as

Yn = —iQn$n7 Zn = _isnxn (6 8)

where
@n = Ve (ka) ¢, (koa) — ¥y, (ka) Gu (koa) (6. 9)
$n = ¥ (koa) ¥, (ka) — Ve, (koa) ¥y (ka). (6. 10)

The mixed boundary conditions to be enforced on the surface r = b are
EM(b,0) = EHI(b,0) =0, 6 €(0,6)) (6. 11)
and

H(b,0) = H'(b,6) =0, 6 (6o,m). (6. 12)

It follows from the continuity conditions that the tangential electric field com-
ponent Ey is continuous on the complete spherical surface r = b,

Ef (b,0) = B} (b,0),  0€(0,7),
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so that

¥n, (kob)} ¥n (kob )Cn (kod) . (6. 13)

G, (Kob) ¢ (Kob)

Imposition of the boundary conditions (6. 11) and (6. 12) now leads to the
following dual series equations to be solved for the unknowns x,,

Up = —1Tn {Sn —4n

S (1) 20+ 1) {gu, (kob) + Gl (kob)} 2, Py (cos )

n=0

=0, 0e(0,6) (6.14)

an
ACH z, P! (cos )

=, n Cn (Kod)
=iy (-1)"(2n+1) %(kob)P}L (cos®), 6¢€ (by,m). (6.15)

We now use the method of regularisation described in Chapter 2 of Part I
[1] to transform this set of dual series equations to the i.s.l.a.e. of second kind

n=0

=D XneaQim (B0) =

n=1

zZ (14 1) S0 (1) (b~ Qi () (6. 16)

where m =1,2,...,

n_ Xn G (kob)

T, = (—1) YR R (6. 17)
o= 1t kb 2L ) 6 o)+ 22 (G 00 (618
and
. Qun (60)
Qnm (00) = @nm (0o) — Q(;T@(?)Q"O (0o) - (6. 19)

The parameter ¢,, is asymptotically small as n — co: using asymptotics for
the spherical Bessel functions, it is easy to show that when a < b,

2n2+2n+3 ( )2+€—1 (g)2n+1
2n(n+1)(2n—1)(2n+3) e+1\b

+0 ((b)2"+3, (?)j (6. 20)

En =
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as n — o0o.

The case when a = b warrants separate consideration. In this case the
regularisation procedure produces the i.s.l.a.e. given by (6. 16) except that
the parameter ¢, is replaced by the parameter

2n+1 1y, (kob) G, (kob)
n(n+1) n
that is asymptotically small as n — oo.

It is convenient to transform (6. 16) by introducing the angle ; = m — 6,
to

- 1
En = 1-— ikOb (E + ].) (6 21)

1—en) X E X'e, R E 1) x (0 .22
( € ) m+n=1 n€ Rn = TL+ (k‘ b)R ( 1) (6 )
where m =1,2,..., X} = (-1)" X,,, and
RnO(el)
R, (01) = Rym (01) + —————~Rom (01) .
(61) (61) T Rog (0] 0 (61)

We have suppressed the familiar arguments about the solution class of the
coefficients, but simply note that the square summability of the coefficient
sequence {X }o2_, provides the correct singular behaviour of the field compo-
nents in the v1c1n1ty of the edge (where § — 6p). Uniqueness of solutions to
this systems, and of those encountered in susbsequent sections in this chapter,
is established by adapting the uniqueness argument given in Section 2.1; the
truncation number for numerical studies is chosen according to the criterion
set out in that section.

Let us now discuss the application of this solution to the of a small dielec-
tric sphere located in the open spherical resonator. Laser beams are often
employed for heating regions of plasma of diameter around 1072 cm. This
corresponds to a multi- mode regime, and its effectiveness is due to the high
concentration of energy in a tiny volume. The resonant excitation of an open
spherical cavity provides an alternative mechanism for heating small objects.
In contrast to the laser, a single mode is generated in the cavity.

A measure of the effectiveness of such heating is the effectiveness factor 7
that is defined to be the ratio of the power P (61) deposited in the body inside
the cavity with aperture half-angle 6; to that power deposited in the body
P (7) in free space (which correspond to the “cavity” 6; = 7):

P(6h)
n B (6. 23)
The average power, per period of oscillation, deposited as heat in a target that
occupies a volume V' and has dielectric constant € = ¢’ + i’ with imaginary
part € is (see [67] and [97])

_ 1 2
P— §k0cg"/ ‘E" dv. (6. 24)
14
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This formula may be used to calculate the heat deposited in the lossy dielectric
sphere in the absence of the cavity.
We assume that the dielectric sphere is small enough and satisfies

koa <1, |ka| <1 (6. 25)

so that only the first term (with index n = 1) need be retained in the spherical
wave expansions (see [6. 2]-[6. 4]). Then it is readily shown that

1+ (kod) 2 &
kod (e +2)° + (e")°

P (1) ~ 247 Py (d) (6. 26)

where Py = p?kjc is the power of the source (in watts). When the same object
is located in the cavity resonator, a similar calculation shows that

B —4
(ol)wawpo( d) ! (kob)ko ~ (kob) | xxp2. (6. 27)

Thus the effectiveness factor is
P(6) _1- (kob) "% + (kob)™*
P(m) (1 + (kod)™ )

n= el (6. 28)

Its value is essentially determined by the value of | X}|*.

We make use of the mathematical tools used in Chapters 2 and 3 to find
approximate analytical expressions for the coefficients X} (k =1,2,...) when
0; < 1. The result is

03
Xi =~ Gis N (6. 29)
kob — yp., + 1Tk
where
1
Gksz_? k(k+1) Z 2 + 1) gn, (6. 30)
( ,‘j;)) —k(k+1) n=1
and
Cn (kod)
n n + 6. 31
g =D ) (031
Furthermore

r(,,(0)
yU @) BB DEEHD) 6 o)) [Ika (y’f)]
ks ks (0 61 ks 'k (0)
(y,%) —k(k+1) (yk) —k(k+1)
(6. 32)

are the real parts of the quasi-eigenoscillations developed in the spherical

cavity containing the small lossy dielectric sphere. In this formula, y,(c? denotes
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the eigenvalues of eigenoscillations for the closed sphere without any dielectric
inclusions. In these formulae, the index k is the number of field variations in
the angular coordinate @, whilst the index s denotes field variations in the
radial coordinate r. The term proportional to 65 in (6. 32) describes the
perturbation to the value of y,(c? by a small aperture (with 3 < 1). The
following term provides the perturbation due to the presence of the small
lossy dielectric sphere (recall kpa < 1, |ka| < 1) where

@ PR =D+ ! (1) (€ + B + ()

@RIE+ DT (o 4 k)2 (o2 (koa)™ . (6. 33)

The heat losses and radiation losses in the range ‘kob Yis )‘ < 1 are defined
by the value

=7 41 (6. 34)

where )

2 Imgk Yks
= () st )] .9
(4 ) —k(k+1)
22k (k — D (k — 1)! (k+ 1)! "

AL = ( ) ( 2) (k+1) € ; . (ko)™ Y, (6. 36)

[(2K)!] (e + 547 + (e7)

0 _ 08 k(1) @k+1) D) @nt)
ks T 362 ? |
™ (y;(g?) —k(k+1)ntk  |C), (y,ﬁ?)’

It is evident that the perturbation of the spectral values y( ) is maximal
when k = 1. The perturbation is proportional to the volume of the small lossy
dielectric sphere; furthermore, it is negative. Physically it is quite clear that
the presence of the dielectric effectively reduces the resonant volume. The
perturbation of the spectral values y](g? is much smaller when k£ > 1. This
occurs because the maximal field intensity of the higher modes is not located
at the origin, as it is for the first mode.

It follows from (6. 28) and (6. 29) that when the excitation wavenumber kob

is not near the quasi-eigenvalue y,(cls)

(6. 37)

, the effectiveness factor 7 is proportional
to 6¢. In the vicinity of the quasi-eigenvalue y,(ﬁls), 7 increases, but its precise
value depends upon the balance between heat and radiation losses given by
I‘gls) and ng) If 1"(1) ~ Fg) and kob = y( ). the value of 71 is large and
proportional to 67 6 1f 1“515) > ng), the value of 7 is approximately that for
a lossy sphere located in free space, i.e., n ~ 1. The inference is that optimal
absorption of electromagnetic energy, and consequent heating of the lossy
sphere, is achieved when heat and radiation losses are comparable (Fgls) ~

ng)); in this situation the Q-factor is maximal (Qy, ~ 6;°°).
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Let us consider the physical situation. If the parameters of a lossy dielectric
sphere (a,g’,&") are specified, what choice of aperture angle optimises n? To

obtain the optimal angle 697, first set kob = yl(cls) in formula (6. 29). The

7

“resonant” values of the coefficients are
93
Xi, =iGy——a—— (6. 38)
as (koa)” + 3568
where the dimensionless value
2
0
_()? {Im G (y§s))} 2¢"
() -2
measures the loss density in the volume of the sphere, and
1 1 nn+1)2n+1
Bs > (¥ ) ) (6. 40)

~ G2 2 2
) —2eA | ()]

describes the radiation losses of the structure at resonance. The minimum
value of X7, and hence of 1 occurs when

1

3
0, = 0" = <0‘> (koa)? . (6. 41)

Bs
The deposition power may be represented by the formula

ﬁ(@l) = P()C (8) Fle (6 42)

where -
Cle)=——r—s (6. 43)

(e +2)" + (e")
and

o (g)s 1- (k:ob):)d—i— (kob) "

The geometrical factor F' reflects the various locations in the elements of the
resonant system.

Thus deposition power at resonant excitation depends upon the dielectric
constant (via the factor C (¢€)), the geometrical factor F, the power Py of the
source and the Q-factor Q1. This formula is applicable to other configurations
as well as the specific spherical structure of present interest.

We compute the effectiveness factor 7 for a small (¢ = a/b = 0.01) and a
moderately sized (¢ = a/b = 0.5) dielectric inclusion in the spherical cavity,
for three aperture sizes (6; = 90°,60° and 30°). Results for the hemispherical
shell (f; = 90°) are shown in Figure 6.2. The small inclusion (¢ = 0.01)

(6. 44)
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P(®,) / P(n)
<)

n=

Figure 6.2

Effectiveness factor for dielectric spheres (¢ = 2.58 + i0.0215) in a
spherical cavity (6; = 90°).

does not significantly disturb the quasi-eigenoscillation structure and the ef-
fectiveness factor n takes large values exceeding 100. By contrast the larger
dielectric inclusion (¢ = 0.5) completely destroys the modal structure and 7
is small.

As the aperture decreases in size, the value of 7 is large at resonant points
in the frequency ranges displayed in Figures 6.3 and 6.4. This is true even
for the larger inclusion (¢ = 0.5) at the first resonance point, where 7 exceeds
103 (see Figure 6.4); this is attributable to the extremely high Q-factor for
the unloaded cavity.

Finally the dependence of 1 on the filling fraction ¢ is examined in Figure
6.5; the value of 1 at resonant points is smaller when ¢ is larger.

This concludes our study of the coupling of electromagnetic energy to a
dielectric inclusion in a spherical cavity. There are a number of related ques-
tions about optimal configurations for electromagnetic wave heating, but they
lie outside the scope of this book.
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Figure 6.3
Factor 7 for spheres (e = 2.58 +0.0215) in the cavity (6, = 60°).

6.2 Reflectivity of a Partially Screened Dielectric Sphere.

The mathematical treatment of a spherical cavity filled with dielectric ma-
terial has much in common with the approach for the empty cavity employed
in Section 4.2. The same is true if the aperture angle is increased so much that
the cavity shell becomes a spherical cap that partially screens the dielectric
sphere when it is present.

Consider therefore a sphere of radius a composed of material with complex
dielectric constant € = & + ic” that is partially enclosed by a perfectly con-
ducting spherical shell (or cap) of the same radius and subtending an angle 6,
at the origin (see Figure 6.6). The z-axis is normal to the plane of the circular
aperture formed in the spherical shell; the structure is illuminated by a plane
electromagnetic wave travelling in the positive direction along this axis.

As usual, the electromagnetic field may be prescribed in terms of Debye
potentials, and it is convenient to subdivide the whole space into an interior
region I (r < a) and an exterior region II (r > a), with spherical interface
r = a. Seek the total solution Debye potentials in each region as the sum of
the incident Debye potentials U°, V? and scattered Debye potentials U!,, Vi,

sc)
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Figure 6.4
Factor 7 for spheres (e = 2.58 +0.0215) in the cavity (6, = 30°).

(i=1,1I) in the form

The incident potentials are defined by equation (4. 87), and the scattered
potentials have the form

[ CoSp o 1
Ui = iz ;Anwn (kr) P} (cos 6) (6. 46)
Sin © —
Vi = Z_k;f > Antn (kr) yn P (cos ) (6. 47)
0 n=1
17 _ Cosy S 1
Ul =" > Ana (kor) 20 P} (cos0) (6. 48)
0" n=1
Sin @
VsIcI = Zk‘g’l" Z AnCn (kOT) ’Unpi (COS 9) (6 49)
n=1

where kg = w/c,k = \/eko, An = 2n+1) /n(n+1), and z,,yn, 2,, vy are
the unknown coefficients to be determined (the branch of the square root
being chosen so that it is positive when ¢ is real and positive).
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Figure 6.5
Factor 7 for spheres (e = 2.58 +0.0215) in the cavity (6, = 60°).

It may be easily verified that the form of solution specified by (6. 45) and
(6. 46)—(6. 49) satisfies Maxwell’s equations and the radiation condition at
infinity. Keeping in mind the boundedness condition for the scattered energy
(cf. [4. 89]), the other conditions to be enforced are the continuity conditions

Eé' (av 0, (P) = Eél (a’ 0, 90) ) (6
I _ Il

Ega (Cl, 07 90) - ELp (Cl, 97 QO) (6

for all # and ¢, and the mixed boundary conditions
Ej (a,0,0) = B}’ (a,6,9) =0, 6 €(0,60) (6.
Eé (a,0,9) = Eél (a,8,0) =0 6 € (0,6) (6.
Hcfa (079790) :Héj (CL,G, )7 e (0037) (6
Hj (a,0,¢) = Hy' (a,0,¢). 0 € (6o,7), (6.
that are valid for all ¢. It is evident that the continuity conditions (6.

and (6. 51) are equivalent to the conditions

0 0
5 U] =5 U (6.
Vl|r:a = VII‘r:a (6
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Figure 6.6
Dielectric sphere partially screened by a spherical cap of angle 6.

for all # and . It follows that the relations between the interior region coef-
ficients (z,,y,) and exterior region coefficients (z,,v,) are

G (koa) B

= e, (ka) (6. 58)
_ Cn (k0a>’l}

Yo = ke O (6. 59)

It should be noted that at this stage there is no coupling between electromag-
netic oscillations of E type (E, # 0) and H type (H, # 0); the relation (6.
58) connects coefficients of electric type, whilst the relation (6. 59) connects
coefficients of magnetic type.

We now enforce the mixed boundary conditions (6. 52)—(6. 55), and follow-
ing the argument outlined in Section 4.2, obtain the following coupled pairs of
dual series equations containing so-called polarisation constants B and Bs.

Z A, (koa) 2, Py (cos ) =

n=1

9 o0
By tan  — > Antl, (koa) Py (cosf), 6 € (0,60) (6. 60)

n=1
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- dn 1
E A P =
2 An g gy P (c056)

By cotg + (Ve —1) Z Anhn (koa) Pr (cosf), 6 ¢€ (6g,7) (6. 61)

n=1

Z An(n (k‘oa) vnP; (COS 9) =
n=1

9 oo
iBy tan 5 — > Apthy (koa) Py (cosB), 6 € (0,60) (6. 62)

n=1
i A, Sn v P} (cos§) = By cot Q, 0 € (6p,m), (6. 63)
= "y (ka) 2
where
n = ¥y, (ka) Ga (koa) — G, (koa) ¥n (ka), (6. 64)
sn = Yn (ka) ¢, (koa) — Ve, (ka) G (koa) - (6. 65)
In the absence of the dielectric sphere (i.e., € = 1), it is readily shown that
Sn = —qn = 1. Now introduce the rescaled coefficients
2n+1 1
Zp =1"——— ny  Vn = M nUn. 6. 66
n = ey (e s R (6. 66)
e G, (koa) ¥, (ka) 1
lim on 00T 6. 67
nooo (20 + 1) gn 2koa (1 + \/2) (6. 67)
and 2+ 1) C (K k
hm ( n+ )CTLS( Oa)¢n( Cl) — _k'()a, (6 68)
we are led to define the parameters
Gn (koa) Yy, (ka)
=14 2koa (1 on 0% v APE) 6. 69
€ + oa( +\@) 2n+1)qn ( )
and 2 N
n+
o = 1+ =2 (ko) () (6. 70)
they are asymptotically small as n — oo.
We observe that when ¢ = 1 (so that s, = —¢, = ), these parameters

simplify to those previously encountered for the empty spherical cavity (or

cap), i.e.,

G (Koa) ¥y, (Koa)
(2n+1)

en = 1+ 4ikoa (6. 71)
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and
1(2n+1)
(koa)

asn — 00, e, = 0 (n72) and p,, = O ((koa/n)?) .

Let us establish the corresponding asymptotic behaviour when ¢ # 1. Em-
ploying the standard asymptotics of the spherical Bessel functions, it is found
that the parameter pu, retains the same rate of decay (u, = O (n’z) as
n — 00), but that the companion parameter ¢,, decays less rapidly according
to

/Ln = ]. — Cﬂ (koCL) wn (koa) 3 (6 72)

e—1
en—%fﬁﬂ)n Y40 (n?). (6. 73)

In the absence of the dielectric sphere, this formula reproduces the quadratic
rate of decay stated above.

At this stage we remark that similar features are encountered for spherical
screens with impedance boundary conditions.

Following the argument given in Section 4.2, the standard regularisation
process leads to the following functional equations for the unknowns X,,, V,,
and the polarisation constants By, Bs.

= 1 1
Z Z, sin (n + 2) 0 = —2koa (ve + 1) By sin 59 +
n=1

> (a%l) + Znan) sin (n + %) 6, 6¢<(0,6p) (6. 74)
—Bysin30+ > 07, ot?) sin (n+1)6, 6¢€(o,m),
= 1
ZVnCOS (n—l—) 0=
n=1 2
—5aBicos 50+ 307 (B + Vpin) cos (n+ 3) 0, 6 € (0,6p) (6. 75)
—Bs cos %0, 0 € (6o, ), '
where
o) = ko (VE + 1) ™, (ko) (6. 76)
al? = (Ve —1)i" (2n + 1) ¥y (koa) (6. 77)
and
1
Bn = —1i" (2n + 1) ¢y, (koa) . (6. 78)

koa

The functional equations (6. 74)—(6. 75) give rise in the standard way
to the following coupled sets of i.s.l.a.e. in which the matrix operator is a
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completely continuous perturbation of the identity operator in Is.

> ZnenRum (60) + 2koa (VE + 1) By Rom (60) — BaRom (60)

n=1
= Z agzl)an (60) + Z 0‘512) [0 — Rnm (00)], (6. 79)
n=1 n=1
where m =1,2,..., with

- Z ZnenRno (60) + 2koa (Ve + 1) BiRoo (60) + B2 [1 — Roo (60)]

n=1
ia Y Rno (60) — Za Rno (60), (6. 80)
n=1

and

Z Vn,U/nQnm (90) BlQOm (90) - ZBQQOm (90)

n=1
Z BnQnm (00), (6. 81)
where m = 1,2, ..., with
= Vb Qno () + kTaBlQOO (60) +iB2 [1 — Qoo (60)]
n=1

HM8

The expressions Qpnm (0o) and Ry, (6p) are as previously defined.
The reflectivity of the partially screened dielectric sphere is defined by its
radar cross-section (RCS, cf. Section 4.2)

00 2

ESC
o5 = lim 4?0 :%Z "n+1) (2 —va)| . (6. 83)

== P

Before we consider the dependence of the RCS on the electrical size 2a/X of
the dielectric sphere, it is worth recalling that the homogeneous (unscreened)
dielectric sphere acts as a focusing system. In the older literature, such a
sphere was known as a “Constant-K Lens” [6]. A simple geometric optics
argument shows that a dielectric sphere of permittivity ¢ = 3.5 will focus
a parallel bundle of rays to a point on the surface of the sphere; otherwise
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the bundle is focused to a small region or spot inside or outside the sphere
according as ¢ is greater than or less than 3.5. This approximate result provides
a useful guide to the expected behaviour of these lenses, for antenna design
and other purposes. For our purposes, the reflectivity of the partially screened
dielectric sphere is obviously strongly influenced by the focusing process of the
unscreened lens.

As a preliminary step, it is of interest to determine accurately the distribu-
tion of the electromagnetic energy density around dielectric spheres of varying
electrical size, with attention to the formation of well defined focal regions or
spots. As well as the ideal value of 3.5, we examine dielectric spheres with
¢’ = 2.1 (Teflon) and 5.6 (Alsimag ceramic). The loss tangent of these mate-
rials, tan § = ¢” /¢’ is small, being 2 - 10~* and 16 - 10~%, respectively. Fused
quartz and sublimed sulphur have permittivity near the ideal value, with val-
ues of ¢’ equal to 3.78 and 3.69, respectively, and corresponding loss tangents
equal to 4 -10* and 11 - 104, respectively. Since the loss tangent is small,
we take it to be zero in all cases.

According to the geometric optics approach, a Teflon sphere would focus
radiation outside the sphere, whilst an Alsimag sphere would focus the radia-
tion inside, and the quartz or sulphur sphere would focus the energy close to
the surface.

Let us calculate the axial distribution (along the z-axis) of the electromag-
netic energy density for a range of electrical sizes 2a/\ between 50 and 200.
The results for a Teflon sphere are displayed in Figure 6.7. As the electrical
size increases, the distance f of the focal spot (the point at which energy
density is maximal) increases from 1.29a to 1.49a. When & = 3.5, the results
displayed in Figure 6.8 show that f increases from 0.986a to 0.995a when 2a/\
increases from 50 and 100; when 2a/\ = 200, two energy density maxima are
observed at f = 0.96a and f = 1.02a. Finally if € = 5.6, the focal spot moves
from f = 0.64a to f = 0.671a as electrical size increases from 50 to 100.

When e = 3.5, the axial distribution of energy is very useful in predicting
powerful reflection effects from the screened sphere because the focal spot is
very close to the screen. However it is rather less useful for other dielectric
values because the focal spot is located well away from the metallic surface.
This assertion is demonstrated by the following results. In Figures 6.10 and
6.11 are plotted the radar cross-sections for spheres of dielectric ¢ = 2.1 and
5.6 with a moderate aperture size (g = 30°).

The dependence of RCS on frequency is reminiscent of that for the single
spherical cap considered in Chapter 4. The only difference arises from reflec-
tion at the dielectric-free space interface and manifests itself as jitter in the
plots.

Let us now examine what is potentially the most interesting structure, that
with € = 3.5, for which we have already calculated the axial distribution of
energy (in the absence of the cap): see Figure 6.8. It is useful to explore the
transverse as well as axial extent of the focal spot because the angular extent of
the reflecting metallic cap can then be optimally matched to the extent of the
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Figure 6.7

Axial distribution of electromagnetic energy density for a
“constant-K” lens (e = 2.1).

focal region. The precise definition of spot size is to some extent conventional;
we take it to be the region in which the electromagnetic energy density W
exceeds Winaz /€, where Wy,q, denotes the maximal electromagnetic energy
density. In Figure 6.12 normalised electromagnetic energy density W, =
W/Winas is plotted for the dielectric sphere (¢ = 3.5) of electric size 2a/A
ranging from 20 to 100. The dashed line indicates the potential location for a
spherical cap (r/a = 0;z/a = 1). The focal spot is asymmetric with respect
to the axis of symmetry (compare contour values for W,. = 0.1 in the E-plane
[¢ = 0°] and the H-plane [ = 90°]). The transverse extent r; of the focal
spot is about 0.05a, 0.022a and 0.024a when electric size 2a/\ equals 20, 50
and 100, respectively.

A suitable choice of cap size for the best reflector would seem to be that
comparable to the focal spot size. Thus in the range examined above, the
cap angle 6y may be taken to be 2.5°; a cap of larger extent might not be
expected to improve the overall reflectivity. Let us examine this assertion
by an accurate computation of the RCS. The RCS of the 2.5° cap is plotted
in Figure 6.13 for 2a/)\ ranging from 0.1 to 100. The RCS is dramatically
increased compared to that from the Teflon and Alsimag spheres (Figures
6.10-6.11). The RCS is also plotted as the cap angle is increased from 2.5°
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Figure 6.8

Axial distribution of electromagnetic energy density for a
“constant-K” lens (e = 3.5).

to 90° (Figure 6.14). No dramatic changes in the RCS are observed over this
range, and similar dependence is observed for different cap angles.

An interesting phenomenon appears when the cap angle 6y exceeds 90°; of
course the structure is more properly viewed as a dielectric filled spherical
cavity. It might be supposed that the reflectivity would decrease for 6 in this
range, but this statement is not completely true. The RCS is displayed in Fig-
ure 6.15 for the cavities defined by 8y = 120°,135° and 150°. The RCS levels
for g = 120° are, perhaps surprisingly, comparable to those for spherical caps
of various angles (with 6y < 90°). Actually a geometric optics explanation is
available. Tt is known (see for example [4]) that spherical aberration reduces
the apparent aperture of the dielectric sphere (with ¢ = 3.5) by about 10%, so
that metallic coverings of somewhat greater angular extent than 90° do not
significantly block the lens aperture for the reception of a bundle of parallel
rays. This 10% reduction means that the angle §y may be increased to around
115° or 120° before a noticeable degradation in reflectivity appears.

In conclusion, this section provides rigorously accurate models of dielec-
tric filled cavities and lens-reflector combinations that have many practical
purposes.
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Axial distribution of electromagnetic energy density for a
“constant-K” lens (e = 5.6).

6.3 The Luneberg Lens Reflector.

In this section we consider a multi-layered dielectric filling of a metallic
spherical shell with a circular aperture; the dielectric filling is composed of
several spherical layers, each of homogeneous material so that the overall
structure is rotationally symmetric about an axis normal to the plane of the
circular aperture. The angle 6y subtended by the aperture at the centre of the
spherical structure may be greater than or less than 90°; in the latter case the
structure is best viewed as a multi-layered dielectric sphere with a metallic
cap reflector.

Such structures are of great practical importance in the design and construc-
tion of various lens-reflector combinations. A particularly interesting lens is
the Luneberg lens that has been extensively studied by analytical methods
[91] and by numerical techniques such as ray tracing [58]. The index n of
refraction (n = /¢) of this spherically symmetric lens continuously increases
from 1 at the surface to 2 at the centre: at distance r from the centre,

n=+/2-(r/r)? (6. 84)
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Radar cross-section of a screened dielectric sphere, ¢ = 2.1 and 6y =
30°.

where r1 is the radius of the spherical lens. It has the property that the
rays of an incident plane wave are focused to a point on the spherical surface
diametrically opposite to that point where the wavefront first impacts the
lens. This focusing feature is somewhat idealised, and holds only in the quasi-
optical regime where ray tracing descriptions are valid. The addition of a
properly designed spherical metallic cap produces a powerful reflector (the
Luneberg lens reflector) that is very useful in calibrating microwave radar
systems.

In practice it is difficult, if not impossible, to construct a lens continuously
graded according to (6. 84), and a multilayered spherical structure composed
of piecewise constant dielectric shells surrounding a dielectric core is usually
manufactured. Moreover these lens are often deployed in an intermediate
frequency regime where the results of ray tracing techniques are approximate.
Thus there is a need for an accurate full-wave solution for the multilayered
structure that is valid in the resonance as well as the high frequency regime,
and incorporates the addition of a spherical cap reflector. It is asserted in
[78] that the Luneberg lens reflector is not “able to be analysed as a classical
boundary value problem,” but we shall see that this multilayered structure
is amenable to a semi-analytic treatment by the method of regularisation,
and yields benchmark solutions of guaranteed accuracy against which purely
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Radar cross-section of a screened dielectric sphere, ¢ = 5.6 and 6, =
30°.

numerical solutions may be compared.

Thus the aim of this section to develop a rigorous solution of a new canon-
ical problem, diffraction of a plane electromagnetic wave by a multilayered
dielectric sphere partially screened by a perfectly conducting and conformal
spherical cap. This is an obvious generalisation of the partially screened ho-
mogeneous dielectric sphere considered in Section 6.2. The regularisation
procedure provides an infinite system of equations that may be truncated to
a finite system which is rapidly convergent as the truncation order increases,
and produces solutions of guaranteed numerical accuracy.

The problem is multi-parametric, characterised by wavelength, number of
layers, choice of dielectric in each layer and cap size and thus provides a whole
class of canonical diffraction structures.

Subdivide the interior of a sphere of radius r; into N concentric spherical
layers, so that the external radius of each layer is r5 (s = 1,2,...,N). This
subdivision of the interior of the sphere comprises an innermost spherical
region, defined by 0 < r < ry, and N — 1 annular regions given by rny < r <

IN_1,TN—1 < T < TN_2,..., and ro < r < ry; the exterior of this region is
defined by r; < r < 00. Let €5 = €/, ¢’/ denote the complex relative dielectric
constant of layer s (s = 1,2,..., N); the relative permittivity of the free space

region (denoted () has of course unit value. Attached conformally to the
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Normalised electromagnetic energy density W, for a dielectric
sphere (e = 3.5) with D/\ equal to 20 (left), 50 (centre) and 100
(right).

surface of the multilayered dielectric sphere is spherical cap (of radius r1) that
subtends an angle 6y € (0,7). A plane electromagnetic wave propagating in
the positive direction of the z-axis illuminates the partially screened structure.

As usual we may formulate a boundary value problem for the scattered
wave using Maxwell’s equations and the associated Debye potentials U, V.
The Debye potentials for the incident field (cf. equation [4. 87]) are

Uinc _ Cos ¢
{Vmc} B {Sincp } ikor?2 ZAn% (ko) Py (cos ). (6. 85)

Within the annular layer s (s =1,2,...,N), we seek Debye potentials Us, V
for the total field in the form

U, = ZC;S;Z ZA Lo (har) + 600G, (ko) } P (cost), (6. 86)
Vo= 5ia ZA (@00 (kar) + B¢ (hr) } P (cos6) . (6. 87)

In the free space region (s = 0) we represent the total potentials in the form

cos ¢

UO Uznc + k

ZA bD¢, (kor) Pl (cos®), (6. 88)
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Radar cross-section for the screened dielectric sphere with ¢ = 3.5
and 6y = 2.5°.

sin ¢

ikor?

Vo = Vine + ZA B¢, (kor) P (cosf), (6. 89)

where kg = w/c, ks = \/€5ko, and the coefficients an), an ,bgf ,b(S are to be
determined for s = 0,1,2,..., N; we adopt the convention a( ) = ~§LO) =0,

and note that the boundedness of the total field at the origin implies that
B Z 500 — g

This form of potential provides a solution of Maxwell’s equations that also
satisfies the radiation condition at infinity. At the external interface r = rq,
the mixed boundary conditions to be enforced are

E (r1,0,0) = ESY (r1,6,0) = 0, 6 € (0,6,) (6. 90)
EQ) (r1,0,0) = EQY (r1,0,0) =0, 0 € (0,060) (6. 91)
Héo) (r1,0,0) = Ho(l (r1,0,¢), 0 € (0, m) (6. 92)
HY (r1,0,0) = HY (r1,0,0), 0 € (6o, ) (6. 93)
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Radar cross-section for the screened dielectric sphere with ¢ = 3.5

and 6y = 90°.

for all ¢, together with

7] 0
E (TUO) T=r1 N a (TUl) T=r1

Voly—p, = Vil—y,

rT=Tr1

(6. 94)

(6. 95)

for all § and . At each internal interface r = ry (where s = 2,3,..., N), the

boundary conditions to be imposed are

k2 Uy 1 = kU,
0 0
E(T’Usfl) = E(T’US)
Vier=Vs

0 0
E(Tvsfl)*g(rvs)

for all 8 and .

6. 96

)
7)
)
)

D
Nej

(=2}
©

(6.
(6.
(6. 98
(6. 99

Upon enforcing the boundary conditions (6. 90)—(6. 93) we obtain the
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Radar cross-section for the screened dielectric sphere with ¢ = 3.5
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following coupled pair of dual series equations
(0) 1 1 g
ZA { (ko) + 6O ¢! (korl)}Pn (cos0) = Crtan 3, 0 € (0,00)
(6. 100)

> An{thn (ko) + b G (kor1) — VET [as)wn (k1r1) + b0 C (kary) |}

n=1

P! (cos ) :Cgtang, 0 € (o, 7) (6. 101)

ZA {wn (kor1) + b° >gn(k0r1)} 1 (cos ) = iC’ltang, 0 € (0,0)
(6. 102)

S Al (ko) + B (bory) — VT [a0, (k) + 506, ()

n=1

0
P} (cos ) = iCy tan 2 0 € (Op,m). (6. 103)
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Figure 6.16

The multi-layered dielectric sphere partially screened by a spherical
cap subtending angle 6.

From the continuity conditions (6. 94)—(6. 95) we obtain the following two
relationships between the unknown coeflicients occurring in (6. 100)—(6. 103),

Ul (ko) +B0C, (hurr) = Va7 [alDus, (kir) +60C, (k)] (6. 104)
and
U (kor1) + B¢, (kor1) = @by, (kiry) 4+ b ¢, (k) - (6. 105)

Finally imposition of the boundary conditions (6. 96)—(6. 99) leads to the
following relations between the unknown coefficients in adjacent layers,

ag«f*l)ﬁ’n (ks—lrs) + 62571)Cn (ks—lrs) =
Es {agfwn (ksrs) + bO¢, (k;srs)} . (6. 106)

€s—1

a’I(’LS_l)/(/)’;L (ks—17s) + b’ElS_l)C’:L (ks—17s) =

& (s) ! (S) ’
\/:{an Uy, (ksrs) + 6,7 (ksrs)} (6. 107)
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and

5518_1)1% (ksfl'rs) +g£18_1)§n (ksfl'rs) =
Ay, (kers) + 08¢, (kers), (6. 108)

agfil)w; (ks—17s) +’551871)C;L (ks—17s) =

LIS FIONY ()
\/;{an wn (ksrs) + bn Cn (ksrs)} . (6 109)

These equations hold for s = 2,3,..., N; we recall that an’) = ’d£?> =0, and
B — 3 o,

From equations (6. 106) and (6. 107) we deduce that all the coefficients

a$ ™ and b for s = 2,3, ..., N are expressible in terms of the single core
coefficient aV; likewise, from equations (6. 108) and (6. 109) that all the
coefficients 551571) and bgffl) for s = 2,3,..., N are expressible in terms of

the single core coefficient E%N). The explicit expressions are

9 = il g™, B = —iBhgal?) (6. 110)
a) = —idwal, WY = —idgealy) (6. 111)
where s = 1,2,..., N — 1; the values of the determinantal expressions A )

and Ab(“ are calculated by the recurrence formulae

€s

Aaﬁffl) =—i - X
Es
{[ £t Un (ksrs) Cyll (ks—lrs> - 1#:1 (k’sTs) Cn (k‘s_lrs)]Aa%s)

+ iCn (ksrs) C;L (ks—17s) — Cr,L (ksrs) Cn (ks—ITS)]Abf,,S>}’ (6. 112)

Es—1
. €s
Abgﬂsfl) = —1 ;X
Es
{[wn (ks—lrs) '(/J;L (ksrs) - faq 7% (ks—lrs) wn (ksrs)]AQSf)

€s

=+ [wn (k8—1T8> Cylz (ksrs) - w; (ks—lrs) Cn (ksra’)]Ab%‘)}v (6- 113)

Es—1
where s = 2,3,..., N, initialised by the values

Aa%N) =1, Abslxv) = 0;
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the values of the determinantal expressions A_.) and Aj(.) are similarly cal-
culated by the recurrence formulae

A’dﬁf_l) =

— i{[thn (ksrs) G, (ksm17s) —

Es
) w; (ksTs) Cn (ks—lrs)]Aaﬁf)

+ [Cn (ksrs) C’;L (ksflrs) - €i1 C’:L (ksrs) Cn (ksflrs)]ANbgf)}v (6 114)

Aggbsfl) ==

—{]

j1¢n (ks—lrs) (k Ts) - w ( 5— 1rs) 1% (k Ts)]A~(S)

+ E%w (ks—175) G, (ksrs) = 0 (Kom17s) Go (Ks7s)] Ay}, (6. 115)

where s = 2,3,..., N, again initialised by the values
AasLN) = i, AzsLN) =0.

We return to the pair of dual series equations (6. 100)—(6. 103) and re-

formulate them so that the only unknown coefficients are b%o) and ’559). This is
accomplished by setting s = 1 in equations (6. 110)—(6. 111) and then using

(6. 104) and (6. 105) to express the coefficients a,(I ) and 'dSLN) in terms of be’)
and b% ), respectively, obtaining

G b W (kory) + G (kor1) by
" \/7A (1)¢I (klrl) +Ab(1)<— (klrl)

(6. 116)

and o
vy _ 5 (hory) + G (o) B

=i .
" Az thn (k1r1) + Ay Go (Kary)

This allows us to eliminate the coefficients a( ) and bg) from equation (6.
101) and the coefficients a) and b5 from equation (6. 103) in favour of b

and b% ), respectively. The resulting functional equations, to be paired with
equations (6. 100) and (6. 102) are, respectively,

(6. 117)

Infn +tngn Enfn + Engn 0)
ZA {W (k171) fu + ¢, (k17m1) 9n * P, (kvry) fo + G (Fir) gn e

P! (cos ) :C’gtang, 0 € (0o, 7) (6. 118)
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and

= Un (klrl) fn + Cn (lel) gn wn (klrl) fn + Cn (klrl) gn "
P! (cos) = iCy tan g, 0 € (0p,m), (6.119)

where we have employed the notation

fn=A,00,0n = By, fo = Azar, gn = By, (6. 120)
Gn = Yn (korl) 7/)% (klrl) - 'l/); (koTl) Un (/ﬁT’l) s (6. 121)
tn = ¥ (kor1) ¢, (kar1) — 4y, (Kor1) Go (k1r) (6. 122)
§n = "/J;L (k171) Cn (Kor1) — ¥n (K171) C;L (kor1) , (6. 123)
Kn = Cn (kor1) C;L (k1r1) — C;L (kor1) G (k1) , (6. 124)

and

In = U5, (kor1) ¥n (k1r1) — /E10n (kor1) ¥, (k1) (6. 125
tn = 9y, (kor) Gu (k1r1) — VErtn (kor1) ¢, (kara) (6.
(
(

DS O
—_ =
NN
~N O

En =t (k1r1) ¢, (kort) — V/E1¥l, (k1r1) Cu (Kor1)
Fn = Cn (k171) ¢, (kor1) — V€1, (R1ry) G (Kor) -

(=2}
—
[\
03]

We may now apply the regularisation procedure to the sets of dual series
equations given by (6. 100), (6. 118) and (6. 102), (6. 119), being formulated
in terms of the unknown coefficients b$?> and Z%O), respectively; it is worth
noting that the electromagnetic problem has thus been reduced to finding the
scattering coefficients associated with the spherical interface.

First we rescale the unknowns so that

Enfn + Engn b(o)
Ol (kiry) fo + ¢ (F1r1) gn

X,=i"(2n+1) (6. 129)
and o
Y, = in Snfo T Rnfn ___po), (6. 130)
wn (]{717"1) fn + Cn (klrl) gn

The sets of dual series equations may then be written

- 1
Z 22—: 0 {imap!, (kor1) + @) X, } PL (cos §) = C) tan g, 6 € (0,6)

(6. 131)
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1 n ann + tngn
n(n+1) (" @n+1) Wl (k1r1) fo + ¢l (Bir1) gn

=Cs tang, RS (9077T) (6 132)

+ X, } P! (cosf)

M8

3
Il
-

= 1
-y (H) 1
nzz:l n (Tl I 1) {'L (2n + 1) djn (koﬁ) + cI)n Yn}Pn (COS 0)
6
=iCitang,  0€(0,00) (6. 133)
< n+1 Gnfr + Tndin
S Gnfn Ttdn |y 1pl(cosp)
n=1 n(n+1) ’ll}n (k17"1) fn+Cn (klrl)gn
= iC5 tan g, 0 e (90, 7T) s (6 134)
where , , ,
o® — Sn(kor1) ¥5, (k111) fo + Gy (R171) gn (6. 135)
n 2n + 1 Enfn + Engn
and
n (B171) fo + Go (k171) G
O = (20 + 1) ¢y (ory) LrFar) S & G (Rar) G (6. 136)
Enfn + Engn
It may be proved that
lim &) = ot (6. 137)
n—o0 2kory (vEr +1)
and
lim &) = —kory. (6. 138)

These quantities are completely analogous to those quantities arising in the
treatment of the partially screened homogeneous sphere (see formulae [6. 67)
and [6. 68]).

The transformations leading to the regularisation of these dual series equa-
tions are similar to those described in Section 6.2. Thus we simply state the
two i.s.l.a.e. for the rescaled coefficients X,, and Y;,. The first is

X = Y XnenRpm (60) + 2kor1 (vE1 + 1) Rom (60) C1 + Rom (60) Ca

n=1

= > anRum (00) + > Bn [0nm — Rum (60)] (6. 139)

n=1
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form=1,2,..., together with

- Z XnenRno (00) + 2kor1 (v/er + 1) Roo (B0) C1 — [1 — Rom (60)] Co

n=1

- Z (a" - ﬁn) Rym (00) 5 (6

n=1

the second is

Y = 3 YltnQum (6) + ﬁczom (60) C1 + iQom (60) Co

n=1

n=1

n=1

form=1,2,..., together with

= 3 Yoo @uo () + Qoo (60) C1 — i1~ Qoo (60)] C:

n=1
=3 @ =B8] Quo(00). (6.
n=1
Here
en =14 2kory (1 +1) 0E) (6.
and )
b,
Hn * kor1 (6

140)

141)

142)

143)

144)

have the asymptotic behaviour ¢, = O (n_l) and p, = O (n_2) as n — oQ;

also

Ay = 2]607“1 (\/a + 1) an,/n (k‘o’/‘l) (6

, I fn + tngn
L, = —1" (2n+1 6.

O = A ) i) fu G ) g (
~ 1 n

ay, = Tors (2n + 1) "y, (kor1) (6.
gn — " ann + tngn (6

U (k171) o+ o (k1) G
We recall that

Qnm (60) | 1 sin(n—m)@oisin(n+m+1)90
{an(eo)} { n—m n+m+1 }

™
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Moreover the boundedness for the scattered energy requires that the coeffi-
cient sequences {X,,}~; and {Y, },2 , are square summable, i.e., lie in l5; this
assertion follows from the asymptotic behaviour of Q. (6p) and Ry, (6p) as
m — oo. The asymptotic rates of decay for the quantities defined by (6. 143)
and (6. 144) make it possible to establish that the matrix operator associated
with i.s.l.a.e. (6. 139) is a completely continuous perturbation of the identity
operator in [o. Thus numerical solutions of these equations may be obtained
by truncation to a finite number Ny, of equations, with guaranteed accuracy
depending directly on Ny,..

The reflectivity of the Luneberg Lens Reflector considers the radar cross-
section (RCS), equal to

2

™
O-B_Fg

i (~1)" @n+1) (b - 5)

n=1

(6. 149)

The ideal Luneberg lens described in the introduction has its index of refrac-
tion n = /e graded continuously according to equation (6. 84) where R = r;.
However as already mentioned, practically manufactured structures employ
a multilayered dielectric sphere, each layer being homogeneous of constant
dielectric. The choice of layer thickness and dielectric constant determines
the lens behaviour; in reality the electromagnetic wave will be focused not
to a point on the lens surface, but concentrated to a focal region. As in the
previous section, the extent of the optimally chosen metallic reflecting cap (to
be attached to the surface near this focal region) is determined by the angular
spread of the focal region; this diminishes as electrical size increases, so that
the angle fp may be as small as 2.5° or less.

Our results examine structures with a metallic cap angle 6y taking values
90°, 30° and 5°; the distribution (6. 84) is approximated by N layers of equal
thickness in each of which the refractive index is constant and equal to n(r;),
where r; is the radial midpoint of each layer. In our results, N equals 5, 10
or 25.

We first investigate the RCS dependence over the interval 0.1 < 271 /A < 50
upon the number of layers, displayed in Figures 6.17, 6.18 and 6.19. As N
increases, the RCS stabilises and changes very little when N > 20. Moreover
there is only a slight dependence on cap angle 6, the results for 8y = 90°
being mildly oscillatory about those for 6y = 30°.

Also for each fixed 6y, the RCS plots are identical over that part of the
frequency range where the wave thickness does not exceed half a wavelength,
whatever the number N of layers is used.

At any fixed frequency the maximal value of RCS is obtained by gradually
enlarging the number of layers V. In Figure 6.20, the RCS of a seven layer
dielectric distribution (described in [78]), with spherical layers of unequal
thickness (dashed line), is compared to the RCS of a seven layer dielectric
distribution (solid line) with spherical layers of equal thickness and refractive
index uniformly increasing from layer to layer. A similar comparison of the six
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25 T

N
T

2
[E
AL -
- 2
T T

RADAR CROSS SECTION

o
)
T

. : e ; T
0 5 10 15 20 25 30 35 40 45 50
ZH/k

Figure 6.17
Radar cross-section of the Luneberg Lens Reflector (6, = 90°).

layer structure (dashed line) described in [61] with the comparable uniform
six layer structure (solid line) is shown in Figure 6.21. In both cases we
may conclude that the uniform dielectric distribution is preferable because it
maximises the RCS.

Finally we observe that, in some circumstances, the partially screened ho-
mogeneous dielectric sphere (PSHDS) has a higher reflectivity than a poorly
designed Luneberg lens reflector. An example is shown in Figure 6.22 where
the RCS of a five layer Luneberg lens reflector (dashed line) is compared
to that of a partially screened homogeneous dielectric sphere (solid line) of
relative permittivity € = 3.5.
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Figure 6.18
Radar cross-section of Luneberg Lens Reflector (6, = 30°).
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Radar cross-section of the Luneberg Lens Reflector (6y = 5°).
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Radar cross-section of the Luneberg Lens Reflector (6, = 30°), var-
ious dielectric layerings.
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Radar cross-section of the Luneberg Lens Reflector (6, = 30°), var-
ious dielectric layerings.
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Radar cross-section of the Luneberg Lens Reflector and PSHDS
(6o = 30°).
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Chapter 7

Diffraction from Spheroidal Cavities.

In this chapter we consider dual series equations with kernels that are asymp-
totically similar to Jacobi polynomials. Such equations arise in the study
of diffraction from open spheroidal shells and elliptic cylindrical shells where
the relevant kernels are the angular spheroidal functions and the Mathieu
functions (a special case of spheroidal functions), respectively. Regularisation
techniques for such equations require a significant extension of those described
in previous chapters for treating series equations with Jacobi polynomial ker-
nels.

After spherical geometry, spheroidal geometry provides the simplest setting
for three-dimensional scattering theory. In this setting a significant extension
and generalisation of the spherical shell studies is possible. Depending on its
aspect ratio, a closed spheroidal surface takes widely differing shapes ranging
from the highly oblate spheroid (the disc is a limiting form) to the sphere to
the elongated prolate spheroid, that in a limiting form is a thin cylinder of
finite length (or needle-shaped structure). All these structures are interesting
for physical and engineering applications.

According as the spheroidal shell (or cavity) is prolate or oblate, various ax-
ially symmetric diffraction problems give rise to series equations with kernels
that are prolate or oblate angular spheroidal functions, respectively. Dual or
triple series equations arise by enforcement of mixed boundary conditions on
spheroidal harmonic expansions on the conducting surface or the aperture as
appropriate. We shall concentrate on prolate spheroidal shells in this chapter;
however the techniques and conclusions described are equally valid for oblate
spheroidal geometry and can be applied in the same way.

The solution of the full-wave electromagnetic scattering problem for spheroids
is not without mathematical difficulties. This derives from the fact that in
spheroidal coordinates (either prolate or oblate), Maxwell’s equations with
the applied boundary conditions are not separable, in the following sense: in
addition to the usual reducibility of the original partial differential equations
to a set of linear ordinary differential equations, separability requires that
the separated solutions satisfy the boundary conditions term by term. As a
result, a mathematically rigorous formulation of plane electromagnetic wave
diffraction from a spheroid leads to an infinite system of coupled equations
for the Fourier coefficients.

However in azxisymmetric situations the separation of Maxwell’s equations
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can be achieved if the scattered field does not depend on the azimuthal co-
ordinate ¢; in this case the electromagnetic problem reduces to two scalar
problems (see Section 1.2). In this chapter we consider such axially sym-
metric situations. The scalar wave equation (the Helmholtz equation) is also
separable in both prolate and oblate spheroidal coordinate systems (see Sec-
tion 1.2).

Many papers have been devoted to the analysis of either perfectly con-
ducting or dielectric closed spheroids that are excited by an axial electric or
magnetic dipole field (see, for example [13], [21], [95]) or by an annular slot
[122]. Also various full wave diffraction problems for perfectly conducting or
dielectric spheroids and their groups (see [5], [25], [26] and [66]) have been
solved rigorously.

By contrast diffraction problems for open spheroidal shells — shells with
apertures or slots — have not received much rigorous analysis to date. In this
chapter we address this deficiency and develop a rigorous approach to diffrac-
tion from open prolate spheroidal shells. We consider some structures of this
type that, although geometrically simple, nevertheless exhibit considerable
complexity of scattering mechanisms. Some of these results have appeared in
[116], [120], [82], [117], [118], [83] and [119).

The form of regularisation employed in previous chapters was well suited
to spherical geometry; however it must be significantly modified in order to
be applicable in a spheroidal coordinate setting. The modifications depend
upon the expansions described in Section 7.1.

In Section 7.2 the scalar wave problem for the prolate spheroidal shell with
one circular hole is considered; the infinitely thin, acoustically hard spheroi-
dal screen is excited by plane acoustic wave normally incident on the aperture
plane. The problem is described by a Neumann mixed boundary value prob-
lem for the Helmholtz equation and results in dual series equations in prolate
angle spheroidal functions. In Section 7.3 the regularised system is analysed
to develop a rigorous theory of the spheroidal Helmholtz resonator.

The metallic prolate spheroidal cavity with one circular hole excited by an
axial electric dipole field is considered in Section 7.4. A boundary value prob-
lem for the azimuthal component of magnetic field Hy arises from Maxwell’s
equations in this axially symmetric situation. The regularised solution is used
to calculate the far-field radiation pattern and radiation resistance of the open
prolate spheroidal antenna in the resonant frequency range. High Q-factor
responses due to cavity resonances overlay the spectrum of low Q-factor re-
sponses characteristic of closed body oscillations. Section 7.5 examines axially
symmetric magnetic dipole excitation of the same cavity that gives rise to a
boundary value problem for the azimuthal component of electric field Ey .

Triple series equations with p.a.s.f. kernels are encountered in Section 7.6
where the axial electric dipole excitation of a prolate spheroidal cavity with
two symmetrically located circular holes (the prolate spheroidal barrel) is
considered. The effect of aperture size and dipole location (inside or outside
the cavity) on radiation features is examined.
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Accurate assessment of the impact of impedance loading on metallic struc-
tures is a central aim of radar cross-section studies and antenna performance
studies. Thus in Section 7.7 we consider impedance boundary conditions on
the spheroidal barrel examined in the previous section, and analyse the effect
of this loading on the resonant properties of the spheroidal shell.

Finally Section 7.8 deals with a more complicated structure, the closed
prolate spheroid embedded in a spheroidal cavity. The solution is employed
to analyse the resonant properties of the shielded dipole antenna.

We use the notation and normalisation of spheroidal functions employed in
the classical monograph of C. Flammer [29], and use the algorithms described
therein for their computation. Recently developed numerical algorithms [21]
for the computation of spheroidal functions over a wide range of frequency
parameter ¢ enable us to calculate the wideband radiation characteristics of
various spheroidal cavities.

Thus this chapter describes a set of exact analytical tools that is now avail-
able for diffraction studies of a rich class of geometric structures, whole families
of spheroidal shells of widely varying aspect ratio and widely varying aper-
ture size, with interior and exterior surface impedances that may be arbitrarily
specified.

7.1 Regularisation in Spheroidal Coordinates.

We recall that the prolate spheroidal coordinate system (&, 7, ¢) is related
to rectangular coordinates by [29]

v = 210 -) (€ 1)) cos
y=5L0=7) (€ - 1)]Fsino
Zzgnf (7. 1)

where d is the interfocal distance and —1 <7 <1,1<{<00,0< ¢ < 2m; &
plays the role of a radial parameter, n that of angular parameter (n = cos#,
0 € [0,7]), ¢ is the azimuthal coordinate.

If £y > 1is a constant, the coordinate surface £ = & is a prolate spheroid (or
an elongated ellipsoid of revolution), with major semi-axis of length b = gfo,

1
and minor semi-axis of length a = g (53 — 1) 2. The degenerate surface £ = 1
is the straight line segment |z| < % along the z-axis. The coordinate surfaces
|n| = constant and ¢ = constant are, respectively, a hyperboloid of revolution

of two sheets, and a half-plane originating in the z-axis. In the limit when
the interfocal distance d approaches zero and & tends to infinity, the prolate
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spheroidal system (&,n, ) reduces to the spherical system (7,0, ¢sphere) With
the identification

d
55 =71, n=cosl, ¢ = dsphere- (7. 2)

The form of regularisation employed in previous chapters was well suited to
spherical geometry; however, as noted in the introduction, it must be signif-
icantly modified in order to be applicable in a spheroidal coordinate setting.
The reason lies in the angular eigenfunctions of the Laplace and Helmholtz
operators. In the spherical coordinate system (r, 6, ¢) the eigenfunctions are

the same, namely,
P (cosb) { o8 mo } ,

where P denotes the associated Legendre functions (and m = 0,1,2,...,
n =m,m + 1,...); in spheroidal coordinates (£,7, ¢), the eigenfunctions are
different, being respectively,

P { Gt and S (o) { S |

sin me sin me

(with the same choice of integers m,n), where ¢ = k% denotes the wave
parameter (depending upon the wavenumber & and the interfocal distance d),
and Sy, (¢,n) denotes the prolate angular spheroidal functions (p.a.s.f.).

In contradistinction to the associated Legendre functions, the angular spher-
oidal functions are not of hypergeometric type, nor do they possess Abel type
integral representations. Furthermore the p.a.s.f. depends both on the wave
parameter ¢ and the angular coordinate 7. So, splitting an operator with
p.a.s.f. kernels into singular and regular terms (formally, this means intro-
ducing an asymptotically small parameter) must be done in both the radial
and angular parts of the equations. So, the choice of the parameter to be
extracted is considerably more complicated than in the spherical geometric
setting.

The key idea that makes it possible to treat a large class of diffraction
problems for open spheroidal shells successfully is to convert the dual se-
ries equations with prolate angle spheroidal function kernels to dual series
equations with the associated Legendre function kernels; thus converted the
equations are amenable to regularisation techniques employing the Abel in-
tegral transform. This relies on the expansion of the p.a.s.f. as a series in
associated Legendre functions [29], [50], [122]

oo

St (e,n) =Y "d" () Pl () (7. 3)

r=0,1

where the expansion coefficients d” (c) depend only on the wave parameter
¢; in this summation the prime indicates that it is taken over only even or odd
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The coefficient ratio d/(5)/d}'(5) as a function of r (various [). The
ratio decays rapidly when r > [.

values of r according as [ — m is even or odd, respectively (r = —m mod 2).
The expansion (7. 3) converges absolutely for all 7.

The theory of spheroidal functions indicates that the expansion coefficients
rapidly decrease, provided r > [, and the ratio d™ (c) /d™, (c) = O(c?/4r?)
as 7 — oo. For given [ and m, and provided [ > ¢, the dominant coefficient
is d™ (c) [29], [50]. The diffraction problems of this chapter all employ the
p-a.s.f. with azimuthal index m = 0 or 1. In Figures 7.1 and 7.2 the rapid
decay of the ratio d™ (c) /d™  (c) as r — oo is illustrated for these two values
of the index m.

Thus we may separate the dominant term in the expansion (7. 3) and
rewrite it in the form

. m - d:‘nl c m
Su(n) = d @ PP+ Y PR (00
r=0,1 f=m
r£l—m

The asymptotic expansion of the angular spheroidal function is (see [25])

Smi(c,n) =P (n) [1+0 (I71)] (7. 5)
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The coefficient ratio d!!(5)/d}!(5) as a function of r (various [). The
ratio decays rapidly when r > [.

as | — oco. Thus the expression (7. 4) represents the prolate angle spheroidal
function as a sum of a main term and an asymptotically small part (when
I — 00). In this way we may separate the angle and wave dependence in the
p.a.s.f. kernels.

The representation (7. 4) together with the estimate (7. 5) is the crucial
step that makes the regularisation procedure work in spheroidal coordinates,
reducing the problem of solving dual series equations with p.a.s.f. kernels
to that of solving dual series equations with associated Legendre functions
kernels; the latter task has been considered extensively in previous chapters
(as well as in Part I).

7.2 Acoustic Scattering by a Rigid Spheroidal Shell with
a Circular Hole

Consider an infinitely thin prolate spheroidal shell, acoustically rigid and
with one circular hole (see Figure 7.3); the aperture is located so that the
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Figure 7.3
Spheroidal acoustic resonator.

structure is axisymmetric about the z-axis. For a suitable choice of & and
no (hereafter fixed), the surface of the screen may be described in spheroidal
coordinates (&, 7, ¢) by

=%, m<n<1,0<¢<2m;
the circular hole is defined by
=8, -1 <n<mny, 0< ¢ <27

Throughout, it will be convenient to parametrise the angular coordinate via
7 = cosf, where 0 < 0 < 7.

When illuminated by a plane acoustic wave propagating along the axis of
symmetry (normal incidence on the aperture), the velocity potential of the
incident field is given by

U = exp(ikz) = exp(icné) = 2 Z i'So1(c, 1)Soi(c, n)Ré})(c, §) (7. 6)
1=0

where ¢ = kd/2, k is the wavenumber, d is the interfocal distance, S,,;(c,n) is
the normalised prolate angle spheroidal function (with m = 0), and Rgg(c, €)
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is the prolate radial spheroidal function (p.r.s.f.) of the first kind (with m =
0). A time harmonic dependence e~** has been assumed in (7. 6) and is
suppressed henceforth. Taking into account the normalisation of the prolate
angle spheroidal functions we may rewrite the expression (7. 6) in the form

= 2211]\701 ¢)Soi(e, 1)Soie, mRY) (¢, €) (7. 7)

where Sp;(c, 1) is the prolate angle spheroidal function (p.a.s.f.) and the norm
Noi(c) was defined in Section 1.2.

The pertinent boundary value problem is formulated in a familiar way. The
velocity potential U of the total diffracted field must satisfy the Helmholtz
equation (1. 144) and the mixed boundary conditions

U|5=fo—0 = U‘5:§0+07 ne (_17770) (7 8)
dU dU
d7£|§=§o—0 = d7§|f=€o+0 =0, ne (nO’ 1) (7 9)

are imposed on the aperture and the screen, respectively. The total field is
considered as a superposition

U=U"+U*

of incident (U 0) and scattered (U®°) fields; the scattered field behaves at
infinity as an outgoing spherical wave

ikR
Use =< +O<1) (7. 10)

R R?

as & — oo or R — oo. Finally the scattered energy in any finite volume V' of
space must be finite:

:/// {kz2|Usc|2+|gradUsc|2}dV<oo. (7. 11)
14

The application of this condition to volumes containing edges of the scat-
terer leads to the well-known edge condition uniquely defining the order of
singularity of the scattered field at the edge of the screen. The uniqueness of
the solution to our diffraction problem is guaranteed by this set of boundary,
edge and radiation conditions [41], [93].

The physical meaning of the velocity potential U introduced here is well
known: it is proportional to sound pressure, while its normal derivative ‘g—g is
proportional to the normal component of ambient fluid velocity.

The Helmholtz equation (1. 144) is separable in spheroidal coordinates (see
Section 1.2) and we may expand the scattered field in terms of spheroidal wave
harmonics. The radiation condition (7. 10), and the continuity of the normal
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derivative of the velocity potential on the closed spheroidal surface & = &
forming the interface between interior and exterior regions, dictate that the
solution has form

U (&mn) =

- (c.€), £ < &
;AZSOZ(C’”){R“)( OB (060) R (c.60), €56 1)

where the notation ROl " (¢, &) means the derivative 3 Ré}) (¢, &) evaluated at

¢ = &, and the unknown Fourier coefficients {4;},° are to be determined.

Enforcement of the boundary conditions (7. 8)—(7. 9) on (7. 12) produces
the following dual series equations with p.a.s.f. kernels (of azimuthal index
m = 0) for the unknown coefficients A;,

A
2 WSOZ (e;m) =0, 1 € (=1,70) (7. 13)
=0 ¢, Q0

S" AR (¢, &) Soi (e,n) =
=0
— 2580 (e, 1) N 2(e) R (¢, &) Sot (e.m) . m € (mo,1) (7. 14)

where the value of the Wronskian

w B (c.6). Ré? (c.60)] =

1

3
R (&) B (e 60) = By (e &) BGY' (0.60) = o5 (7. 19)
0
has been employed.
Introducing the unknowns
A

and the parameter

a=1+ (& - DFRG (c.0) B (c.60) (7. 17)

21+1

that is asymptotically small (¢, = O (02/12) as | — 00), the system (7. 13)—(7.
14) becomes

ZIISOZ (Ca 77) = 07 n € (713770) (7 18)
=0
Z (2[ + 1) X (1 — El) Sot (C, 77) = Zglsol (Ca 77) NIAS (7707 1) (7' 19)
=0 =0
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where .
g =8¢ (€ = 1)% Suu (e, 1) Ny ()R (e, &) - (7. 20)
We now employ the representation (7. 4) to transform the dual series

equations (7. 18)—(7. 19) with p.a.s.f. kernels to the following dual series
equations with associated Legendre function kernels,

e} 00 x 0l c
dDubm==>u Y, ’ZSZEC;PT (m), me(=Lm) (7.21)
=0 =0 r = 0, 1 l

r#£l

QU+ 1)yl () =Y _ {@+ ey +ad(c)} P (n) +
=0

M8

M £

(@) E-Du+ad©) S 9P ) e,

dOZ (¢)
1=0 r=0,1
r#l
(7. 22)
with new unknowns
y = zd) (). (7. 23)

Tt is possible to show that the condition (7. 11) forces the unknown coefficient
(o] o0
sequence {y;},-, to be square summable ({y;},=, € l2),

> lul* < 0. (7. 24)
=0

To construct solutions to Equations (7. 21)—(7. 22) it is useful to compare
these dual series equations with equations (2. 24)—(2. 25) that arise from
the diffraction of an acoustic plane wave by an acoustically hard spherical
cavity. From a formal point of view, both sets are equations of the same class,
though the right-hand side of (7. 22) is rather more complex. Nonetheless,
this system may be regularised in the same way to obtain the analogue of
system (2. 28) (for m = 0).

Integrate (7. 22) employing the formula

1
[Ptz = 2 (P () - P ()

and then substitute the Mehler-Dirichlet representations for the Legendre
polynomials

2 sm +Ha
P,—1(cosf) — P11 (cosb) = V2 / ) sin ado,
Vcosa — cos 0

1
P, (cosb) = f / sin(nty)a
Vecos — cosa
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into the series equations. Interchange the order of summation and integration
to obtain two Abel integral equations that may be inverted in the standard
way; the validity of this operation is ensured by the uniform convergence of
the series equations that may be established from the condition (7. 24) and
the asymptotic behaviour of the Legendre polynomials P, as [ — oo. This
leads to the following equation,

S Fi(0),  0€(f,1)
;ylsm(lJr >0{F2(9), 9€<_1730)7(7. 25)

where 1 = cosf, 19 = cosfy (so that 6y defines the angular size of the shell)
and

o0 1 . 1
F () = Z {ayl + gzd?l(c)w} sin <l + ) 0+
1=0
S ) sin (r + g
S {@+1) (@ -y + ad(c)} Z dOl (2(r+12)) ., (7. 26)
=0 r=0,1
r#1
- = d% (c) . 1
F2 (0) = — Zyl Z /dlol Ecg Sin <'f' + 2) 0. (7 27)
=0 r=0,1

To obtain a regularised i.s.l.a.e. for the unknown coefficients y;, multiply
both sides of the equation (7. 25) by sin (s + %) 6 and integrate over [0, 7],
yielding

Ys + Zylasl (ca 90) = ﬂs (07 90) ) (7 28)
=0
where s = 0,1,2,..., and

=, 40 () Res (60)
Ol T TS
(c,00) = Zgzd Z /d?l ©@r+1) (7. 29)
r=0,1

alesth) = e O0) + (=) (21 1) 3 "

r=0,1
r 7é l
e dOl
+ Z dOl 7"9 (00) - 51”3] ) (7 30)
r=20,1

r#l
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and

A1) _ 1 fsin(r—s)f sin(r+s+1)6
R (90) = Qr—l,s 1 (COSQO) - r—s r+s+1

(7. 31)
is the usual incomplete scalar product (the term (sin(r —s)6p)/(r —s) is
replaced by 6 if r = s).

The matrix operator of the system (7. 28) is a compact perturbation of the
identity operator in the functional space l5. The proof of this statement, as
well as the justification of splitting the operator in the original formulation
of the problem into the singular and regular parts, relies on the asymptotic
estimates of the p.a.s.f. (see [7. 5]) and of the parameter &; defined by (7.
17). Uniqueness of solutions to this systems, and of those encountered in sus-
bsequent sections in this chapter, is established by adapting the uniqueness
argument given in Section 2.1. As may be seen from (7. 30)—(7. 31), com-
putation of the matrix elements in (7. 28) simply requires the calculation of
trigonometric functions and the coefficients d% (c) derived from the expansion
of the angular and radial spheroidal functions in series of Bessel or Legendre
functions (see Section 1.2).

Equation (7. 28) has many convenient features for numerical solution or
further analytical investigation. It may be used to develop asymptotic expan-
sions (with an error estimate) in the low-frequency range for arbitrary values
of the parameter 6y (the angular size of the screen), including the limiting
case of a “spheroidal” disk. In the resonant frequency range analytic approxi-
mations for the quasi-eigenvalues may be obtained for small apertures. These
are used in the next section to construct a rigorous theory of the acoustical
resonator (or Helmholtz resonator) of spheroidal form.

From a numerical point of view, second kind systems of the form (7. 28) are
readily amenable to reliable, efficient and accurate numerical solutions based
on truncation methods. This will be the basis of a systematic analysis of the
far-field radiation pattern and total cross-section of the acoustical spheroidal
resonator.

7.3 Rigorous Theory of the Spheroidal Helmholtz Res-
onator.

The classical acoustic resonator coupled to free space by a small circular
aperture was examined in Section 2.2; its resonant frequency fo was given by
(2. 61). In this section, we derive the complex resonant frequency fy and
Q-factor for the vessel of spheroidal form that is coupled to free space by a
circular hole.
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Introducing the angular width of the aperture
01 =7 — by, (7. 32)
so that the incomplete scalar product (7. 31) has the form
Rys(00) = Rrs(m — 01) = 0rs — (1) 7" Qs (61) (7. 33)

where

Qrs (01) (7 34)

™ r—Ss r+s+1

1 [sin(r—s)@l N sin(r+s+1)6;
(with the usual meaning when r = s), we reformulate the system (7. 28) with

coefficients expressed in terms of #; as

Ys + Z yla/sl (Cv 91) = ﬁg (C’ 91) (7' 35)
=0

where s = 0,1,..., o/ (¢,01) = ag (c,m —61) and 3. (c,01) = Bs (¢, m —01).
In this section we now replace o, and 3, by ay and ;.

To derive the dispersion equation for the Helmholtz mode, consider the
homogeneous system of equations derived from (7. 35) by setting the right-
hand side to zero. The quasi-eigenvalues of quasi-eigenoscillations are the
complex frequencies at which nontrivial solutions of this homogeneous system
exist; its matrix has the structure

1 + a0 an1 a2 [ 7))
ay l4+ann a0 ay
[e%N)) 21 1 + o2 ... [6%))] (7 36)
a0 o a1+

and the associated determinant must vanish. Retaining terms correct to
O (03, 9?) , the relevant determinant is

oo

aus(c, bh)asi(c, 01) 3 6
1 Ss 50 1- ’0
0[ s (C 1)} l_;?és 1+0455 (0791) +O(C 1)

3

D=

(7. 37)

From the infinite spectrum of quasi-eigenvalues we select only that mode

defined by the dispersion equation obtained from the factor of index s = 0 in
(7. 37),

1+ agg (C, 91) — Z 0 (C, 91) Qo (C7 91) =0. (7 38)
=0

When 6, < 1, the equation (7. 38) is solvable only with
A~ 0. (7. 39)
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Under this condition we expand (7. 38) and discard the terms that are
O (06, 9:13) to obtain the complex values of the parameters c, 6, of this Helm-
holtz mode. Suppressing a lengthy and awkward calculation, the result is

2—01**50(50*1)% Py fo (50*1)%
138 14 2 1, (St
+& (5 - 1) [5(58_1)_13 §(£0 DA (fo—lﬂczl
2 149 4 >
+37T{4§0(§g_1)2 75} b1c" _7¥<7T8_1>0%+O(CG,0§):O

(7. 40)

An application of Newton’s method gives the following result for the pa-
rameter ¢y = kod/2 of the Helmholtz mode

3 2
o~ [3&1] _3 (01> . (7. 41)
27&o (5(2) —1)? 8\ m

The real part of the expression (7. 41) may be used to find the excitation
frequency of the acoustical resonator, and its Q-factor equals

_ Re(co) _ 1 2r 3
Q= 2Tm (co) @1 (01) : (7. 42)

It is worth noting that with the identification

4 d\* d 1
= gwgo (& —1) (2) =g (& —1)2 64, (7. 43)
and 4 2mRel(fy) d
T Rel Jo
o= k02 Vsound 27

the real part of expression (7. 41) obtained from our rigorous solution for the
Helmholtz mode, equals the well-known acoustical expression (2. 61).

7.4 Axial Electric Dipole Excitation of a Metallic Spher-
oidal Cavity.

With a time harmonic dependence e~**! (that is henceforth assumed and
suppressed), we consider Maxwell’s equations in the symmetric form (1. 58)—

(1. 59). For an axially symmetric situation (so that 9/9¢ = 0), Maxwell’s
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Figure 7.4

Prolate spheroidal shell (semi-axes a,b) with one circular aperture,
excited by an axisymmetrically located electric dipole.

equations in prolate spheroidal coordinates separate into two independent
systems of equations, given in Section 1.2. The system (1. 94)—(1. 96)
describes a field of magnetic type (when only the components E,, He and
H,, do not vanish) whereas the system (1. 97)-(1. 99) describes a field of
electric type (when only the components Hy, E: and E, do not vanish). An
electric dipole located along the z-axis with moment aligned with that axis
generates only a field of electric type governed by (1. 97)—(1. 99). The other
nontrivial field components (E¢, E,) are readily obtained from the component
H, = Hy (€¢,n) that satisfies the second order partial differential equation (1.
100).

Consider then an infinitely thin perfectly conducting spheroidal shell having
one circular hole located so that the z-axis is normal to the aperture plane and
the structure is axisymmetrical. It is excited by a vertical (axially aligned)
electric dipole placed along the axis of rotational symmetry (the z-axis), at
& =¢&1,n =1 (see Figure 7.4). The screen occupies the surface

52507 _1§77<7707 O§¢<2ﬂ-
and the aperture is given by

§=%, m<n<1l 0<¢<2m
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The magnetic field of the electric dipole is (see [50], [21])

k3
HO (6m) = ——2
é (&n) /e 1

o i RS) (c,&1) RS) (c,€), €<
; x11 (¢) N1z (c) St (e, n) R (e,e) R (c,6), €> & (7. 44)

where p is the dipole moment; RS) (c,&) and Rﬁ) (¢, &) are the prolate radial
spheroidal functions (p.r.s.f.) of first and third kind, respectively, Sy; (¢,n) is
the prolate angular spheroidal function (p.a.s.f.), and the coefficients Ny; (¢)
and x1; (¢) are defined in Section 1.2.
The total field H;"t is a superposition of the incident and the scattered field
Hie:
o 0 sc
H' (&m) = Hy (&) + HY (€m). (7. 45)
A rigorous formulation of the electromagnetic diffraction problem requires
the total field to satisfy Maxwell’s equations (1. 58)—(1. 59) subject to the

following conditions: (i) the tangential components of the total electric field
must be continuous on the spheroidal surface £ = &,

Ey (S0 —0,m) = E, (5 +0,1), ne(—=1,1); (7. 46)

(ii) the mized boundary conditions

E"7 (60_0577) :E’U (50"‘0777) :07 776 (_17770)
Hg (&0 —0,m) = Hy (S0 +0,1), n € (1o, 1) (7. 47)

are imposed on the tangential components of the total electric field on the
screen and of the total magnetic field on the aperture, respectively; (iii) the
scattered field satisfies radiation conditions, requiring that it behaves as an
outgoing spherical wave at infinity,

eicf
HE (§,m) = TFSC () (1+0(¢Y) (7. 48)

as £ — oo, where F*¢ () is the radiation pattern of scattered field; and (iv)
the scattered energy in any finite volume V' of space must be finite:

= Jff {lF

This last condition is equivalent to the so-called edge condition prescribing the
singularity of the scattered field at the edges of the screen. Uniqueness of the
solution is guaranteed by this set of boundary, edge and radiation conditions
[41], [93].

2 ——
_"_ ‘HSC

2} AV < . (7. 49)
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Let us represent the scattered field in terms of spheroidal harmonics. En-
forcing the continuity condition (7. 46) on the shell surface £ = £y, and the
radiation condition (7. 48) on the scattered field, yields the expansion

(s¢) pk?
H )= —18  x
N R} (c,€) £ <&
AiSu(en) § by, (7. 50)
; R (.6 21" (¢,60) /27 (e.&) , € > &
where the unknown Fourier coefficients A; are to be found, and
i 0 3 50 .
7 (e60) = g [(€ 1) BY (@) _ - i=1ors.

Imposing the mixed boundary conditions (7. 48) on the expansion (7. 50)
produces the following dual series equations defined on subintervals corre-
sponding to the screen surface and aperture,

ZA;Z( (¢, &) S (e,m) ZB;SU en), n€(=1,m0) (7. 51)
=1 =1

= A

S A e =0, ne (), (7. 52)

=1 Z(3) (¢;&o)
where the coefficients B; determined by the incident field (7. 44) equal
c
(—i)l+1 {
B=————-— (7. 53)
xu (@ Nu(e) | 2% (¢, &) RY (c,&1), & < &.
It is convenient to define new coefficients x; by

2l—|—1
TES

(e, 60) a1 (7. 54)

1=

and to transform equations (7. 51)—(7. 52) to the equivalent system

o~ 20+
Z le (e, 50)2( ! (e, &) Su (e) ZBISU ),
=

ne(=1,m), (7.55)

2 +1
I(I+1)

xSy (¢,m) =0, n € (no,1). (7. 56)

NE

=1

This formulation of the canonical diffraction problem has therefore pro-
duced a set of dual series equations (7. 55)—(7. 56), containing the prolate
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angle spheroidal functions with the azimuthal index m = 1, to be solved for
the coefficients z;. We treat it in a similar manner to that used for the acoustic
problems encountered in an earlier section.

Employing the asymptotic expansions established in [25] for the prolate
radial spheroidal functions

7 (e =
{;[5(52—1)5+1}}2.jl{§[§+(§2—1)5}}{1+o<z—1)} (7. 57)

RY (c,6) =

{;[5(521)‘5“]}é WS [er @ -0 ivo@ ) @ 59)

as [ — oo, where j; and hl(l) denote the spherical Bessel functions and spher-
ical Hankel functions (of first kind), respectively, the following limit can be
established:
20+ 1 i
B A @AY o) = -y
c(&—1)

(7. 59)

[NIE

This asymptotic result leads us to define the parameter

21+1

l(l+1) Y (e,€0) 2 (e, €0) (7. 60)

er(c,&) = 1+ic (& — 1)%

that is asymptotically small: ¢, = O (1_2) as | — oo. Figure 7.5 illustrates the
asymptotic behaviour of ¢;, for various values of £y and c. With this definition,
equations (7. 55)—(7. 56) may be written

> @ (1—&) Sy (e,n) = —ic (& — 1)% > BiSy (e,n),

=1 =1
i 20 xlSu (¢,m) =0 n € (no,1). (7. 62)
1 (1+1) ’ ’ ’

The next step is to transform the dual series equations (7. 61)—(7. 62)
to equations with associated Legendre function kernels that are amenable to
solution by the Abel integral transform technique. The key is to insert the
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Absolute value of
=
o

80

Figure 7.5
Behaviour of the asymptotically small parameter ¢, for various val-

ues of & and c.

representation (7. 4) in (7. 61)—(7. 62), and after setting n = cos @, ng = cos 0y
and slightly rearranging we obtain

S 2+ 4 (0)
Zl le (cos ) ZZ(H—I Z dlll_l(c)PTH(cosﬁ),

=1 =1 r= 0) 1
r#l—1
0 € (0,600) (7.63)
- 1 - - ! dll( ) 1
ZylPl (cos®) = Zylel Z 1 P, (cosf)—
2 2V 2 T (o)
=1 =1 r=0,1
e & dll > dll
Zyl Z /dll (( )) prlle (cos ) + Zgl Z i (( )) pT1+1 (cos ),
=1 7“:0,1 -1 =1 r=0,1 (-1
r#l—1
0 e (9(),71’) (7 64)
where
y = xldllfl(c) (7. 65)
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and g, = —ic\/€¢ — 1d}  (c) By

In operator notation, we may regard the left hand side of the equations (7.
63)—(7. 64) as representing the action of an operator L on the unknown Fourier
coefficient sequence y = {y;},=, (i.e., Ly). Finding the inverse operator L*
or equivalently, solving the equations, depends upon specifying the functional
space in which y lies, i.e., specifying the behaviour of the coefficients y; to be
determined.

The finite energy condition (7. 49) determines a suitable functional space
for y = {yi},=,. Select the volume of integration to be the interior of the
closed spheroid £ = &y and use the expressions (1. 97)—(1. 99) and (7. 50) for
the electromagnetic field components in the region £ < &; the energy integral
is

W= p2ck3\/€2 — 1 "

8m (st —1)

> {lAl* N 0 R (e.60) 27 (e 60)}

=1

LT

where lim;_, o D; (¢,&y) = M (¢, &) is a bounded function for any values of ¢
and &y. Keeping in mind the rescaling (7. 54) and (7. 65), the finite energy
condition (7. 49) thus implies

- 24D NR(Q) 2 2 g M
ul* |2¥ (.| B (e.60) 27 (e 60) < oo.
;l l+1 d”_l(c)]2 ! 1 !
(7. 67)

Using the limit (7. 59), and the fact that N3 (¢) « [ as | — oo, we deduce

> lul? < oo, (7. 68)
=1

that is, {y1},=, € l2. This is the correct mathematical setting for the solution
to the dual series equations (7. 63)—(7. 64), and ensures the mathemati-
cal validity of all operations for constructing the regularised solution, which
is carried out in the standard manner similar to that employed in previous
chapters.

Omitting its deduction, we state the final form of the regularised system:

Ys + Zylasl (ca 90) = ﬂs (67 90) 5 (7 69)

=1

where s =1,2,...,

ll c
(e.0) = Zgl 3 s B = @t (7. 70)

l
— TOldlll(
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_ @+ o 4 () (r+1)(r+2)
WS L e ey
,r = 9
r£l—1
— 4 ()
£l Z dll 7"+1,s - ‘I)s'r'(oo)] + Z m [57-4,_175 — @s,(ﬂo)] s
r=0,1 r=0,1 """
r#£l—1
(7. 71)
" By (00) = Ry o (00) + —2000) o oy (7. 72)
sT r4+1,s 1— ROO (90) r41,

where R, (0p) is given by (7. 31).

Using the asymptotic behaviour of the parameter ¢; and of the function
S1i(c,m), and estimating the norm of the matrix operator {Oésl}:)lzl it is easy
to prove that the matrix operator of the system (7. 69) is a compact pertur-
bation of the identity operator in l5. Thus this system of equations can be ef-
fectively solved by the truncation method, with a desired accuracy depending
on the truncation number Vy,.. Solutions of engineering accuracy are obtained
if V¢, exceeds the maximal electrical size of the spheroid: Ng. > kb = c&g,
where b is the semi-major axis length.

The accuracy of this estimation is illustrated by the dependence of nor-
malised error versus truncation number Ny, presented in Figure 7.6 (left).
The error was computed in the maximum-norm sense,

maxj< N ‘le—H - le’

maxj<n !le’

e(N) = (7. 73)

where {yl }l denotes the solution to (7. 69), truncated to N equations.
The Fredholm nature of this system guarantees that e(Ny,.) — 0 as Ny — oo.
The system is well conditioned, even near values of quasi-eigenfrequencies
corresponding to internal cavity resonances as illustrated in Figure 7.6 (right).
The sharp spikes in the plot correspond to internal cavity resonances that will
be discussed below.

Let us use these numerical solutions to investigate radiation from an open
spheroidal antenna, modelled as a spheroidal screen excited by a vertical elec-
tric dipole.

For this structure, the far field radiation pattern F' is defined by

icf
Hy = + HJ = == F(n) + 0(2), (7. 74)
as & — oo. Taking into account the asymptotic behaviour of the prolate radial
spheroidal function Rll (¢, &) (see Section 1.2), the magnetic field component
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NORMALISED ERROR, e

Figure 7.6

Dependence of normalised error e(N:.) upon truncation number
(left) and of condition number upon wavenumber (right); a/b = 0.5
(EO = 1155), 00 = 300.

has the form

[
T dme/E 1
i[ l+1R(1)( &) 1 2+l

7W -+ 3 g
alNae) @iy (c’f‘”]e ute

i +0(£7?), (7.75)

and so the far field radiation pattern is

pk?

”1R<1 (c,&) (=)' 2041
Z[ an(@Nu(e) Al i+ )"

F(n)=

Y (e, &)

Su(e,m). (7. 76)

The total power flux is, omitting inessential factors,

— 1 — -,
T — §Re/s B, x Hds. (7. 77)
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In the far field zone E, = Hy 4+ O (5’2) and to this order, the power flux has
only the radial component

2k4

i DR (¢,6) (—i)l+1 20 +1
=1

sc Nu( G E)
The power flux Il radiated by a dipole in free space corresponds to setting
y; =0 in (7. 78), giving

2

ylZl(l) (c,&)| Niyle). (7. 78)

2
_ p2k* o0 [RS)(C, 51}
EREZEI G

7.79
= ) (77

Radiation resistance R is defined as the ratio between the power radiated by
the antenna to the power radiated by the dipole in free space,

R = TI/TI,. (7. 80)

Our analysis of the open spheroidal antenna examines the computed radia-
tion resistance R(kb) (7. 80) and far-field radiation pattern |F' (n)| (7. 76) in
the resonant frequency region 0 < kb < 10. In all computations the position
of a dipole is fixed as &1 /&y = 1.1 and the geometrical scale is defined by the
major semi-axis of the spheroid taken to be b = 1(so d/2 = &5 and kb = c&).

In Figure 7.7 the radiation resistance R(kb) for a closed spheroid with a/b =
0.2,00 = 0° is plotted (as a dashed line). Resonant peaks correspond to
external quasi-eigenoscillations of electric type studied before [21]. Further
examples of this phenomenon will be considered in Section 7.6. The radiation
resistance R(kb) for an open spheroidal shell of the same aspect ratio (a/b =
0.2), with a circular hole of angular size f = 30", is shown as a solid line.
The introduction of the aperture does not significantly modify the behaviour of
R(kb). Maxima of R(kb) are observed at approximately the same frequencies
as for a closed shell. The lower average level of R(kb) over the computed
waveband is explained by the greater spacing of the feed from the antenna that
causes a less efficient excitation. Note that no internal resonances are observed
because the first resonance is excited when ka « 2.7 (a is the minor axis). The
latter conclusion is demonstrated by the radiation resistance plots in Figure
7.8 (a/b = 0.5,0y = 30°). The occurrence of double extrema is obviously
connected to the excitation of internal quasi-eigenoscillations of electric type
in spheroidal cavity. A clear manifestation of the resonant effect due to cavity
oscillations is observed for a thicker antenna (see Figure 7.9 where a/b =
0.8, 00 = 30°).

The presence of these additional resonances provides opportunities for mod-
ifying the radiation of spheroidal antenna by varying the frequency in a nar-
row band. An example is shown in Figure 7.10, where significant differences
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Figure 7.7

Radiation resistance for a closed spheroid (dashed line) and an open
spheroid (solid line) with 6, = 30°; aspect ratio a/b = 0.2.

in the radiation patterns are observed in the vicinity of a double extremum:
kb = 3.3933 (solid line) and kb = 3.4 (dashed line); for comparison the pattern
at a nearby nonresonant frequency (kb = 3.5) is shown (dotted line).

7.5 Axial Magnetic Dipole Excitation of a Metallic Spher
oidal Cavity.

In this section we consider the excitation of the spheroidal cavity with a
single circular aperture by a magnetic dipole. The geometry of the problem
is the same as in the previous section (see Figure 7.4), but the vertical elec-
tric dipole is replaced by a vertical magnetic dipole. The axially symmetric
magnetic dipole field induces a total field of magnetic type: three of the com-
ponents vanish and the remaining components (He, H,,, E) are governed by
the system of equations (1. 94)—(1. 96) deduced from Maxwell’s equations.
A second order partial differential equation similar to (1. 100) determines the
field component E4 = E4(§,n). The mixed boundary value problem for this

© 2002 by Chapman & Hall/CRC



RADIATION RESISTANCE

0 1 2 3 4 5 6 7 8 9 10

Figure 7.8

Radiation resistance for the open spheroid with 6, = 30°; aspect
ratio a/b = 0.5.

component is formulated in the same way as was formulated for the magnetic
field component Hy when the cavity was excited by an electric dipole (see
Section 7.4).

The total field E;Ot is a superposition of the incident E;O) and the scattered
field E3°:

O 0 sc
By (6m) = By (&) + B (€m). (7. 81)
A rigorous formulation of the diffraction problem requires the total field to
satisfy Maxwell’s equations (1. 58)—(1. 59) subject to the following conditions:

(i) the tangential components of the total electric field must be continuous on
the spheroidal surface £ = &g,

Ey (S0 = 0,m) = Eg (S0 +0,1), ne(=11); (7. 82)
(ii) the mized boundary conditions
Ey (€0 = 0,1) = Eg (0 +0,1) =0, n € (=1,m0)
Hy (§o = 0,m) = Hy (0 +0,m), n € (no, 1) (7. 83)

are imposed on the tangential components of the total electric field over the
screen and on the total magnetic field over the aperture, respectively; (iii) the
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Radiation resistance for the open spheroid with 6, = 30°; aspect
ratio a/b = 0.8.

scattered field satisfies radiation conditions, requiring that it behaves as an
outgoing spherical wave at infinity,

ick
£

as £ — oo, where F*¢ is the radiation pattern of scattered field; and (iv)
the scattered energy defined by (7. 49) must be finite in any finite volume
V of space. This last condition is equivalent to the so-called edge condition
prescribing the singularity of the scattered field at the edges of the screen. As
usual, uniqueness of the solution is guaranteed by this set of boundary, edge
and radiation conditions [41], [93].

Let us represent the incident and scattered field in terms of spheroidal
harmonics. The field radiated by the magnetic dipole in free space is

B (&n) = —F* () (1+0 (")) (7. 84)

mk?

= (=) RY (c,6)RY) (c,6), € < &
; @M@ D R (e ) R ) e e | T

0 (57”) = -
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Figure 7.10

Radiation patterns for the open spheroid with aspect ratio a/b =
0.8, angle 6y = 30° and wavenumber kb equal to 3.3933 (solid), 3.4
(dashed) and 3.5 (dash-dot); the first two values of kb correspond to
a double extremum.

where m is the dipole moment. Enforcing the continuity condition (7. 83) on
the shell surface £ = &y, and the radiation condition (7. 84) on the scattered
field, yields the expansion

B (€)=
471\/51
R (¢, €< &
BS 7. 86
Z 1 () {R@( R (060) /R (60), €560 [ 5

where the unknown Fourier coefficients B; are to be found.

Imposing the mixed boundary conditions (7. 83) on the solution (7. 86)
produces the following dual series equations defined on subintervals corre-
sponding to the screen surface and aperture,

ZBZR ¢, &o) Su (e, m) Zﬁlsu ¢,n), n€(=1no) (7. 87)

© 2002 by Chapman & Hall/CRC



— B
> —m—Sulen) =0, 1€ (10, 1) (7. 88)
1

where

_ =™ {RS’(a@)RS)(a&)» <& (7. 89)

~ xu(©Nule) | B (¢,&) R (¢,&1), & > &

Based on the representation of prolate radial spheroidal functions as a series
of Bessel functions (see [7. 57]-[7. 58]), we deduce

i

R} (¢,&) R (¢, 60) = — . +0(17?) (7. 90)
c(&—-1)2(21+1)
as [ — oo, and are led to define the parameter
—1—ic(2-1)? @ +1)RY (c,&) RY 7. 91
i (¢, o) e (50 ) ( +1) 11 (Ca 50) 11 (07 50) ( . )

that is asymptotically small: p; = O (1*2) as | — oo. After rescaling the
unknowns via

By
W=~z (7. 92)
Ry (e,0)
and denoting

w=ic(&—-1)% B (7. 93)

the equations (7. 87)—(7. 88) take the form
Zyz 511 (c,;n) 2%511 ¢,n), ne(=1m) (7. 94)

=1

Zylsll (Cv 77) = 0, n S (7707 1) . (7 95)

As in the previous section, the next step is to transform these functional
equations to dual series equations with associated Legendre function kernels
by inserting the identity (7. 4), giving

ZY P} (cos 0) + i i (€) P! | (cosh) p =
21 +1 l r+1

r=0,1 i, (c)

r£l—1
ZWZ 'd! (c) Py (cos®), 0 € (0p,m) (7.96)
=1 = 01
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o o 11
ZYl P! (cos ) + Z AL ()Pl (cosf) » =0, 0¢€(0,6))

= R SR CH
r#£l—1
(7. 97)
where
Yi = di (O (7. 98)

We now apply the Abel integral transform technique to reduce the pair of
equations (7. 96)—(7. 97) to the following dual series equations with trigono-
metric function kernels and containing a constant C' to be determined. This
is similar to the transformation of equations (4. 15)—(4. 16) to equation (4.
20).

0€(0,00) (7. 99)

L1+ 1) ( 1) =, di (o) ( 3)
— Y (1 — ) gcos(l+=])0+ T cos|{r+=1,860
=1 (2l+1)2 ( ) 2 Z d!y (c) 2
r=20,1
r£l—1

=> >, 4t e cos(r—F )0 0 e (6p,7). (7.100)
=1 r=0,1

There is a difference with the previous transform of equations (4. 15)—(4.
16) to the system (4. 20). Here we integrate equation (7. 97) (defined over
6 € (0,60p)) and then employ the representation of Mehler-Dirichlet type

P, (cosb) = \[/ cos (n + )Sod
Vcosp —cost

Considering Equations (7. 99)—(7. 100), it is convenient to redefine the
asymptotically small parameter, introducing
4 +1) 1
@+ 02" T @)z

M, = (7. 101)
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and to redefine the independent variable
9=m—0, (7. 102)
with ¥; = m—6. Noting that cos (I + 1) 0 = (—1)"sin (I+3) ¥, the equations

(7. 99)—(7. 100) may be rearranged in the form that allows us to equate a
Fourier series with a function defined piecewise on two subintervals of [0, 7],

Z HSlnl+1)19:{?l<19>7gE(ﬁlﬂr)(?' 103)
2

=1 (79) ) € (Oa 191)
where
.0 - - dil (C) r+l . 3
F (79):051n§—21/l Z /dllil(c) (—1)""" sin (7“+2)19
=1 r=0,1
r£l—1
and

— 4271 Z "dM (¢) (=1) " sin <r + ;’) i

= r=0,1

= , 4y (¢) 1 . 3
+ ZY;M; Z (o) (=) " sin (r+ 3 9. (7. 104)
= r=0,1 B

r£l—1

Multiplying both sides of equation (7. 103) by sin (s+ 3) 9 (s =1,2,...)
and then integrating over the range (0, 7) produces the following i.s.l.a.e.,

= > / d},l (C) r+1
Yi+y v Y (=1 (o1 = @ (D))

di (e
R T
r#£l—1
oo oo dil c e
_ ZYlMl Z /dll ((c)) (—1)°t g (91)
= -1
r=20,1
r£l—1
= 4Zzyl Z /dll )(_1)r+s+1 (bsr (191)7 (7 105)
=1 r=0,1
where
Ros (00)

By (00) = Rysr.s (60) + Rys10(60) (7. 106)

1 — Roo (6o)
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and R, (6p) is given by (7. 31).

The system (7. 105) has very similar features to the comparable i.s.l.a.e
(7. 69) derived for the electric dipole case, and equally satisfactory numerical
methods are readily devised to solve this system for the unknown coefficients
Y,. The radiation resistance R = R (¢) may then be determined from

R= Holz

R&P(c &) — (=)™ R (e, &)| N (e)

(7. 107)

x1(c Nu dz”1()

where
2

(o)
M=)

=1

R (¢, &)
X1l C)

is proportional to the power of the dipole radiated in free space. The far-field
radiation pattern is

l+1
(1) 1 (1)
Z{Xll VN1 ( )R” (e,6) = (= )H dzu1( )Rll (¢ 50)}511(0,77).
(7. 108)

7.6 Axial Electric Dipole Excitation of a Spheroidal Bar-
rel.

In this section we consider a scatterer more complex than that in the pre-
vious sections, the spheroidal cavity with two symmetrically located circular
apertures. In prolate spheroidal coordinates (&, 7, ¢) the infinitely thin spher-
oidal shell enclosing the cavity may be defined by

§=8, —nmo<n<m, 0<¢ <271
for suitable &y and 1y and the circular apertures may be defined by

52507 776 [07770>U(_7707_”7 0§¢§27T

The screen is assumed to be perfectly conducting and, as in Section 7.4, is
excited by a vertical (axially aligned) electric dipole placed along the axis of
rotational symmetry (the z-axis), at £ = & (see Figure 7.11). The formulation
of this time-harmonic problem is rather similar to that described in Section
7.4, and leads to the following mixed boundary-value problem of diffraction
theory.

Both total and scattered fields satisfy Maxwell’s equations in the nondi-
mensional form (1. 58)—(1. 59); the tangential components of total electric
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Figure 7.11
Spheroidal barrel excited by an axially located electric dipole.

field must be continuous on the spheroidal surface £ = &y (see [7. 46]); and the
scattered field satisfies the radiation condition (7. 48) and the finite energy
condition (7. 49). The only difference arises in the specification of the subin-
tervals on which the mixed boundary conditions for the total electric field (on
the screen) and for the total magnetic field (over the apertures) are enforced:

EW (50 - Oa 77) = E”] (EO + Oa 77) = 0’ ne (777077]0) ) (7 109)
Hy (& —0,n) = Hy (S0 +0,m), n € (=1, —m0) U (o, 1). (7. 110)

As usual, the total field is decomposed according to (7. 45) as a superpo-
sition of the incident dipole field H(;O) (&,m) (7. 44), and the scattered field
H3¢ (€,n) expressed in terms of spheroidal harmonics according to (7. 50),
with unknown Fourier coefficients {4}, to be determined.

Enforcement of the mixed boundary conditions (7. 109)—(7. 110) leads to
the following triple series equations defined on three subintervals correspond-
ing to the screen and both apertures:

> A
: Sll (C7 77) = 07 ne (_17 _770) U (nOa 1) (7 111)

sz”( £0)

=1 C, G0
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ZA;Z( (¢, &) St (c,m) ZalSu ¢,n), neE(=m,m), (7.112)
=1

where coeflicients a; are deduced from the expression (7. 44) for the incident
field,
A (1)
) { (c.&)

TN AT TN 0 RS) (C, €1> 5 51 > fo
X1 (¢) Ny (¢) Z(3) (¢, &) RS) ¢ (7. 113)

(&), &1 <&

(the dipole is located outside or inside the spheroidal surface £ = £ according
as §1 > &p or & < &p).

The treatment of these equations closely follows the ideas of Section 7.4.
The same asymptotically small parameter ¢; defined by (7. 60) is employed.
The unknowns are rescaled according to

20+1

A:
TIaF z|

(c &o) By, (7. 114)

and the equations (7. 111)—(7. 112) become

oo

20+1

l l+ 1 Blsll (Ca 77) = Oa ne (717 7770) U (TIOa 1) ) (7 115)

S"B(1- ) Sulen) = —ic (&~ 1) S auSu ().

1=1 =1
n € (—=no,m0)- (7. 116)

These triple series equations fully determine the unique solution to the mixed
boundary value problem formulated above, provided the unknown Fourier
coefficients B; are constrained by the finite energy condition (7. 49). From
(7. 66) and (7. 67) we deduce

> IBI < oo, (7. 117)
=1

that is, {B;};2, € lo. This provides the correct mathematical setting for the
solution to the triple series equations (7. 116), and ensures the validity of all
operations in the construction of the solution.

The first step is to reduce the triple series equations (7. 115)—(7. 116) to
two decoupled sets of dual series equations with Jacobi polynomial kernels.
Invoking the p.a.s.f. symmetry [29]

Sy (e,n) = (=11 8y (e, 1), (7. 118)
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equations (7. 115)—(7. 116) may be rewritten as two decoupled pairs of
equations for the odd and even index coefficients as

1+3
(1+3)1+1)

oo

Baiy181,2141 (¢,m) =0, n e (=1,-mn0) (7. 119)
=0

ZleH (1 —e2141) S1,2041 (¢, m) Zﬁ21+151 241 (¢,m), 0 € (=m0,0)
1=0 1=0
(7. 120)

and

Z T 32151 2 (c,m) =0, ne(=1,-mn) (7. 121)
=1

ZBQZ ]. — 621)51 21 C 77 Zﬂglsl 21 (C, ’I]) ne (—770,0), (7 122)
=1 =1

1
where §6; = —ic (53 - 1) 2 oy

Insertion of the identity (7. 4) transforms these pairs to dual equations
with associated Legendre function kernels. The associated Legendre functions

Pl(l’i%) are related to Jacobi polynomials (see [90])
Phom=2(1+2) 1 —n)F PO (22 -1 7. 123
o141 (1) = T3 (1-7°)% P (2n ) (7. 123)

1 1 1’1
Py (n) =2 (l + 2) n(1—n2)2 PR (297 - 1). (7. 124)

Thus introducing the new variable v = 29 — 1 (with ug = 213 — 1), and
rescaling the unknowns via

Toj4+1 = déi2l+1 (C) BQH_l, Top = d;f_ll (C) Bgl, (7 125)

we may reduce each of the dual series equations (7. 119)—(7. 120), (7. 121)-
(7. 122) to dual series equations with Jacobi polynomial kernels. The new
variable u lies in the interval (—1,1). Note that both {z9};°; and {za41},",
lie in l5. The odd index coefficients satisfy

o0

1
> (l + 2) Tt (1 — 41) X

=0

00 1,214+1
) dy ()T 45 04
g (w+ > /izTHfP (u)
r—0 doj (c) 2

r#£1
= iﬁ2l+1 i ( ) dy; (e )Pﬁl’_%) (w), we(—1ug) (7.126)
1=0

r=0
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(+3) 1-3) S (L eIy
’ u) + T P 2 (u)| =0,
( ) Z d;22l+1 (C) l+ % ( )

1=0 ( r=20
r#l
u € (ug,1) (7. 127)

and the even index coefficients satisfy

=1 r— 20—1
r#£l
oo oo 1
= By ( * 2> A2 (@ PEF (), we (<1ug) (7. 128)

2 (1+1 1,1 > dlf_l (er+L1 a1
Z ( 4)562[ Pl(flz)) (u) + Z /d21’2ll(c) l_’_fp( 12) (u) =0,
r=1 20—1 2

r £l
u € (ug,1). (7. 129)

Each set of dual series equations (7. 126)—(7. 127) and (7. 128)—(7. 129)
is in standard form for a regularisation procedure that will convert it to a
second-kind system. We consider each system separately.

As described in some detail in previous chapters, the core of the method is
to transform each set to the form of a Fourier expansion in normalised Jacobi
polynomials ISI(Q”B ) that is equated to a function piecewise defined on two

subintervals of (—1,1).

7.6.1 The Series Equations with Odd Index Coefficients.
Integrate the equation (7. 126) using the formula (1.174) of Part I [1],

SIS

t
_1 _1 1 1
/1(1+u) 2 ) () du = %pl(“%)(t). (7. 130)
- 2

This equalises the convergence rate of both parts of the dual series equations
(7. 126)—(7. 127). Then employ the following Abel type integral representa-
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tions for Jacobi polynomials (see formulae [1.171] and [1.172] of Part I)

. L 3 u (%70)
PO () = (1 4wy~ f;ﬁ 0 i)n /, ](DL - t)(t) . i

SIS

1 1 Y (3,0)

Var (1+3) (t—u)%
to convert the dual series equations to a pair of homogeneous Abel integral
equations, one valid on the interval (—1,ug) and the other valid on (ug, 1).

After inversion of these Abel integral equations, and with some simple
rescaling, we obtain the following equations. Let

3
pl1<l+4>

denote the parameter that is asymptotically small: p; = O(I7?) as | — oo.
The unknown coefficients are rescaled via

(7. 133)

r(l+3 1 3
Xopgr = r((lﬁ)) {hf”o)} ® Dot (7. 134)

1 1
where hl(2’0) is the square of the norm of the Jacobi polynomials PI(Z’O) (see
the Appendix B.3, Part I); it can easily be checked that {Xo;41};°, € lo. The

~(1
transformed dual series employ the normalised Jacobi polynomials PZ(Q’O) =

_1
[hl(%=0)} 2 Pl(%’o) and take the form

- 3.0, v [Fi(u), we(=1,u)
;XQZJrl‘PZ (u) = { F(u), u € (uo, i)) } (7. 135)

where

) ~(10 00
Fy(u) = ZX21+1621+1PZ(2 ) (u) — ZXQZ—H (1 —e41) X
1=0 =0

i ,d%;z:i OT(r+3) T+ ) h%’o) BEO (4

0 dy? () T(r+1) T (1+3) hl(zvo)

r#£l

N i52l+1 i A () L(r+3) {hgé,o)} 5 p(ho) (W) (7. 136)
1=0 = 7 r+1)
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and

0o ~(10 00
Fy(u) =3 Xopp P> (w) + Y Xopar (1 - p1) %
=0 =0

i (A2 (O T (r+2) T (1+3) [n= B (). (7. 137)
=, d%22l+1 (C) T (7’ + l) T (l 2) hl(%,o)
r £l

The Jacobi polynomials P(2’ ) are orthonormal, so that multiplication of

equation (7. 135) by (1 — u)2 P,E?’ ) (u) and integration over (—1,1) leads to
the following Fredholm matrix equation of the second kind for the odd index
unknown coefficients (Xo;41),

o0
(1 —e2m+1) Xomy1 + ZX21+1H21+1,2m+1 (¢,0,u0) = Dam1 (¢, €1, u0) ,
=0
(7. 138)

where m =0,1,2,...,
D2m+1 (c, fuuo) =

L(r+3 1
Zﬂgmz aye ((H i)) ]

and

[N

[&m — QY (uo)} (7. 139)

o~ l’o
Hyiq1,2m+1 (¢ &0, u0) = (2141 — P1) l(f; ) (uo) + (1 —e241) X

1
2

1
i (2T (r+3) T+ [a2? [5 e (uo)}
1 m m
fa— b (@ T+ T (1+3) [pE0
r#l
1
oo 1,2141 L TRE:
’ r DT+ 5 {2 o
Hm Z /d?g“’l <C)F - 1) I‘(l+;) h(l 0)] (2,0 (uo) -
—, it T @OT (r+3) TE+2) |pfs
r#l

(7. 140)

The incomplete scalar product (see Appendix B.6, Part I) has the usual mean-
ing,

1
50 o) = [ -t PEY ) P () du
U

0
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7.6.2 The Series Equations with Even Index Coefficients.

The solution of the system (7. 128)—(7. 129) for even index coefficients is
constructed in the same way. To equalise the convergence rate, integrate the
first (7. 128) using the formula (see [1.174] of Part I)

3
2

t 1 1 1 3
[ st p wan= CEE 0D ), (7. 141)

1
1 +3

The relevant integral representations of Abel type for the kernels in these
equations are (see formulae [1.171] and [1.172] of Part I)

TR PRIV (R N G (Rt o R )
P = - o | o

do, (7. 142)

B, DO o
/4 (x—u)% du=yr(1+2) T(i+1) P27 (z). (7. 143)

The unknowns are rescaled according to

_T(+3) e
XQ[ = m |:hlil :| Zol, (7 144)

so that {Xy},2, € lo. The asymptotically small parameter corresponding to

yui is
l (Z )

q =0 (1_2) as | — o0o. The regularised matrix equation takes the form

')
r'(+32)

; (7. 145)

(]- - 52m) X2m + ZXQZHQI,Zm (Cv 507 UO) = D2m (Cv glv uO) 9 (7 146)
=1

where m =1,2,...,
Doy (¢, €1,u0) =
3 1
) 2 ) LGOI AR
Zﬁ%z d?T 1( ) F(T‘+ 1) |:hr—1 i| |:67‘m Qr—l,m—l (Uo)i| (7 147)

r=
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and

o~ l$1
Hyi9m (¢, &0,u0) = (€21 — @) Ql(flﬂ)n,l (uo) + (1 — e21) X

—_
—
=

1
i /dé’r2i1 @T(r+3)T(+1) hiiﬁ
dt2 (c) L(r+1) F(l+%) hl(ii

r=1 20—1
r#£1
1
=P @T e+ T -3 [pEV ] S
PO 2 o T T | e ()
r#l
(7. 148)

Equation (7. 146) is a Fredholm matrix equation of the second kind, for the
even index coefficients {Xo;},~ ;.

7.6.3 Numerical Results.

Let H¢, H° denote the matrices (Hay 2m ) , (Hai+1,2m+1), respectively; let E€, E°
denote the diagonal matrices with diagonal entries (£9;), (£2;41), respectively.
Then using the asymptotic estimates for g;, p;, and ¢q; (see [7. 60], [7. 133]
and [7. 145], respectively), together with an estimate for the subdominant
terms in the expansion (7. 5) of the p.a.s.f., it is readily seen that the matrix
operators

—E°+ H® and — E°+ H°

are square summable and represent compact operators on ly. The sequences
(Dam) and (Dap+1) also lie in 5. Under such conditions the Fredholm theo-
rems are valid, and it can be asserted that solutions to (7. 138) and (7. 146)
both exist and are unique in Is.

Due to the Fredholm nature of the matrix operator we can use a truncation
method effectively for solving these regularised systems. Numerical solutions
are always stable and converge to the exact solution as the truncation order
Ny — 00. The coeflicients of the regularised system are accurately and rapidly
computable. The desired accuracy of the truncated systems depends only on
truncation order N, and so it is limited only by the digital precision of the
computer used. For a solution accuracy of 3 digits, the number of equations
is taken to be Ny, > ¢&o + 20 independently of uy (the parameter determining
the angular width of the holes). The accuracy of this estimation is illustrated
by the plots of normalised error versus the truncation number, presented in
Figure 7.12. The error was computed in the maximum-norm sense,

_ maxj<ny ’XZN'H — XZN|
e(N) = maxiey [ X7 (7. 149)
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NORMALISED ERROR, e

Figure 7.12

Normalised error e(Ny.) as a function of truncation number Ny ;
& =1.155, a/b= 0.5, c=5 and 6y = 30°.

where { X} } ,denotes the solution to (7. 138) and (7. 146), truncated to
N equations. The Fredholm nature of (7. 138) and (7. 146) guarantees
that e(N) — 0 as N — oo. The systems are well conditioned, even near
values of quasi-eigenfrequencies corresponding to internal cavity resonances
as illustrated in Figure 7.13.

Note that the matrix elements and the right-hand sides of (7. 138) and (7.
146) do not require numerical integration; in particular, the incomplete scalar

products (2’ ) (up) and Q(z’ (up) can be computed from recursion formulae
(see Appendlx B.6, Part I). The analytical-numerical algorithm is reliable and
efficient in a wide frequency range, from quasi-static to quasi-optics, and has
no limitations on the geometrical parameters of the shell (either of angular
measure of the holes, or of semi-axis ratio a/b).

Numerical solution of these systems may be used to investigate radiation
characteristics of the spheroidal cavity when excited by an axial electric dipole
field. The power radiated by the system is

720 (e, ) [
Z (¢, &)

and the power radiated by the dipole in free space (simply set all A; to zero)

+1
1
P = Z Nll )Rgl) (c,61) — Ay N121 (c)

X1z
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CONDITION NUMBERS

Figure 7.13
Condition numbers: both index systems (a/b = 0.8, 6y = 15°).

is
- ee)
Xu

=1

(7. 150)

The radiation resistance R then equals P/ Fy. The far field radiation pattern
is

fn) =

> P+ (=)' (1) 2 (¢, &)

lz:; Sll C 77) Y11 (C) Ny (C) Rll (Ca 51) Al Zl(?)) (c € ) . (7 151)
These characteristics depend on the coefficients A;, which are found after
solving matrix equations (7. 138), (7. 146), taking into account the rescaling
of (7. 114), (7. 125), (7. 134) and (7. 144).

In common with the single aperture cavity, the spheroidal cavity with two
circular openings exhibits novel electromagnetic features that are absent in
the closed spheroid: in addition to the external electric resonances of the
spheroid, strong internal quasi-eigenoscillations of the cavity appear in the
frequency response.

The spectrum of external electrical axisymmetric oscillations of an ideally
conducting closed prolate spheroid comprises the roots ¢ = ¢pes (§p) of the

» S0
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equation

4 [\/52 —1RY (e, g)} ~0. (7. 152)
dg§ £=%o

The Q-factor of the oscillation corresponding to a root c..s equals @ =

—2Re (Cres) /Im (¢res). These have been investigated in detail in [21] and

[113].

In Figure 7.14 the radiation resistance R = R(kb) as a function of electric
size kb of the spheroid is plotted for various closed spheroids (corresponding to
ug = 11n [7. 138] and [7. 146]) of different aspect ratios; the dipole is located
on the z-axis at zg = 1.1. Note that for all numerical results presented in
this chapter the major semi-axis b of the spheroid is fixed as b = 1. Resonant
peaks have low Q-factor, and correspond exactly to external oscillations of
electric type studied in [21] and [2].

In Figure 7.15 the radiation resistance R(kb) of closed and open spheroidal
shells (with holes of angular width 6y = 15° and aspect ratio a/b = 0.8) is
displayed for the same dipole location (z4 = 1.1). The appearance of doublets,
or double extrema, is obviously connected to the excitation of internal quasi-
eigenoscillations of electric type in the spheroidal cavity. When the spheroid is
fully closed, the roots ¢ = ¢ (&) of the following equation define the spectrum
of internal eigenoscillations:

d% [\/52 — 1R (e, g)L:EO ~0. (7. 153)

As these roots have real values, the Q-factor of the internal eigenoscillations
is infinite, i.e. steady state internal oscillations of the closed spheroid can be
sustained. However open spheroidal shells always have a finite Q-value. The
spectrum of quasi-eigenfrequencies of oscillations of the spheroidal cavity is
defined by the complex roots of characteristic equations, obtained by setting
the right hand sides of (7. 138) and (7. 146) to zero. As the aperture
closes, the Q-factor increases, as illustrated in Figure 7.16 displaying R(kb)
against aperture size; the larger the aperture, the bigger the shift of resonant
frequency from the corresponding closed cavity eigenfrequency.

Changing the dipole location highlights the resonant effect due to cavity
oscillations. As may be observed in Figure 7.17, excitation at an internal
location is much more efficient than at an external location.

The decoupling of the systems (7. 138) and (7. 146) for odd and even
Fourier coefficients, respectively, indicates that odd and even oscillations may
be independently excited in the cavity.

The presence of resonances creates opportunities to modify the radiation
pattern of a spheroidal antenna in a narrow frequency band. Examples of
radiation patterns corresponding to the parameters of a double extremum are
presented in Figure 7.18. The shell partially screens radiation in certain spa-
tial directions. By varying the shape of a spheroid, it is possible to maximise
or minimise its radiation in a specific direction.
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Figure 7.14
Radiation resistance for various closed spheroids.

7.7 Impedance Loading of the Spheroidal Barrel.

Scattering by imperfectly conducting or absorbing cavities is an important
subject in electromagnetics of relevance, for example, to electromagnetic sig-
nature reduction or to antenna design and performance. There is significant
interest in modifying the signature of a metallic surface by coating it with a
thin layer of material with appropriate dielectric and magnetic properties. On
the other hand, various imperfectly conducting surfaces can serve as radiating
antennas provided the feed is located on or near the surface.

In this section the canonical problem of diffraction from a spheroidal barrel
with an impedance surface coating, when excited by an axially located electric
dipole source (see Figure 7.11), is solved. The solution to the corresponding
boundary value problem may be applied to demonstrate the effect of variously
loading the cavity, including the possibility of differing internal and external
surface impedances.

The shell is excited time harmonically by a vertical electric dipole of mo-
ment p, located on the z-axis at, say, z = gfl (d is the interfocal distance of
the spheroid, see Figure 7.11). The formulation of the corresponding mixed
boundary value problem is the same as for a perfectly conducting spheroidal
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Figure 7.15

Radiation resistance of the open spheroid (solid line, 6y = 15°) and
the closed spheroid (dashed line) ; a/b = 0.8.

barrel except that the boundary condition imposed on the perfectly conduct-
ing surface (7. 109)—(7. 110) is replaced by an impedance boundary condition.
The interior and exterior of the shell are characterised by normalised surface
impedances Z(®) and Z(¢), respectively. The Leontovich boundary condition
for the tangential field components E;u,, Hiq, on the face of an open im-
penetrable surface with outward normal n and normalised impedance Z has
form

Etan — Zn X Htan =0. (7 154)
This implies that

Ey (6o +0,m) + Ey (§o — 0,m) =
ZWHy (60— 0,m) = 29 Hy (€0 +0,m) . (7. 155)
Imposition of the impedance boundary condition (7. 155) on a series rep-
resentation of the incident (7. 44) and scattered (7. 50) fields leads to the

following triple series equations involving prolate angle spheroidal functions,
with unknown coefficients A;,

> A
Z C)))ilsll (Ca 77) = 07 ne (_15 _770) U (nOa 1) (7 156)
=1 4" (¢, &)

© 2002 by Chapman & Hall/CRC



10

i
o

RADIATION RESISTANCE
P
o

Figure 7.16

The dependence of radiation resistance upon aperture size (a/b =
0.8, zg = 0.9b).

ZAZ (¢, ) Su (e,m) Zalsll e,n) +1/& —n? ZAZ'WSH (c,m)

ne (—7707770) (7. 157)

where coefficients {a; };,are defined by (7. 113) and

ZORD (0g) — 70 A (8) e <c5>} (7. 158)
Y= 2{ 0 Zl(3)( ) 11 0

7

Introduction of the asymptotically small parameter ¢; given by (7. 60),
with the rescaling (7. 114) of the unknowns, splits the equations (7. 156)—(7.
157) into singular and regular parts, in the form

S frr B =0, we(-L-m)UmD) (7159
=1
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RADIATION RESISTANCE

Figure 7.17

Radiation resistance for a dipole located at z; = 0.7 (a/b = 0.8,
0o = 15°).

ZBz (1—e1) Su (e,n) = —ic (& — 1)% Z ;S (¢, m)

=1 =1

+ (& —17)2> _ BISu(e,n), ne(—no,m) (7. 160)
=1

where

2
e 20+ 1
fi=5 (& -1 7~

{Z9R) (.6)27 (c.60) - Z9RD (c,€0) 2" (e.€0) } . (7. 161)

So, covering the perfectly conducting surface by a thin impedance layer
results in the appearance of an additional term in the right hand side of
the second equation (7. 160). The solution scheme for these equations is
exactly the same as for the equations (7. 116). However the asymmetric

1
factor (58 — 772) ? introduces some complication in the application of the Abel
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Figure 7.18

Radiation patterns for the open spheroid (a/b = 0.8 and 6, = 15°) at
wavenumbers kb = 4.495 (solid line) and kb = 4.5 (dashed line).

integral transform technique, making it necessary to evaluate the integral

/_u1 du(1—u)¥ PO (u)/_u1 0 +(t0);(“”)_ )%Pr(l’;)(x)dx (7. 162)

1
2

where tg = 262—1. This integral arises because when we integrate the equation
corresponding to (7. 126) we arrive at the analogue of (7. 135) and the final

step of regularisation requires multiplication by (1 — u)% P,SI%’O) (u) followed
by integration over (—1,ug). The integral (7. 162) does not seem to have a
closed form evaluation. However if we assume that surface impedance function
has the following form,

1 2—n 1,e
709 (g5, 1) = (5(; ”g) z§ (7. 163)
& —n
(ire)
0

where Z are constants, the modified form of the integral (7. 162) can be
easily evaluated analytically. The solution of the problem then reduces to the
same equations as for a perfectly conducting screen (see [7. 138] and [7. 148]),
except that the asymptotically small parameter ¢; (7. 60) is replaced by

G=¢e+T) (7. 164)
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Figure 7.19

The function f(n) = (£ —n?)~! for fixed &. Parameter values (a/b, &)
equal to (0.5,1.15), (0.8,1.67) and (0.9,2.29) are shown.

The assumption (7. 163) is a good approximation for constant surface
impedance coatings on relatively thick spheroids when &y > 1; the dependence
of Z(H€)(€&y,n) on 1 is not significant and the impedance is distributed almost

uniformly across the screen surface Z(¢) (&, n) ~ Zéi’e). For various fixed

values of & the impedance distribution Z (&, n)/Zo = (& — n?) ~! is examined
as a function of the surface screen position 7 in Figure 7.19.

For elongated spheroids (§y ~ 1) the formula (7. 163) provides a highly
nonuniform impedance, so if constant surface impedance coatings are to be
investigated, the integral (7. 162) be evaluated numerically. The final i.s.l.a.e.
has a similar form to that obtained above, but the coefficients are considerably
more complicated.

Let us illustrate the effect of variously loading the cavity with differing
interior and exterior surface impedances with some numerical examples, using
this simplifying assumption (7. 163) on surface impedance. The truncation
number is typically chosen to be Ny = kb4 12 and gives results of acceptable
engineering accuracy. The radiation resistance R may be computed as in the
previous section (see Equation [7. 150]).We consider a spheroid with aspect
ratio of the semi-minor axis a to semi-major axis b of 0.8 and two circular
apertures defined by 6y = 30° (so that 19 = cos(6p) = v/3/2).
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Figure 7.20
Normalised radiation resistance for the perfectly conducting (Zée) =
0) and impedance loaded (Zée) = Zp) spheroid (a/b = 0.8).

As a preliminary, consider the closed spheroid. Figure 7.20 demonstrates
the impact of loading the perfectly conducting surface (according to [7. 163])
with Zoe) = Zp = 1207. The dipole is located on the z-axis at z = 1.1b (b is
scaled to 1 and so & = 1.1, % = 551). The radiation resistance (normalised
against that of the bare dipole) diminishes by a factor of about 2 for all but
the smallest values of kb.

As explained in Section 7.6, the perfectly conducting cavity exhibits high Q-
value resonances at values of kb corresponding approximately to the internal
cavity oscillation frequencies of the closed spheroid. This is shown in Figure
7.21. The result of two loadings (equal interior and exterior impedances of
the cavity) is also considered, equalling 0.1Z; and Zy. The main effect of the
lighter loading is to reduce substantially the Q factor associated with each
resonance; the heavier loading has the additional effect of producing a nearly
constant response for kb > 2.

To illustrate the effect of differing interior and exterior loadings, the cavity
was loaded only on one side with surface impedance Zy. The results are
shown in Figure 7.22. Loading only the interior in this way has a much
stronger impact than if only an exterior load is applied. In the first case the
high Q resonances are completely suppressed, and the response is similar to
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Figure 7.21

Radiation resistance of the shell, perfectly conducting or loaded
(a/b=0.8, g = 30°, zq = 1.10).

loading both interior and exterior with the same impedance of Z; (see Figure
7.20). In the second case there is some impact of the loading (compared to its
absence), but the response is more nearly like that of the perfectly conducting
shell.

Another illustration of differing interior and exterior loadings is given in
Figure 7.23. The interior is unloaded, but the exterior has (normalised)
impedance Z((]e)/ZO = 0.3425 — ¢0.157, corresponding to the choice of ma-
terials and thickness of the coating described in [11]. This loading has a
relatively small impact on the radiation resistance.

Perhaps most importantly, this provides a benchmark of guaranteed accu-
racy against which calculations, obtained by general purpose numerical codes
for the simulation of scattering from coated cavities, can be validated.
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Figure 7.22

Radiation resistance of the shell, perfectly conducting or loaded
(a/b=0.8, g = 30°, zq = 1.10).

7.8 Spheroid Embedded in a Spheroidal Cavity with Two
Holes.

In this section we consider the spheroidal cavity enclosing another scatter-
ing object. Such a structure is intrinsically more complex than the scatterers
studied in previous sections. This canonical problem exhibits several com-
peting scattering mechanisms contributing to the overall field, arising from
edge and aperture effects, the cavity region and the embedded scatterer. In
the spirit of this chapter, we develop a rigorous solution of the corresponding
mixed boundary-value problem for a certain second order partial differential
equation derived from Maxwell’s equations.

As an application we analyse the radiation characteristics of a spheroidal
antenna, modelled as a perfectly conducting spheroid excited by a voltage
applied across a narrow circumferential slot, in the presence of a metallic
spheroidal screen having two circular holes (see Figure 7.24). The influence of
the screen on radiation features of this class of spheroidal antennas can then
be assessed. This antenna model is multiparametric: several features may
be varied, including feed location, shape (spherical to practically cylindrical
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Figure 7.23

Radiation resistance of the shell, perfectly conducting or loaded
(a/b=0.8, g = 30°, zq = 1.10).

depending on aspect ratio), size and position of the outer screen. Radiation
resistance and far-field radiation patterns are investigated, and attention is
focused on resonance properties over the frequency band. As well as the
intrinsic interest of this type of antenna, this rigorous solution provides a
valuable benchmark for validation of more general purpose numerical codes.

The geometry of the problem is shown in Figure 7.24. In prolate spheroidal
coordinates (£,7, ), the enclosed spheroid is defined by £ = &, with the feed
slot located at 1 = ng; the outer screen occupies that part of the spheroidal
surface £ = &; specified by the angular coordinate n € (—n1,71).

The excitation field is assumed to be that due to an infinitesimally narrow
slot across which is impressed a constant time harmonic voltage; it may be
described [21] by

1

E, =X
n h”r]

6 (n—mo) (7. 165)

where X is the electromotive force or voltage impressed on the slot, h, =

(d/2) (&2 — 172)% (1-— 772)7% is the appropriate Lamé coefficient in spheroidal
coordinates. This axisymmetric excitation field is of electric type and, because
the scatterer is axially symmetric, the scattered field is also axially symmetric
and of electric type (E¢ # 0, He = 0). It is governed by the system of equa-
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Figure 7.24
The spheroid partially enclosed in the larger spheroidal cavity.

tions (1. 99) for the field components (E¢, E,, Hy) derived from Maxwell’s
equations (1. 58)—(1. 59). The field component H, satisfies second order
partial differential equation (1. 100) and the components E¢, E,, are obtained
from H,. We obtain the component Hy (€,7) as an expansion in spheroidal
eigenfunctions.

Subdivide the region exterior to the closed metallic spheroid into two, re-
gions 1 and 2 being defined by { < £ < & and £ > &, respectively. In the
first region (£ < & < &) we seek the total field Hq(f) radiated by the system
in the form

H =S { AR (0,€) + BIRY (c.€) } Su(en), (7. 166)
=1

where A; and B; are constants to be determined. In the second region (§ > &;)
the radiation condition on the decay of the scattered field at infinity dictates
that the solution form

H;Q) = Z CZRS) (C7 g)Sll(cu 77)7 (7 167)
=1

where the constants are to be determined. On the outer screen £ = &; the
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tangential electric component of the field is continuous
EN (& —0,m) = B (&4 0,n), (7. 168)

for all n € (—1,1). On the inner spheroid the tangential electric component
of the field vanishes except at the feed gap,

1
ED (§o,m) = E.=6(n—mo), (7. 169)
n

for all n € (—1,1). The field must satisfy the following mixed boundary con-
ditions derived from the continuity of the magnetic field component across the
aperture and the vanishing of the tangential electric field on the outer screen,

HY (61— 0,m) =HP (61+0,n),  ne(-1,-m)U(m,1), (7. 170)

EMN (G —-0n)=EP (& +0,n)=0, ne(-n,m). (7. 171)

Suitable functional equations to be solved follow from enforcing the condi-
tions (7. 168)—(7. 171) on the expansions (7. 166)—(7. 167). The first step
is to express the unknown coefficients 4; and B; in terms of the unknown
coefficients Cj. Using the relation (1. 99),

S Az e + BZP o) Sulen). (7. 172)

Y- -
7 ) 1
ic (&2 —n*)% 13

and

E® = ch (¢, €)Sule,n) (7. 173)
ic( 62 —n?)

where Zl(i)(c7 &) = 8% [(52 - 1)§ Rg? (c, 5)} (¢=1,3). Thus enforcing the
boundary condition (7. 169) on (7. 172) produces the equation

> {4z (e.60) + Bz (e,0) } Sule,m) =

=1
kS (1—n?)?8(n—m0), ne(-11). (7.174)

The completeness and orthogonality of the angle spheroidal functions (see
Section 1.2) over (—1,1) implies that

k%

AlZl(l)(C,EO) JFBlZl( )( o) = M2 () (1 *77(2))% Su(e,no)- (7. 175)

From the conditions (7. 168), (7. 170) and (7. 171) it follows that

2720 (c,60) + BiZP (¢, &) = 0127 (¢, &), (7. 176)
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and

> {ARD(e.a) + BED (.6) - R (.6) } Sule.n) =0,

=1
ne (_17 _771) U (7]17 1) ) (7 177)

M8

{42V (c,60) + Bz (e.6)} Sule,n) = 3Gz e )Suten)

1 =1
ne (=nm,m). (7.178)

l

Thus, from (7. 175) and (7. 176) we deduce

(3) .
A= el (AC’ &) {N%k(f) (1- 770) Su(e,mo) — e, 50)} (7. 179)
1
and
Jp {clzf”(c, )20 (e 60) + ~2 (1 i) Sule,m) 20 e, a)}
A N121 (C)
(7. 180)
where
A =7(c,€)2(c.&) — 2% (c,60) 2" (¢, €1). (7. 181)

Insertion of these expressions in equations (7. 177)—(7. 178) produces the
following functional equations for the unknown coefficients Cj,

@)
ZCZZ ) g = —ikm (1 - D)3 f\;;((m)su(c "),

=1 11
ne(=1,—-m)U(m,l) (7.182)

ZCZ (c,&1)Sule,m) =0,m € (=1, m). (7. 183)

Rescaling the unknovvns via

AkY 20+1
Z3 (e, &) 1T +1)

C = by (7. 184)

transforms the equations to the form

2l +1
szu (e,m) ZWSU R

€ (=1,—m) U (m,1) (7. 185)
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o0

(20+1 zW(e, 2
l:zl T {Z}”(a&)zl“)(c@l)—M[Z@(a&)} }x

Sule,n) =0, ne(—n,m) (7.186)

where
1 Su(e,mo)
Nf (o)A

Thus, we have obtained triple series equations with spheroidal angle func-
tion kernels for the unknowns {b;},°,. Once found, the magnetic component
of scattered field may be calculated from the formulae (7. 166) and (7. 167),
taking into account the relationships (7. 179), (7. 180), (7. 184), and (7.
187). The other field components (E¢, E,)) are then found from formulae (1.
97)—(1. 98).

We now aim to perform an analytical regularisation of the first kind series
equations (7. 185)—(7. 186) to obtain a second kind infinite system of linear
algebraic equations. We begin by introducing the parameter

=i (1-n3) (7. 187)

e=1+ic(€ 1) l?gii) Hee)zdo)
L2041 Z (c ) 1.,3) 2
S S Aee]

that is asymptotically small (as | — oc0). It can be expressed as a sum of two

terms,
20+1

10+1)

1
51(1) =1+ic (5% —-1)2 Zz(l)(ca fl)Zl(S)(c’ &),

and
20+ 1 Z (C fo)

LI+1) f”(c,so)

(2) = —ic (51 - 1)l {Zz(g)(ca 51)]2

The first term (551)) arose as an asymptotically small parameter in our
analysis of diffraction from the empty spheroidal cavity (see Sections 7.4 or
7.6); the second term (61(2)) reflects the interaction between the outer spher-
oidal shell and the inner closed spheroid. Their asymptotic behaviour may
be deduced from the asymptotic behaviour of the radial spheroidal functions
(see Section 1.2). Thus

V=00, &2 =0 (/)™

as | — oo (note that & < &;).

The equations (7. 185)—(7. 186) are similar to those (see [7. 116]) derived in
Section 7.6 in the analysis of a spheroidal cavity excited by an electric dipole
located on the z-axis. Here we consider diffraction from the same cavity but
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the excitation mechanism is provided by the inner closed spheroid with a
voltage impressed across the slot. Thus it is natural that these problems lead
to similar systems of equations, the only difference being the right-hand sides
that depend on the excitation field. The regularisation process for the system
of equations (7. 185)—(7. 186) is exactly the same as that for the equations
(7. 116); we follow the argument of Section 7.6 closely, indicating only the
main stages.

Due to the symmetry of the p.a.s.f. about n = 0 the triple system may
be reduced to two decoupled dual series equations; the odd index coefficients
satisfy

o0
> e ——bup1Si241 (6) Z’Yzl+151 2141 (¢,m)
1=0 H’ +1) 1=0

ne (=1, -m) (7.189)

D boir (1 —e241) S1ai41 (¢,m) =0, 0 € (=m1,0), (7. 190)
1=0

and even index coefficients satisfy

Z 52151 a1 (c,m) = 272151,21 (e,n), me(=1,—-n) (7. 191)
il =1
Z bor (1 —€21) S1,21(¢,n) =0, n € (=n1,0). (7. 192)

=1

These dual series are defined over half the full interval of the variable n, namely
(—1,0). The next stage is to transform these equations with spheroidal angle
function kernels to equivalent equations with associated Legendre function
kernels, by inserting representation (7. 4). Then convert each of the dual
series equations to equations with Jacobi polynomials exactly as in Section
7.6. With the rescaling of the unknowns

Toi+1 = d;lzl ( )b21+1, Top = déf_ll (C) boy (7 193)

and setting

u=2n*—1, up =207 — 1 (7. 194)
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we obtain the following dual series equations

> 1
Z (l + 2) Zor+1 (1 — e9141) X

=0

we (—1luy) (7.195)

= (1+3) (1,-1) S O L e
T P2 (u) + T 2P (y
Z (l—|— 1) 20+1 l ( ) TE_:O d§22l+1 (C) l+% ( )

r £l

oo 1 L

=S} (rhg) B @A W,
=0 r=0

u € (ug,1) (7. 196)

=0

for the odd index coefficients, and the system

i (l+ ;) Xy (1 — e97) X

=1
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1,21 1" r—
= ! r=1 dyi=y () L+ 3
r#£1
92 2r—1 r—1 )

for the even index coefficients.

These transformed functional equations are dual series equations with Ja-
cobi polynomial kernels, defined on (—1,1). We employ the Abel integral
transform as described in Section 7.6 (see the deduction of the matrix equa-
tions [7. 138] and [7. 148] from the systems [7. 127] and [7. 129]). Note that
in this section the angular extent of each aperture is 77, whilst in Section 7.6
it equalled 79. Omitting its deduction, the system (7. 196) is transformed to
the following Fredholm matrix equation (of second kind) for the odd index
coefficients,

(1= om1) Xomar + Y Xorr1 Horp1 2m41 = Damo1, (7. 199)
1=0

where m =0,1,2,...,

the parameter

is asymptotically small (p; = O (l*2), as | — 00),

I'(r+2 10)12 AL,
Domi1 = Z Y2i41 Z /dl 2l+1 (7# {hv(ﬂz 0)} ’ Qv(ﬂ?no) (u1), (7. 200)
2

I (r

| —
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and

Hor41,0m+1 = (€241 — m1) (2 0 (u1) + (1 —eq1) ¥
%

S BT () D) hif"”] e~ G4 ()]
ST BT @TUEDT(45) [0
r#£l
1
paopy Y 0T RO hrf’)r 9 ()
Ty di T @T (rg) TE+2) 580
r#l

The quantity

lm

1
57 = [ =)t B @) B () du
uq
is the usual incomplete scalar product (see Appendix B.6, Part I [1]).

In a parallel fashion, the system (7. 198) is transformed to the following
Fredholm matrix equation of the second kind for the even index coefficients,

(1 —e2m) Xom + ZX21H21 2m = Dam, (7. 202)
1=1
where m =1,2,...,
r+ §) ( 3
x-S i)
21 T (l ¥ 1) 1 Z2i,
the parameter
1(l+3) | T()
q1 1 - 1 1
I+1 |T(+13)

L(r+1) 1,072 AL,
=Sy w0 f ) T Ak . o
r= 2

and

The systems (7. 199) and (7. 202) are very suitable for numerical solu-
tion by a truncation method. The Fredholm nature of matrix operators in
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(7. 199) and (7. 202) ensures that the solution of the systems obtained by
truncation to order N always converges to the solution of infinite system
as Ny — 0o. The choice Ny > kb + 20 provides an accuracy of three digits
in the solution. The matrices are well conditioned even for values of the fre-
quency parameter ¢ (¢ = kd/2) corresponding to quasi-eigenoscillations of the
cavity. The matrix elements and the elements of the right-hand side do not
require numerical integration or differentiation and are easily computed once
the Fourier coefficients d!! (¢) for the spheroidal functions have been found.

The solution of this boundary-value problem enables calculation of radi-
ation features of the dipole spheroidal antenna (when modelled as a closed
spheroid with a voltage impressed across the slot) in the presence of an outer
open spheroidal screen. We examine radiation resistance R and far-field radi-
ation pattern f in the resonant frequency range, when the electric size of the
spheroidal antenna equals several wavelengths. As mentioned in the introduc-
tion to this chapter the algorithm used to compute the spheroidal functions
restricted the frequency range to ¢ < 10.

Radiation resistance R is defined as the ratio of power II radiated by the
system to power II, radiated by the dipole antenna in free space. Taking into
account the asymptotic behaviour

RY (c.€) = eC; (—i)* +0(7?), (7. 204)
as & — oo,
zc§
T Z i) C1Su (em) + 0 (£72), (7. 205)

as £ — oo. Thus the power flux (see [7. 77]) equals
T oo
=7 S IC [Ny (o)) (7. 206)
=1

In free space the field of closed spheroid (excited by a voltage impressed on a
narrow slot) has the spheroidal function expansion [21]

HYY (¢,n) Zazsu en) R (c,€),
=1
valid when & € (§p,00),n € (—1,1); from the condition (7. 169)
Dy
Eyle=gy = ;-6 (n—m0), me(=1,1)
n
it follows that

a3 S (e mo)
)~

ap = kX (1 — .
Z (¢, &)
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Thus

HO (6n) = ik (1 - 2) 3 21 (Crti0)

Sui (e;n) R (¢,€),
= 7 (c,&) !

for § € (§0,00),m € (—=1,1); a8 { — o0

icg. 1 [e%s} S (07 ) B
HO (¢.n) = S iks (1 —p2) 2§ 21LLET0) g O (&2
8 (€m) = s (1= ) ;zﬁ) e (e.n) +0 (72

and the power flux of the bare spheroid in the far-field zone is

= [Su (¢, 2Ny (o)
M, — 75?2 (17773)2\ 1 ( (Z?)I [Nu ()
S AT

Thus the expression for radiation resistance is

2

20+ 1 A
Lt b INy (o)) (7. 207)

Hi+1) Zz(g) (¢;&o)

o m2
Rziz
0~ T 2

The far-field radiation pattern, defined by (7. 74), immediately follows from
(7. 205):

o0

(=) " 1S (e,m) - (7. 208)
=1

Note that the coefficients C; (and b; in [7. 207]) are obtained by solving the
matrix equations (7. 199) and (7. 202).

A highly elongated radiator behaves similarly to a wire antenna, possessing
resonant features when its length 2b equals an integer number of half-wave
lengths (20 = (n+ 3) A) . The outer screen itself is an open resonant struc-
ture. The two spectra, arising from surface oscillations of the closed spheroid
(oscillations of a dipole antenna), and from high @Q-factor cavity resonances
of the outer screen, interact. The shape and size of the screen affects the
radiation properties of the dipole antenna in an essential way. As an example
let us consider the radiation resistance R = R(kb) of a thin dipole antenna
with ratio of semi-axes a/b = 0.1 and voltage slot located at the centre (
6o = 90° or 1y = cosfy = 0), in the presence of a screen of fixed aspect ratio
ay /b1 = 0.8 but variable aperture size (6; = 30°,60°; 71 = cos ;). The results
are displayed in Figure 7.25. Note that geometrical scale was fixed by setting
b = 1. The resonances of the wire and of the internal cavity are visible, as
well as a mixture of effects. The internal cavity resonances associated with the
outer screen are excited when the electric size of the minor axis of the cavity
kay is about 2.7. An example of the far-field radiation pattern is presented in
Figure 7.26.

fn)=

ol
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RADIATION RESISTANCE

Figure 7.25

Radiation resistance of the spheroidal dipole antenna (a/b = 0.1 and
6o = 90°) in the presence of an outer spheroidal screen (a;/b; = 0.8)
of varying aperture size (6;).

We thus conclude our examination of this multiparametric problem. Several
parameters can be varied, including voltage slot location, aspect ratio of the
metallic spheroid, and the shape, size and position of the outer screen. The
numerical solution of the regularised system allows a detailed analysis of the
radiation features of this structure.
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180
Figure 7.26
Radiation pattern of the spheroidal dipole antenna (a/b = 0.1, 6y =
90°) in the presence of an outer spheroidal screen (a;/b; = 0.8 )

of varying aperture size: 6; = 89.9° (solid), 30° (dashed), and 60°
(dotted); kb = 2.74.
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Chapter 8

Wave Scattering Problems for
Selected Structures.

In this chapter we examine wave-scattering problems for selected canonical
structures with edges such as infinitely long strips, circular and elliptic discs,
and hollow finite cylinders.

The classical problem of diffraction from thin strips is examined in Section
8.1; two polarisations of the incident electromagnetic wave (and their acoustic
analogies) are considered. Axially slotted circular cylinders are considered in
Section 8.2. The extension of regularisation ideas to two-dimensional scat-
tering from axially slotted cylinders of arbitrary cross-section is studied in
Section 8.3. This extension has much in common with the electrostatic po-
tential problem for the same structures that was studied in Section 7.5 of Part
I [1]. Diffraction from circular and elliptic discs is examined in Sections 8.4
and 8.5, respectively. The hollow finite cylinder (Section 8.6) completes the
set of isolated scatterers for which regularised solutions are obtained.

Periodic structures are amenable to regularisation treatments. To illustrate
the approach, two periodic arrays are studied in Section 8.7, the linear array
of strips, and a linear array of hollow finite cylinders. Waveguide structures
are similarly treatable, and a simple structure, the microstrip line in a waveg-
uide of rectangular cross-section, is examined in Section 8.8 to illustrate this
approach.

Whilst these problems are well known and have been examined by other
methods, our purpose is to show that the diffraction problem for these canon-
ical structures with edges is rigorously and uniquely solvable by the method
of regularisation. Whilst the interest in this chapter is mainly methodologi-
cal, the solutions of wave-scattering from elliptic discs and from thin-walled
cylinders of arbitrary profile seem to be new.

8.1 Plane Wave Diffraction from Infinitely Long Strips.

There is an extensive literature on scattering by infinitely long strips; so we
limit ourselves to a few references that illustrate different treatments of the
problem. See for example [37], [27], [32], [125], [126], [56], [86] and [107].
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Figure 8.1
Infinitely long metallic strip excited by E- or H- polarised waves.

Suppose an infinitely long thin metallic strip of width 2a is excited by an
electromagnetic plane wave as shown in Figure 8.1. The plane wave propa-
gates in the direction defined by the unit vector 7 that lies entirely in the zy
plane. The strip occupies the region |z| < a, y = 0 and —o0 < z < co. We
consider two polarisations, E-polarisation with the incident electric field Ey
parallel to the z-axis (and the surface of the strip), and H-polarisation with
the incident magnetic field H, parallel to the z-axis. The field is incident
at angle o so that 7 - i, = cos (7 — a). Under such circumstances the elec-
tromagnetic field does not depend upon the z coordinate and the problem is
essentially two-dimensional. As described in Section 1.2, the E-polarised case
corresponds to TM waves and is governed by the single component E, with
the remaining nonvanishing components determined by

10 10

=——F =———F, 8.1
Todkoy T Y ik ox~ © (8 1)
the H-polarised case corresponds to TE waves and is governed by the single
component H, with the remaining nonvanishing components determined by

10 10
EF,=—-——H, F,=——H.,. 8. 2
ik Oy Y ik Ox (8.2)
Both components E, and H, are solutions ® of the two-dimensional Helmholtz
equation
09?® 9%
—— +— + KD =0. 8.3
ox? + Oy? + (8. 3)
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The incident field is
ES (Jf,y) = (x,y) — e*ik(:ccosoﬁ»ysinoz). (8 4)
The total solution E! (z,y) or H!

E; (z,y) = E (z,y) + E2° (2,y) (8.5)
H,i (.ﬁ,y) =H (x’y)+Hjc (x,y) (8 6)

where E$¢ (x,y) and H:¢ (z,y) are scattered fields that obey the Sommerfeld
radiation conditions. The boundary conditions for the E-polarised case are

E! (z,40) = E! (2,-0) =0, |z|<a (8. 7)
OF? OF?
= = = , |z] > a (8. 8)
O ly—ro 9 ly——o

and those for the H-polarised case are

H! ot
OH.1 ) h<a (8. 9)
8y y=+0 ay y=—0
H! (z,4+0) = H! (x,-0), |z| > a. (8. 10)

It may be seen from these boundary conditions that the E-polarisation
problem corresponds formally to the acoustic scattering problem for the soft
strip, and the H-polarisation problem corresponds to the acoustic scattering
problem for the hard strip.

As both EZ°¢ and H° satisfy the Helmholtz equation let us seek their so-
lutions in the form of single- and double-layer potentials ([1. 292] and [I.
298])

E = —/ op (2') G (z,y;2',0) da’ (8. 11)
sc ¢ !/ a ! /
1 == [ on @) 3G w0 sely)(5.12)

where op and oy are the jump functions defined by

OF, (x4 y'=-0

op (2') = % — ik [H, (2/,—0) — H, (2/,+0)], (8. 13)
Y y'=+0

on (') = H. (2 ,y)[V =505 (8. 14)

op and o are the z and x components, J, and J,, respectively, of the induced
surface current.
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The two-dimensional Green’s function may be expressed in Cartesian coor-
dinates by the formula (1. 168)

G (zv,y;2',y') = %Hél) (k‘\/(x — ')’ + (y - y’)2)

o) ) ’
_ L [Feosvle— ) vy, (s 15)

21 Jo 2 k2

where Im (\/1/2 — k2) <0.

First consider the E-polarised case. Enforce the boundary condition (8. 7),
setting in (8. 11) y = 0, to obtain the Fredholm integral equation for op,

/ op (') Gy (z,0;2,0) da’ = e*5> 2| < a (8. 16)
where
1 [*cosv(z—2a')

o 0 V? _ k2

We now use the mathematical technique developed in Section 1.5 to trans-
form the integral equation (8. 16) into a set of dual integral equations. First
introduce the function

Gy (2,0;27,0) = %Hél) (k|z —2'|) = dv. (8. 17)

_ OE. (2',y')
==

OB (2/,y")

’(/} (xl) dy/

_Jop@@),]r|<a
(o

(8. 18)
Then represent its even and odd parts by Fourier cosine and sine transforms,
respectively,

y'=—0 y'=+0

P (2) = / [ (v)cosva'dv + / g (v)sinva'dv. (8. 19)
0 0
Inserting the definition (8. 18) into the integral equation (8. 16) produces
/ Y (2') Gy (x,0;27,0) da’ = e~ HTeos> |z < a. (8. 20)

Insert representations (8. 19) and (8. 17) into (8. 20) and after obvious
transformations obtain

* fw) ‘ - ‘
/0 \/1/27—7]@2 cos (va) dv = cos (kxcosa), x € (0,a) (8. 21)
sin (vx)dv = —isin (kxcosa), z= € (0,a). (8. 22)

[ 3
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Companion equations on the interval (a, co) follow directly from definition (8.
18),

/000 f()cos(ve)dv =0, z € (a,00) (8. 23)
/OOO g(V)sin(va)dv =0, x € (a,00). (8. 24)

Thus the Fredholm integral equation of the first kind is equivalent to the
following pair of dual integral equations for the functions f and g,

cos (vz)dv = cos (kxcosa), x<a (8. 25)

/°° fw)

0 VAT
/0 fW)cos(va)dv =0, z>a (8. 26)

and

/0 \/% sin (vz)dv = —isin (kxcosa), z<a (8. 27)
/ g (W)sin (vx)dv =0, x> a. (8. 28)
0

In the case of H-polarisation, we enforce the boundary condition (8. 9),
use (8. 4) and (8. 12), and obtain an integro-differential equation for the
unknown line current density oy,

dm'}
y'=0 y=0

sgn (y) {gy/a on (2) [aasz (xyy;x’,y')}

—a

= iksinae *TOSY g < a (8. 29)
where
8 o0
— G (x,y;2',Yy) =— cosv (z —a') e WV =R2 g, (8. 30)
oy’ v'=0 27 Jo

Extend the integration limits in (8. 29) to (—o0, 00) after introducing the
function

no_ / - I — UN(x/)a |x/|<a
& (&) = H. («/,10) — H. (', m—{m S s

with associated Fourier integral transform

P (2') = /0 f () cos px'dv + /0 g (1) sin pz'dv. (8. 32)
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Insert the representations (8. 30) and (8. 32) into the integral equation (8.
29) and interchange the order of integration. Recognising that

j(jj{Cosﬂxl}cosu(m——xﬁdx’::zw{cnswr}é(u—-u), (8. 33)

sin pa’ sinvz

equation (8. 29) is reduced to the integral equation

sgn (y) a% /0 (f (v) cosva + g (v) sinvz) e” WV =y g,

y=0
—ikx cos

= iksin ae , |zl <a. (8. 34)

It can be shown that requirement of scattered energy boundedness imposes
on f and g the conditions

f(V):O(V_%), g(u):O(V_%> (8. 35)

as v — oo. It follows that the partial derivative with respect to y exists at
each point y € (—00, c0), including the point y = 0. Differentiation under the
integral sign is permissible in (8. 34) so that

/ Vv? —k2f (v)cosvrdy + / V2 — k2g (v) sinvady
0 0
—ikx cos a

= iksinae , |zl <a. (8. 36)

Separation of the even and odd parts in (8. 32) leads to a pair of dual integral
equations for the functions f and g,

/ V2 —k2f (v)cos (va)dv = —ikx cosacos (kxcosa), = <a (8. 37)
0

/000 f)cos(vx)dv =0, z>a (8. 38)

and

/ V2 —k2g(v)sin (vz)dv = —ksinasin (kxcosa), z<a (8. 39)
0

/000 g (W)sin (vx)dv =0, z > a. (8. 40)

Regularise equations (8. 37)—(8. 38) and (8. 39)—(8. 40), making use of the
Abel integral transform on the trigonometric kernels of these equations. At
the first stage we obtain

/OO ViF (v) Jo (vz)dv =
0

{ —iksinaJy (kcosax) — [ v2F (v)e (v k) Jo (va)dv, © <a

0 e (8. 41)
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/OO Vi@ (v) Jy (vz)dv =
0

—ksinaJy (kcosax) — [ veG(v)e (v, k) Ji (ve)dy, © < a (8. 42)
0, T>a '
where ) )
Fr)=vif (), G)=vigW). (3. 43)
Notice that F and G lie in L (0, c0),
/ |F (v)]* dv < oo, / G (v)]? dv < co. (8. 44)
0 0
The parameter
N
5(1/,k):VT71 (8. 45)

is asymptotically small: & (v, k) = O (k*/1?) as v — oo.

An application of the Fourier-Bessel transform to Equations (8. 41), (8. 42)
transforms them to the following pair of second kind Fredholm equations for
the functions F; and G; that are related to the functions F' and G as follows.
Let > = ka = %L a, u = pa, and v = va, and set Fy (u) = F (pa) = a 2 F (u),
and Gy (u) = Gy (pa) = a=2G (i) . Then Fy satisfies

Fy (u) + / Fy (v) K (v,u)dv=A(u), (8. 46)
0
where the kernel is

vJy (v) Jo (w) — udy (v) J1 (u)

Nl=

K (v,u) = (v,u)? e (v, )

v2 — y?
and

A () = —issin b s cosaJy (scosa) Jo (u) —udy (cosa) Ji (u)

cos? o - 12 — u?

the transformed parameter has the form

£(v,30) = v w2 — 32 — 1. (8. 49)

Also G satisfies
G (u) — / Gy (v) R (v, u) dv = B (u) (8. 50)
0

where the kernel

vJo (v) Jy (w) —udy (v) Jy (w)
02 — 42

R (v,u) = (uv)% e (v, »)
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and

B (u) = sesina o scosady (secosar) Jy (u) —udy (u) Jq (%cosa). (8. 52)

2 cos? o — u?

Making use of the asymptotic behaviour of the Bessel functions Jy and J;
one may justify that Fy (u) = O (v™') and Gy (u) = O (u™!) as u — oo; so
recalling the substitution (8. 43), f (v) = O (V’%) and g (v) = O (lf%) as
v — 00.

It is quite clear that as ¢ — 0 (or a/A < 1), the kernels of equations (8. 46),
(8. 50) are small and we can find the approximate analytical solutions of both
equations; for arbitrary values of s these equations may be solved numerically.
A natural discretisation arises from the expansion of the functions F' and G
in Neumann series. Let us demonstrate this process in detail for equation (8.
41), and simply state the final result for (8. 42).

First, apply the Fourier-Bessel transform to equation (8. 41) to obtain

pIF (1) = —ik sina/ xJoy (kcosax) Jo (px) do
0

- /a vIF (v)e (v, k) /a xJo (vzx) Jy (pz) dz (8. 53)
0 0

Let us seek a solution in the form of a Neumann series

o0

F (u) =ikasina - Tk Z (4m + 2) TmJamt1 (pa), (8. 54)

m=0

where the coefficients z,, are determined by insertion into (8. 53). This gives

1 1 /¢
; 4dm + 2) TmJom+1 (pa) = - / xJo (k cos ax) Jy (px) de—
0
dm + 2)% xm/ e (v, k) {/ xJo (va) Jo (px) dx} Jam+1 (va) dv.
0 0

(8. 55)

oo
2
> (
m=0
Making use of the integral formula [23], valid when v > —1,

/ t_1<],,+2n+1 (t) JV+2m+1 (t) dt = (4n + 2v + 2)71 6nma (8 56)
0

we multiply both sides of (8. 55) by the factor (4s + 2)% Jas41 (pna) and inte-
grate over the semi-infinite interval (0, 00) and use the tabulated integrals

e 1 x?
/ Jo () Jos41 (pa) dp = gPS <1 — 2(12> , (8. 57)
0
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v

a 2
/ xJo (k cos ax) Ps <1 - 2x2) dx = aw. (8. 59)
0 a kcos «

a 2
/ wJy (vz) Py <1 - 2252) iy — o221 V). (8. 58)
0

This yields the following i.s.l.a.e. of the second kind for the unknown coeffi-
cients x,,,

ot Y allen = Y, (8. 60)
m=0

where s =0,1,2,..., and

oll) = [(4m + 2) (45 + 2)]? / TEW ) g 0) T (V) du, (8. 61)
0 v

B = — (45 + 2)% Jas41 (scosa) [ cos a. (8. 62)

In a similar way the equations (8. 39), (8. 40) may be similarly transformed
to a second kind system for the unknown coefficients y,, in the assumed Neu-
mann series expansion

»sin o >
9(v) = 3" (4m+ 4)? Yooz (va). (8. 63)
m=0

The following i.s.l.a.e. is obtained,

Ys + Z @y, =8P, (8. 64)

where s = 0,1,2,... and

a® = [(4m +4) (4s + 4)]? / £ (”v’ %) Jomaz (0) Josso (v)dv, (8. 65)
0
B = — (54 4y} Loz c000) (8. 66)
X COS (X

It is interesting to note that the one-to-one correspondence between the
second kind integral Fredholm equations (8. 46) and (8. 50) and the second
kind matrix Fredholm equations (8. 60) and (8. 64) can be verified using the
well-known relation

3" @k + v) Jorss (@) Taig (2) =
k=1

wz

Tt =) (W () T () = 2hoa () ()] (8. 67)
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and the representations (8. 54) and (8. 63).

Let us solve the equations (8. 25)—(8. 28) that describe the E-polarisation
case. The equations (8. 27)—(8. 28) can be directly attacked with the Method
of Regularisation. Rearrange them as follows,

/OO G (v)sin (vz) dv = —isin (kxz cos o) — /00 G (v) p (v, k)sin (vz) dv,
0 0

x<a (8.68)
/OO vG (v)sin (vz)dv =0, z>a (8. 69)
0
where
pk) = L o _Ek) (8. 70)

ViZ k2 1+e(nk)

is an asymptotically small parameter satisfying p (v, k) = O (kZ/VQ) as v —
00.
A standard application of the Abel integral transform reduces (8. 68), (8.
69) to the functional equation

/OO vG (v) Jo (vx)dv =
0

—ik cosady (kcosax) — [ vG (v) p (v, k) Jo (va) dv, = < a (8. 71)
0, T > a. '

In a similar way to that used before, a second kind matrix equation may be
derived for the coefficients y, of form,

Ys + Z allry = g, (8. 72)
m=0
where s = 0,1,2,..., and the matrix element oq(ﬁl* differs from the element

o' defined in (8. 61) by the replacement of € (v, ) with p (v, 2), but ﬁ(gl)
coincides with that introduced in the formula (8. 62).

The most interesting case arises when the equations (8. 25)—(8. 26) cannot
be attacked directly by the Abel integral transform method (this situation
was discussed in Section 2.6 of Part I [1]). An initial transform is required, to
the form

/OO \/iL)kz cos (vz)dv = —igHél) (kzx) f (0) + cos (ksin ax) ,
0 ve —

x<a (8. 73)

/000 g (V)cos(vx)dv =0, = > a, (8. 74)
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where
gw)=f)—f(0) (8. 75)

The edge condition requires that the unknown spectral density function g
must belong the functional space Ly (—1); a direct corollary is

g(v)=0 (u_%> (8. 76)

as v — oo. Note that g (0) = 0.
The behaviour of the function g at ¥ = 0 and v — oo makes it clear that it
has the Neumann series expansion

gv)= Zﬂikbk (va), (8. 77)
k=1

where the unknowns xj are to be determined. It is evident that the equation
(8. 74) is satisfied automatically, and equation (8. 73) may be transformed
to the form

Z %Tgk ( 1- p2) = figH(gl) (5¢p) f (0) + cos (s cos ap)
k=1

N |

+ sz/ %Jyf (u) cos (up)du, 0 < p<1 (8. 78)
Pt 0

where p = z/a, u = va, » = ka and the parameter

u
Uy ) =1 —— = O (P2 8. 79
is asymptotically small as u — co:  (u, ) = O (3*u™?).

1

Now multiply both sides of equation (8. 78) by (1 —p?) 2 Tb, (\/ 1- p2)
and integrate over (0,1), using the well-known orthogonal properties of the
Chebyshev polynomials

|| =t (VI T (VI 22) i { 3 ;‘28(}- )
8. 80

Setting n = 0, we obtain an equation for the value f(0) in terms of the
coefficients xy,

F(0) = —ig Jo (secosa) + Y pty @k [y wtp (u, 5) Jo (u) Jo (u) du
™ Jo (2/2) Hg" (22/2) |
(8. 81)
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When n > 0 we obtain the second kind i.s.l.a.e. for the rescaled coefficients
{X,},2, that depend on f(0),

Xn — iXk {4 (kn)
k=1
= 2y/nJay, (> cosa) — zg {2\/ﬁJn (g) HWD (

N

/0"" ™ (u 32) Tor: (u) Jon (u) du}

Va

2)}]‘(0)7 (8. 82)

n=12,....
Substitute (8. 81) into (8. 82) and eliminate f (0) to obtain
Xn =Y XiCrn = dy, (8. 83)
k=1

where n =1,2,... and

Crn = 4\/%/0oo wc}% {JQn (u) = Jo (u)
=2vn »xCcosa) — 2 COS (& —Jn (%) HT(LI) (%)
dn - 2\/>{J2n( COo ) JO( COo ) JO (%) Hél) (%) . (8 85)

Equation (8. 83), taken with (8. 81), completely defines the regularised
system for an acoustically soft strip.

8.2 Axially Slotted Infinitely Long Circular Cylinders.

The first rigorous solution of the scattering of electromagnetic plane waves
by an axially slotted infinitely long circular cylinder seems to be due to Kosh-
parenok and Shestopalov [51] in 1971. Their solution employed the regular-
isation ideas that are extensively exploited in this book. However a notable
difference is that Koshparenok and Shestopalov utilised the solution of the
Riemann-Hilbert problem that is well known in the theory of analytical func-
tions to effect the analytical inversion of a singular part of the relevant opera-
tor. In 1984, the same problem was studied in a similar way by Johnson and
Ziolkowski [36]. In the limiting case of a narrow slot this problem has also
been treated by Mautz and Harrington [59], [60]. Since the publication of [51]
numerous other problems have been solved by the same approach, including
diffraction problems for infinitesimally thin circular cylinders with multiple
slots and periodic arrays of slotted cylinders; a theory of waveguides based on
this geometry was also examined in detail. The power of the method of regu-
larisation is demonstrated in [109] where a more complex structure consisting
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Figure 8.2

Excitation of an infinitely long slotted thin metallic cylinder by an
FE-polarised plane wave.

of an infinitely long strip and a slotted cylinder is examined in the case of
H-polarisation.

Whilst recognising the power of the Riemann-Hilbert approach, we take a
fresh look at these problems, avoiding the apparatus of functions of complex
variables. Our treatment is entirely based on real function methods and the
regularisation ideas that are implemented by the Abel integral transform.

This section also provides an introduction to the next section, where we
treat diffraction problems for slotted cylinders of an arbitrary cross-sectional
profile. We thus consider the canonical problem of plane wave scattering by
a perfectly conducting and infinitely long singly-slotted circular cylinder of
fixed radius a. The slot is axially aligned and has constant cross-section.
The structure is excited by an E- or H-polarised electromagnetic plane wave
as shown in Figure 8.2. The slot semiwidth is described in polar cylindrical
coordinates by an angle ¢; = m — ¢g; the metallic part subtends an angle ¢q
at the axial line.

First consider the FE-polarised case, Eo = ZZEO, with incident field pre-
scribed by the z component

EY (p, ¢) = explikpcos (¢ — a)], (8. 86)

where « is the angle of incidence measured from the plane ¢ = 0; it has the
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cylindrical harmonic expansion

EY = Z i"™ (2= 6Y,) Jim (kp) cos ma cos me

m=0
oo
+2 Z i" I (kp) sinmasinme. (8. 87)
m=1
The other nonvanishing components of the field are given by

1 OF, 1 0F,
=T g = .
P Gkp 90 0T ik op (8. 88)

As usual we decompose the total field as the sum

EY (p,¢) = E2 (p,d) + E5° (p, §) (8. 89)

where the scattered field FJ¢ satisfies the Helmholtz equation and the Som-
merfeld radiation conditions, and the total field is continuous on p = a. We
may suppose that E3¢ has the cylindrical harmonic expansion

B = (2-0),) xR (kp) cosmd +2 Y ym R (kp) sinme, (8. 90)
m=0 m=1

where the unknown coefficients z,,, and y,, are to be determined and

o () = | b0 o= (8. 91)
T s o (kp) o p > a | '

The total field satisfies the mixed boundary conditions

EX" (a+0,¢) = EX (a—0,9) =0, ¢ € (—¢0, ¢0) (8. 92)
HEOt (a + 07 (b) = HEOt (a - Oa ¢) ) ¢ S ((72507,”—) U (7¢03 77T) . (8 93)

By virtue of definition (8. 89), the condition (8. 93) is equivalent to enforcing
continuity of the scattered field on the aperture,

Hi(a+0,9) = H; (a—0,9),6 € (o, ) U (—o, —7); (8. 94)
taking into account Formula (8. 88), the condition is also equivalent to

OEs* _ OE

dp

) ¢ S (¢077T) U (_(b()v _7T) . (8 95)
0

p=a—

The combination of (8. 92) and (8. 95) shows that the E-polarised problem is
equivalent to the acoustical scattering problem for a soft open cylinder; both
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scattering problems are essentially Dirichlet mixed boundary value problems
for the Helmholtz equation.

Enforcement of the boundary conditions (8. 92) and (8. 95) leads to dual
series equations for the unknown coefficients x,, and y,,

1 o0
§J0 (ka) zo + Z T (ka) cosme =

m=1

— Jo (ka) Z i" Jm (ka) cosmacosmep, ¢ € (0,¢9) (8. 96)
m=1

(wo +2

2" (ka) HY) (ka) =0 : 8. 97
2H01) (ka) — Hy(r}) (ka) COos m¢ (b S (gbo 7(') ( )

and

Z YmJIm (ka) sinme = Z 1" I, (ka) sinmasinme, ¢ € (0, ¢o)

" (8. 98)
D T gy =0 6 € (Gom). (8. 99)
m=1 m

We now extract the singular part of these equations by identifying a suitable
asymptotically small parameter. Using the well-known asymptotics for Bessel
functions [3]

)= g ey w0 ()

(8. 100)
i 2T (m) 22 24 28
HO ()= _* 1 o=
m (B =—2— Timon T Rmonm-2 TY\e
(8. 101)
as m — 00, it follows that
. (1) 2’2 2’4
as m — o00. Define
fim = 1 —imm.J,, (ka) HY (ka) (8. 103)
2 2
so that p, = O ((k:a) /m ), as m — oo.
With the rescaling
x
Xy = —— i (8. 104)
" omEY (ka)
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where m > 1, we may rearrange the dual series equations (8. 96)—(8. 97) as

o0

1
§7TJO (ka) (]- + (E()) + Z Xm {(]— - ,um) + qm} COSm¢ = 07 ¢ € (Oa ¢0)
m=1
(8. 105)
T
_— mX,, cosm¢ =0, € (¢o, ) (8. 106)
20" (ka) mz
where ¢, = i™"17J,, (ka) cosma (m > 1); with the rescaling
Yy = I (8. 107)

mHY (ka)

where m > 1 we may rearrange the dual series equations (8. 98)—(8. 99) as

ZY {(1 = ) + P} sinmé =0, g€ (0,60) (8. 108)

Z mYp, sinme =0, ¢ € (¢o, ) (8. 109)

m=1

where p,, = i 7w, (ka)sinma.

The coefficients x,, and y,, must satisfy the boundedness condition (1. 287)
on scattered energy. In the two-dimensional case the energy per length unit
of the infinite cylinder is

1 a 27
< oo [ ao st )
0 0

= 7ma® |xo|? {J} (ka) + Jo (ka) J] (ka)} +

o0

2
272 m2{|Xm|2+|Ym|2HHg) (k:a)’ X
m=1
1
{kaJm (ka) J', (ka) + J2 (k) — Jo_1 (ka) Jmsr (ka)}. (8. 110)

Making use of the asymptotic formulae (8. 101) the boundedness condition
for scattered energy implies

Z | X | < o0, Z [V;n]? < o0, (8. 111)

m=1

that is, the unknown coefficients {X,, },-_, and {Y,,}~_, belong to the func-
tional class I3 (1) (in the notation of Part I [1]).

The regularisation of this type of dual series equations is given in Section
2.2 of Part I. A comparison of the pair (2.39)—(2.40) on page 66 of Part I
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with the pair (8. 105)—(8. 106) shows that upon making the identification
Tp X’ru o H— To, b — Z%JO (ka)a go — -b = _ZgJO (ka)7 dn — HUn,

go — —(Qn, a — %Hél) (ka), vo — ¢o, and setting fo = f, = r, = 0, the
regularised system is

 —indo (ka) HY (ka)

o= » (ka,to)
(1+to0) m gnl (Znpin — Gy) p( 1) D (o), (8. 112)
T —
Z {Zujin — G }{ LD (t0) + S(Zafotf) f’ﬁo’z (to) Pé?’:i(to)}

i7TJO (ka) 1+ to
x (ka,tg) m

PO (1), (8. 113)

where m =1,2,...,

1—
s (ka, to) = inJy (ka) HS" (ka) — In ( 2t°>

and )
{Zm,Gm} = 2m)2 {zn,qn}. (8. 114)
Analogously, a comparison of the pair (2.41)—(2.42) on page 66 of Part
I with the pair (8. 108)—(8. 109) shows that upon making the additional
identification vy, — Y., ¢n — pn, €, — —Dby, and setting r, = h,, = 0, the
regularised system is

o0
0,1) (0,1
Vot 3 V@Y (1) = = 3 CaY L (1) (8. 115)
n=1 n=1
where s = 1,2,... and

{Vs,Gs} = ﬁ{Yn,pn}- (8. 116)

As usual, Qgi’ﬂ) (t) denotes the normalised incomplete scalar product defined
in Appendix B.6 of Part I.

Numerical calculations of the monostatic radar cross-sections of the open
(¢1 = 30°) cylinder are given in Figures 8.3 and 8.4, where the angle a of
incidence equals 0° and 45°, respectively.

Let us now consider the case when the incident plane wave is H-polarized.
If the role of the vectors EO and Hy in the incident E-polarised plane wave (see
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Figure 8.3
Radar cross-section of the axially slotted cylinder excited by a plane
wave incident at o = 0°.

Figure 8.2) is interchanged, the resultant plane wave correctly defines a H-
polarised plane wave provided the propagation direction vector 7 is reversed.
Hence the incident H-polarised plane wave has z component

H? (p, ) = exp [~ikpcos (¢ — )]

= (=)™ (2 = 62,) Jm (kp) cos macos me
m=0
+2 Z (=)™ Jpm (kp) sinmasinme. (8. 117)
m=1

As before, the total field component HI°! satisfies the Helmholtz equation
and the other nonvanishing field components are completely determined by

B LaH;ot B laHEOt
P Tikp 06 0 % ik op

(8. 118)

The total field is decomposed as the sum

= D
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Figure 8.4
Radar cross-section of the axially slotted cylinder excited by a plane
wave incident at o = 45°.

where the scattered field satisfies the Sommerfeld radiation conditions and
the total field component Ey satisfies the continuity condition on the contour

p=a,
Ey(a+0,0) = Ey(a—0,0), ¢€(0,2). (8. 119)

Thus, we seek a scattered field solution in the form

oo

H = Z (2=07,) (=)™ 2 Qu, (kp) cosme

m=0

+2 Z (_7;)7” mem (kl)) sin md) (8 120)
m=0

where the coefficients x,, and y,, are to be determined, and

Qum (kp) ko) = (8. 121)
m = / a 1 .
TG Hy) (kp) s p > a.

The mixed boundary conditions are

E¥" (a+0,0) = B (a—0,¢) =0,¢ € (—¢o, o) , (8. 122)
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H' (a+0,¢) = H (a—0,8) ,6 € (¢o,m) U (—7, —¢) . (8. 123)

The relationship (8. 118) shows that (8. 122) can be replaced by the equivalent
form

OH.
dp

_ OH,
dp

=0,¢0€ (—¢07¢0) . (8 124)

p=a—0

p=a+0

Thus the H-polarised case corresponds to the acoustical scattering problem
for the hard (or rigid) slotted circular cylinder.

Enforcement of the boundary conditions (8. 122)—(8. 123) leads to the dual
series equations

Zz

m=1

cosmvu = 0,v € (0,¢1), (8. 125)

2H 1) H(l)/ )

1
— 5,]1 (ka) (14 xo) Z 1" T J,, (ka) cos mo

=— Z i™J) (ka) cosmacosmv, v € (¢1,m) (8. 126)

m=1
and
oo
>

m=1

HO 1)/ ra) sinmv = 0,v € (0,¢1), (8. 127)

o0 o0
Z i Ym ), (ka)sinmo = — Z i"™J), (ka) sinmasinmo, v € (¢1,7)
m=1 m=1

(8. 128)
where v = m — ¢ and ¢; = m™ — ¢g. The introduction of the variable v is
necessary to conform to the scheme developed in Section 2.2 of Volume I.
Further manipulation of these dual series equations is of a familiar character.

Introduce the rescaled unknown coefficients
im
{ X, Y} = ———{&m,ym}- (8. 129)
H 1)/( a)

From the asymptotic expansions (8. 101),

T (ka) HY (ka) = © 12)2 {1 +0 (fl?)} (8. 130)

3

as m — 00, so that the parameter

—1+m(k a)’ J' (ka) HY (ka) (8. 131)
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is asymptotically small as m — oo: &, = O ((ka) /m?).
Thus equations (8. 125)—(8. 126) and (8. 127)—(8. 128) may be transformed
to
Lo

- Xmcosmu =0, v e (0,¢1) (8. 132)
2HY (ka) 2

m=1

%71’ (ka)? Jy (ka) (1 + z0) + Z mA{ Xy (1 —em) — pi, } cosmu =0,

m=1
v € (¢1,m) (8. 133)
and
> Yisinmu =0, v e (0,¢1) (8. 134)
m=1
Z mA{Y, (1 —epn) —pl,}sinmu =0, v € (P1,7), (8. 135)
m=1
where
P | _ 2 cos ma
{pfn } = (ka)” J), (ka) { sinma } . (8. 136)

In the same way as before, one may establish that the finite energy condition
requires that both {X,,},°_, and {Y;,},°_; lie in I3 (1).

The regularised second kind infinite systems of linear algebraic equations
may be obtained from the results of Chapter 2 of Part I. The equations (2.39)—
(2.40) are identified with equations (8. 132)—(8. 133); making the replace-

ments b — — %Hfl) (ka), xp — Xpn, a— —fo = im (ka)® Jy (ka), r — &,
n — pS, and setting gg = g, = ¢, = 0 leads to the regularised system
n

o Los(katy) HY (ka
07 " s (ka, ty) s (ka,ty

; i {Znen + Gn} @n (t1), (8. 137)

n=1

(1=€m) Zm + Y ZnEnSnm (ka,t1) =

n=1
k o0
£( a)(l) Oy (t1) + G — Y GSum (ka,t1), (8. 138)
»(ka,t1) Hy (ka) ot
where m =1,2,..., t; = cos¢1, and

{Zn, G} = V2 {X,,p%}, (8. 139)

© 2002 by Chapman & Hall/CRC



_ A1,0) M
S (ka,12) = QY () = 257

¢ (ka) = i (ka)? Jy (ka) HY (ka),
2 J1 (ka) HY (ka) In {1;“} ,

(I)n (tl) (I)m (tl) )

s (ka,t1) =1+ i (ka)

O, (t) = (1+t) (s>1). (8. 140)

We may compare equations (2.41)—(2.42) on page 61 of Part I with the pair
(8. 134)—(8. 135); making the identifications y, — Y, rn — &pn, hn — D5,
and setting ¢, = e, = 0 leads us to the regularised system

(1—em) Vin +Z VinemQu 1 (1) = R— > RaQ\Y L (1) (8. 141)

n=1

where m =1,2,..., and

{Vins B} = ([ 55 (-0}

In this polarisation it is remarkable that when ¢; < 1, ka < 1 the open
cylinder acts as a Helmholtz resonator. An approximate characteristic equa-
tion for the Helmholtz mode is easily derived by inspection of equations (8.
137)—(8. 138); the desired equation is

»(ka,t1) =0, (8. 142)

or in analytical form,
. 2 (1) 1-t]
1+im (ka)” Jy (ka) Hy ' (ka) In —5 | = 0. (8. 143)

Under condition ka < 1, ¢; < 1 (and hence 1 —t; < 1) we can replace (8.
143) by its approximation

1+ 2 (ka)’In <¢1> =0, (8. 144)
so that a simple approximation for the relative wavenumber of the Helmholtz

mode is )
(ka)p = ( 2In (¢1)>2. (8. 145)

Refinements to expression (8. 145) can be obtained using the technique de-
veloped in Chapter 2.
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8.3 Axially Slotted Cylinders of Arbitrary Profile.

The studies of the previous section suggest that the regularisation tech-
nique based on the Abel integral transform might be extended to determine
diffraction from a larger class of scatterers. In this section we demonstrate its
applicability to cylindrical screens of arbitrarily shaped profile. The method
and its mathematical justification were developed by Yu.A. Tuchkin [80], [94]
for various scattering problems for infinitely long cylinders with arbitrarily
shaped cross-section. We use his approach to construct the solution algo-
rithm to the particular diffraction problem of scattering of a plane TM po-
larised electromagnetic wave by a thin metallic open cavity. We illustrate the
method by computing the radar cross section for a particular cavity. Our pur-
pose is to demonstrate that the methods developed for canonical scatterers
work in a wider context.

The algorithm has many similarities to that developed for the correspond-
ing calculation of the electrostatic potential problem of an arbitrarily shaped
conductor that was discussed in Section 7.5 of Part I [1], but with some ad-
justments for the wave problem. We shall describe the solution scheme in
some details, even somewhat repeating the results of Part 1.

We consider two dimensional TM scattering from an infinitely long cylin-
drical surface with cross-section that is independent of one axial direction,
fixed to be the z-axis. The surface or screen is assumed to be infinitely thin,
perfectly conducting, and is open, i.e., has an aperture. Its cross-sectional
profile in the zy plane may be arbitrarily shaped (see Figure 8.5), though suf-
ficiently smooth for the Fourier series representation given below in (8. 158)
to converge.

The screen is illuminated by the z-independent plane electromagnetic wave

-
7 T arad

; —
nc .
Ez z = UO(xay>@z =€ 1z
where 77 is the position vector " = xi; + yi,, k is the wave vector with

magnitude k related to wavelength \ by ‘?‘ = k = 27 /A, and a harmonic time

dependence factor e, (w = ck) is assumed and suppressed throughout.
The electromagnetic field is of transverse magnetic type (E -polarisation,

the only non-zero components are E, H;, Hy); the electrical component of

the electromagnetic field is oriented along the z-axis. We wish to find the

total electromagnetic field

g

1z

Ezi =U(x,y)
or, equivalently, to find the scattered field

—
1z

E3i, = Uy(a,y)is = (U(z,y) — Uo(2,y))i.
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Figure 8.5
Axially slotted cylinder with cross-section of arbitrary form.

resulting from the scattering of the incident wave by the screen. This physical
problem, thus defined, is described by the boundary-value problem formulated
below in terms of the Helmholtz equation, with Dirihlet boundary conditions,
for the longitudinal component of the electric field E, = U (z,y). The two
other non-zero field components are found from the relations

1 0F, 1 0FE,
ZoHy = ——=,ZgH, = ——
0 ik Oy 0%y ik Ox

where Z; denotes the impedance of free space.

Let L denote the two-dimensional cross-section of the arbitrarily shaped
open screen (enclosing the cavity) in the xy plane (see Figure 8.6). Let p =
p(x,y) denote a point in the plane R?. The incident field is described by
the function Up(p). The scattered field Us(p) to be found must satisfy the
Helmholtz equation (1. 144) at each p € R? subject to (i) the Dirichlet
boundary conditions enforced at each point p on L,

US(p)|p:p—0 = US(p)|p:p+0 = —Us(p), (8. 146)

(ii) the radiation conditions (1. 282)—(1. 283) ensuring that the scattered
field must be like an outgoing cylindrical wave at infinity, and (iii) the edge
condition on the endpoints p1, ps of the screen requiring that grad Us(p) is of

© 2002 by Chapman & Hall/CRC



OB i
04 i

02f i

-1 -0.5 0 0.5 1

Figure 8.6
Cross-section of the axially slotted cylinder.

the form

grad Us(p) = i) (8. 147)

VIp —p1l|p — p2|
where h is a smooth (vector) function which is bounded on the whole plane.
The mathematical theory of diffraction shows that this set of the conditions
ensures that a unique solution corresponding to the physical situation exists.
A well-known form of solution to the problem formulated is the single layer
potential representation of the scattered field in terms of the line current .J,

E3(q) = ikZy / Galk|p— a)J(p)dl,, g€ R
L

Here di, is the differential of arc length at the point p € L, ¢ is a point at

which the scattered field is considered, G (kR) = —%iHél)(kR) is the Hankel
function of first kind and order zero that is the free space Green’s function of
the Helmholtz equation, and R = |p — ¢| is the distance between the point p
on the screen and the observation point ¢. It is convenient to set

Z(p) = ikZoJ.(p), (8. 148)

so that the scattered field representation may be written in terms of the
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unknown normalised line current density Z(p) as

Ua(g) = / Gk lp— a)Z(p)dly, g€ RZ. (8. 149)

Z(p) may be interpreted as the jump in the normal derivative of the potential
integral (8. 149) from the interior to the exterior of the screen at the point p

_ouP ) oul(p)

Z(p) on on

(8. 150)
Applying the boundary condition (8. 146) to Equation (8. 149) yields the
functional equation

/L Galkp— a)Z(p)dl, = ~Usla), g €L (8. 151)

for the unknown current density Z(p). Once this is found, the scattered field
at any point g can be found from (8. 149).

Our reformulation of the integral equation begins by regarding the open
screen L as part of a larger closed structure S, that is parametrised by the
functions (), y(6) where § € [—m,x]; the parametrising functions are peri-
odic so that x (—7) =z (7) ,y (—7) = y (7). The screen L is parametrised by
the subinterval [—6y, 6],

L ={(x(60),y(9)),6 € [0, 00]},
whilst the aperture is created by the removal from S of the segment
L' = {(z(0),y(0)),0 € [-m, —00] U [0y, 7]} .

Although S = L U L/, the choice of L’ is not unique, and may be chosen as

conveniently as possible for the problem at hand; however, it must be chosen

so that the surface S is smooth, particularly at the joining points of L and L'.
With this parametrisation, the differential of arc length is

and the functional equation (8. 151) takes the form

0o
[ GalkB(0.7)z0(r)dr = u(®). 0 € (00,0 (8. 152)

where R(0,7) = \/[35(9) — 2(7)]* + [y(0) — y(7)]” is the distance between two
points of the cavity parametrised by 8 and 7, zo(7) = Z(z(7),y(7)) I(7), and
u() = —Uo((0), y(0))-
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Without loss of generality we may introduce the new unknown function
z(7) defined by

| zo(7), T € [—00, 6],
A7) = {oo € [~ —6| U [30,72]. (8. 153)

and transform the functional equation (8. 152) for this new unknown as an
integral over the full interval [—7, 7| of the angular coordinate 6,

! Go(kR(0,7))z(T)dTr = u(0), 0 € [—00,060] (8. 154)

—T

Equation (8. 154) together with the requirement that z vanishes outside the
interval [—6p, 0] is completely equivalent to equation (8. 152).

The first stage of the solution scheme is to obtain the integral equation in
the equivalent form of a dual series equation with exponential functions ™.
Split the kernel of the integral equation (8. 154) into singular and regular
parts,

L 0—7
sin

HV(kR(0, 7)) = %m@

‘) + H(0,7). (8. 155)

It will be supposed that the surface S is such that H(,7) is smooth and
continuously differentiable with respect to 6 and 7; this allows its expansion
in a double Fourier series,

H@O,7)= > > hope' ™07, 0,7 € [-m,xl, (8. 156)
p=—00Nn=—00

where

S S @ P+ ) [l < oc.

pP=—00 N=—00

Here the coefficients h,,, are given by
b = —— [ [ H(9, 7)1+ g 8. 157
v ) e N LL

Represent the incident function u(¢) and the solution z(7) in the form of the
Fourier series,

—2u(h) i = i gne™?, 6 ¢ [—m,7] (8. 158)

n—=—oo n=—oo

2r)= Y me™, T € [-m, 7] (8. 159)

n=—oo
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For the singular part of the Green’s function we may use the expansion

0—71

sin
2

I < /1
y=-= > em0=), 0,7 € [-m,m] (8 160)

In(2
o]

where the prime (*’) over the summation sign means that n # 0.

Inserting (8. 155)-(8. 160) into equation (8. 154) and recalling that z(7)
vanishes outside the interval [—6p, 6], we obtain a dual series equation with
exponential functions:

Z /|n|—l gneine _9 Z ema Z hn,—pgp _ Z gneinﬁ7
n=—oo n=—oo p=—00 n=—oo
0 € [—90,90], (8 161)
> e =0,  0€[-m, 0] U b,]. (8. 162)
n=-—o00

Thus the integral equation (8. 154) is converted to an equivalent dual series
equation defined on two subintervals [—, 7] with the unknowns {¢,} ~ __ to
be found.

To transform the system (8. 161)—(8. 162) with exponential kernels to a
system with trigonometric functions (cos(nf) and sin(nd)), introduce the new
unknowns

Tp = (Cn + Cfn)/ |n| y Yn = (<n - Cfn)/ |n|, (8 163)
where n = 1,2,.... Set
9t =gt Gn G =Gn—9m, (Rn=1,2,.0), (8. 164)

and define the matrices from the coefficients {hn;},° (8. 157) by

n,p=—0o0

k%—;—” = [(hn,p + hn,ﬂ)) + (hen p T hon— )] /(2 + 20n0), n,p 2 0;

kr(zJ;T) = [(hn,p hn,—p) + (h n,p h_n —p)] /(2 + 25110)7 n>0,p=>1;
koo™ = [+ hn—p) = (henp + B )] /2, n=1,p=0;
kr(in) = [(hn,p —hn fp) - (hfn p h_n 7p)] /2’ n,p > 1.

(8. 165)

We reduce the system of equations (8. 161)—(8. 162) to two coupled systems
of dual series equations with trigonometric function kernels:

an cosnb = ag + Zan cosnd, 0 €]0,00],

Z nx, cosnf = —(o, 0 € [0y, 7], (8. 166)

n=1
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and

Z Yp SInNH = Z ¢y, sinnf, 6 € [0,00],
n=1 n=1
oo
Z nyy, sinnd = 0, 0 € [0y, 7], (8. 167)
n=1
where
ao = go + 2kyy C0+QZP _k(();;i)yp)v

an = g + 2655 ¢ + 2 Z p(k$ Dz, — Ky,
p=1

=g, +2k e — QZp — k). (8. 168)

These series equations (8. 166)—(8. 167) are in a standard form, and the
regularisation procedure described in Section 2.2 of Part I may be applied
to obtain two infinite systems of linear algebraic equations for the following
re-scaled unknowns,

Xp=x,V2n, Y, =y, vV2n, Xog=2(. (8. 169)

Setting ty = cos 8y, the systems are
Yo + Z V2 Z VR [Vohly ™) = X,k ] QY o)
- (0,1)
Z 2n XOknO )Qn 1,m— 1(t0)7 (8 170)
n=1

and
-] A(1,0
=D VW) Vo [ka%ﬂ ~ Yokys )} Q1('L—1),m—1<t0)
p=1 n=1
[e%e} A 1.
= > VIn(Xoky§ ™+ gDQI 1 (1) + Xo(1 4 t0) P (1), (8. 171)

n=1

where m = 1,2,...; an additional equation, which has to be solved together
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with the equations (8. 170)—(8. 171) is
S VXK — Yk )+
p=1
(1+to) .
R IO NI LR R LR
(1+t) ¢ \/? (++) 5(0,1)
=" —(Xok P (t
2 ; n( 0n0 +gn) nfl(o)

1 1-—
— g0 — Xo {kf)g“ +3 1n((2t0))} . (8. 172)
Here )
QW) (to) = / (1 + ) POD (1) POD () dt (8. 173)
to

is the usual normalised incomplete scalar product.

The equations (8. 170)—(8. 171) and (8. 172) form a Fredholm equation
of second kind. The matrix operator H = (H,,,) of this equation is compact
in the functional space of square summable sequences Iy and the unknowns
X, Y,, are asymptotically O(n~!) asn — co. We can use a truncation method
effectively for solving the final matrix equation. As the truncation number
Ny, and the finite number Ny, of equations to be solved increases, its solution
rapidly converges to the exact solution of infinite system. The associated ma-
trix is well conditioned and the algorithm is numerically stable. The matrix
elements are in closed form; they are simple functions of the Fourier coef-
ficients hp, that may be computed practically and efficiently using the fast
Fourier transform.

As an illustration, let us calculate the scattering by a thin metallic open
cavity approximately modelling an aircraft engine duct specified with two
parameters a and g by

3
x=acosh, y=a arctan(§cosﬁ)+qsin9 )

The parameter a is fixed, a = 1 and q lies in the range 0 < g < 1. The cavity
surface (or metal) corresponds to the parameter range 6 € [—6p, 6y], whereas
the aperture is described by the range 6 € [—m,—6y] U [0, 7]. Note that
the point 6y = 0 always lies on the metal. The parameter ¢ determines the
width of the duct; its electrical length, fully closed, is approximately 2v/2ka.
Once the truncation order Ny, exceeds a threshold approximately equal to the
electrical length of the scatterer, the solution of truncated system of equations
rapidly converges to the exact solution of infinite system.

The matrix equations (8. 170)—(8. 171) and (8. 172) are well-conditioned
even near those frequencies corresponding to quasi-eigenvalues of the cavity.
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Figure 8.7
Condition numbers for cavity with 6, = 120°, ¢ = 0.5.

An example of the dependence of condition number on wavenumber is shown
in Figure 8.7. The sharp spikes on the plot correspond to quasi-eigenvalues
of the cavity.

The solution obtained to (8. 170)—(8. 171) and (8. 172) allows the cal-
culation of line current density and radar cross-section (RCS). Recalling the
definitions (8. 169) and (8. 163), we may find the function z(7) in equation
(8. 153) from the expansion (8. 159)

oo oo
Ar)=c0+ Y sne T+ e, 1€ [-m,7] (8. 174)
n=1 n=1

and calculate a line current density Z(6) that is normalized by the wave
number k,

1 1

—Z(0) = ——=2(0
In considering the representation (8. 163) and (8. 169) of the coefficients
{¢u}oe . derived from the set {X,,Y,} — __ it is easy to estimate that
(o = O(n"2) as n — oo and the general term in the series (8. 174) has the

same estimate. The series (8. 174) is slowly convergent; its convergence may
be accelerated using the technique described in the Section 4.2 of Part I.

0 € [—m, (8. 175)
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The radar cross-section opg is defined by

on= llim 2r |p| |Us (p)? (8. 176)
p|—o0

and, when normalized by the factor ma, is found by the formula

o ma? | > ’

B imT

—_— =— e _ . 8. 177

Ta ka Z Z S—n 6nm ( )
m=—oo n=—oo

Here the coefficients ¢, are the same as in (8. 174), a is characteristic linear size

of the screen (such as the radius of a circular screen etc.) and the coefficients

(B, are defined via the Fourier expansion of the incident plane wave,

e—ika(m0057+ysin7) _ Z Z ﬁnmei(n9+m7—) (8 178)

n=—oo0 m=—0oo

where 7 = m + « , and « is the angle of incidence of the plane wave to the
T-axis.

In contradistinction to the current density (8. 174) the calculation of the
scattered field in far-field zone (and the associated RCS (8. 177)) presents
few difficulties. The general series term (,,, in (8. 178) is exponentially
decreasing when |n| or |m| > kL, where kL is electrical size of the screen.

So, to obtain accurate results for the RCS calculation in equation (8. 177),

N
it is enough to take the number of terms in both set of unknowns {Xn},fzo1

, {Yn}n%:_ll to exceed kL; thus, allowing for a small margin, a sensible choice
of truncation number is Ny, > 2kL + 20.

The RCS was computed for the open duct with the wave directly incident
on the aperture (@ = 0, Figure 8.8), over the range 1 < ka < 40. The spikes
in the condition number plot (Figure 8.7) clearly define quasi-eigenvalues of
the cavity. The condition numbers at these frequencies lie in the range 10*
to 10°, thus establishing that even at these nearly resonant frequencies, the
matrix is well conditioned and the solution is stable.

8.4 Diffraction from Circular Discs.

The subject of diffraction from circular discs has a long history. It has
been intensively studied by numerous authors and by many different methods:
see, for example, [18], [15], [39], [40], [124], [85], [127], [110], [108] and [47].
Most papers deal with specific frequency range, mostly the Rayleigh scattering
region (A > a) or the high-frequency region (A < a), where a is the radius of
the disc. Such approaches are understandable from the physical point of view,
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Figure 8.8
Radar cross-section of the cavity with 6, = 120°, ¢ = 0.5.

and in both regimes the dominant scattering mechanisms are fairly clear and
predictable.

In the resonance region the disc structure exhibits some noteworthy features
such as low-amplitude oscillations in its frequency response for total or radar
cross-sections (o(ka) or op(ka)). It is convenient to consider methods that
cover all frequency bands. The regularisation methods developed in this book
are well suited to this purpose, providing an algorithm that is valid in any
frequency region, from low frequencies to quasi-optics (A < a). Of course,
as frequency increases, the order of the matrix (derived by truncation of the
relevant regularised i.s.l.a.e.) also increases, but at a reasonable rate (about
O (ka)) rather than the higher rates typical of general purpose scattering
algorithms.

We begin with the acoustic scenario. Suppose a soft or rigid disc of radius a
lies in the plane z = 0 with centre located at the origin (see Figure 8.9). The
incident plane wave propagates in the direction 7 given by @ - i , = cosa,
and its velocity potential is

Uy = exp {ik [psinacos (p — ¢o) + zcos o} (8. 179)

where, as usual, the time-harmonic dependence exp (—iwt) is suppressed. We
consider both soft and rigid (i.e., hard) discs, and denote the scattered fields
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Figure 8.9
Soft or rigid circular disc, excited by a plane wave.

by U. g(}g ) and U§f ), respectively; as usual the scattered fields are solutions of
the Helmholtz equation obeying the Sommerfeld radiation conditions.
We express the solution as the sum

Ut =Uy + USSP (8. 180)
and seek solutions for the scattered field in the form
Us(f) = Z (2 — 521) cosm (¢ — o) / gg)(y)Jm (vp) e—\/VQ—kf‘Z‘dV’
m=0 0
(8. 181)
Ui =
sgn () ) (2= 90,) cosm (¢ — o) / 9D W) I (vp) el ay,
m=0 0
(8. 182)

where Im (v#2 — k2) < 0, and the coefficients gg)(y),grgf)(u) are to be de-
termined.
Boundary conditions are formulated in the plane z = 0. In the soft case we
require
U (p,0,+0) =U" (p,0,—0) =0,p < a (8. 183)
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ouUsd oULY
= =5 . p>a, (8. 184)
z=+0 z=—0
for all ¢ € (0,27); in the rigid case we require

out out
—_— = — =0, p<a, (8. 185)
0z |0 0z |,__,

U (p,,+0) = U (p,0,-0), p > a, (8. 186)

for all ¢ € (0,27) . Enforcement of the appropriate boundary conditions leads
to the dual integral equations

[ 2 @) Intvp)dy = ~d(kpsin), p < (8. 187)
0

/ V2 = k25 (V) I (vp)dy =0, p > a (8. 188)

in the soft case, and

/ \/ﬁgﬁf)(v)(]m(up)dy =ikcosady,(kpsina), p<a (8. 189)
0

o0
/ G B W) Tm(vp)dy =0, p>a (8. 190)
0

in the rigid case; the equations (8. 187)—(8. 190) hold for all m =0,1,2,....
The appropriate asymptotically small parameters are (see also Section 8.1)

5(V7k):M—17u(u7k)— ck) _ Y

= =] - —. . 191
, 1T e, k) e o 19

Application of the Abel integral transform method transforms the dual inte-
gral equations (8. 187)—(8. 188) to the form

|G Wy -
0

(ksinap) +

(ksina)% Tt
Joo G(S W, k) Jy_1(vp)dv, p<a (8. 192)
0, p>a
where
V2 — k2
G (w) = {1+ )} o) (v) = gD (), (8. 193)
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Likewise, the dual integral equations (8. 189)—(8. 190) are transformed to the
form

o0
/ VA g (V) ],y (vp)dv =
0

icot o (ksin a)% Jmy1(ksinap) —
f ve g\ (V)e (v, k) Imsr(vp)dv,  p<a (8. 194)
0, p>a
We now convert (8. 192)—(8. 193) to a second kind i.s.l.a.e. in a familiar way
that relies on the well-known discontinuous integrals of the Weber-Schafheitlin
type

oo (m—3,0) 2/ 2
/ T3 (WP) Ty (va)dv = m+1 P : (1—-2p%/a%), p<a
0 : : 0, p>a
(8. 195)

m+ 2 P(m+ b 10)(

9,2/,2
/ It 3 (VP)op iy g (va)dv = { pmrE /@), p<a

0, p>a.
(8. 196)
Expand the unknown functions ng)( ) or g )( ) in the Neumann series
GO (v) = a(ksina)zv2 Z (4p+2m + 1) Ty Joprmes(va) (8. 197)
p=0
1 1 s
g (V) = iacot a(ksina)iv2 Z (4p + 2m + 3) Yp Joprmez (va)

p=0

(8. 198)
where the unknown coefficients ;" and y;* are to be determined.
Substitute these expansions in (8. 192)—(8. 194) and simplify using the
Weber-Schafheitlin integrals (8. 195)—(8. 196). For fixed m, the polynomials
(miévo)(
n

(0,1):

1—222) are orthogonal with respect to a certain weight function on

1 1 1
/ 22m+1+(:|:1)PT(Lm:F§’O)(1 . sz)Ps(ijf’O)(l o 222)d2 _
0

57LS
n+2m+1+(1F1)

(8. 199)

Using this property we may deduce the second kind i.s.l.a.e. satisfied by the
unknown coefficients x]* or y,"'. For fixed m, the systems are

pr am, = (8. 200)
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Zyp T = &7 (8. 201)
where n =0,1,... and

ar = [(A4p+2m+1) (4n—|—2m—|—1)] AN

pn pn>
1 Jopymyt (¢sina)
m=—(4 2 1)z 2
fn (4n +2m +1) %sina ’
Yo = [(4p +2m + 3) (4n+2m—|—3)] By,
1 Joptmas (ssina)
€M = (dn + 2m + 3)F —2F ;;ina : (8. 202)

with 32 = ka = 2ma/\ denoting relative wave number and

Ap = [T O Ty (€ (5. 203)
0
recall that (¢, » 162 — 322 — 1 and u(€, ») = e(€, %)/ (1+ (€, %)) .

Notice that the 1ntegrandb in equations (8. 203) and (8. 204) are O(£7%) as
& — 0.
Let us obtain formulae for the jump functions

(S) (8)
i U _ou (8. 205)
0z z=+0 9z z=-0
§B = UB (p, 0, +0) — UB)(p, 0, -0); (8. 206)

the functions j(°) and j® may be termed acoustic surface current densities.

(v) (R)

In terms of the functions ng or gm ' (v) the surface current densities take

the form
SO = 23" (28 cosmlp — )5S (o), (8. 207)
m=0
jW:2§j m) cosm(p = ¢0)SLP (p), (8. 208)
where " -
S0 = [ VG0 i (8. 209)
S8 = [ W) I (8. 210)
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Upon inserting the expansions (8. 197)—(8. 198) we obtain

o0

(S) . i 1 1
Sm ( ) a(ksma)? Z(4p+2m+ 1)2 W2p+m+%7m(a,p), (8 211)
p=0
i 00
S’T(nR)( ) = iacot a(ksin ) 22 4p+2m+3) W2p—21-m+3 m(a,p),
(8. 212)
where W2p Fmtd m( p) and W2p Iy ,.(a; p) are the following readily eval-

uated integrals of Weber-Schafheitlin type (with § = 0, 1),

1

oo
1 5 1
W22+m+%+§,m(a’ p) :/o V2 oyt 14 (@) T (vp)dv.

These integrals vanish when p > a, and when p < a have value

mo—m+i-§ _ —1 F(p+1) Lo m
e e gy (¢ ) T PlhemaslVE =)
2
(8. 213)

Thus the acoustic surface current densities vanish when p > a, and when
p < a have the final forms

§)(p) = (—1ymg—m+} (Fasin)®

a2 _ p2
.- O N )
Z(4p+2m+1)2 m.’l}'p P2p+m( ]. —p2/a2), (8 214)
p=0 p m 2

Si? (p) = i cotakasin )t (~1)"2 7" x

- 1 Tp+1)
g (Ap+2m+3)> ———=y ' Py . 1(V1—p?/a?) (8. 215)
p=0 Lp+m+3)"

in the soft and rigid disc cases, respectively.

The representations are very useful for two reasons. First the behaviour of
the surface current density near the edge is clearly indicated. The second is
that the boundary conditions (8. 184) and (8. 186) are clearly satisfied.

We now turn to electromagnetic scattering from circular discs. The simplest
problem concerns electromagnetic scattering by an ideally conducting circular
disc with axially symmetric excitation. As shown in Chapter 1, Maxwell’s
equations separate into two independent groups, TM type (E. # 0,H, = 0)
and TE type (H, # 0, E, = 0): see Equations (1. 86)—(1. 87). Fields of TM
type and TE type are produced by the electric and magnetic vertical dipole,
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Figure 8.10
Metallic disc excited by an electric or magnetic dipole.

respectively and it suffices to determine the azimuthal components H, and
E,, respectively.

We therefore find the total electromagnetic field resulting from the inter-
action of the vertical dipole with a perfectly conducting circular disc. The
configuration is shown in Figure 8.10. The disc has radius a and lies in the
plane z = 0. The electric vertical dipole (VED) with moment p or magnetic
vertical dipole (VMD) with moment 7 are located on the z-axis at the point
z = d. It follows from the results of Section 1.4 that the incident fields for
both polarisations are

HO 1 [ —ikp) [ e VERl—d
{Eg} 4z { ikm } Y7 = A Ji(vp)dv. (8. 216)

As always, we decompose the total field into the sums

tot __ 0 sc

HY = H) + H (8. 217)
tot __ 110 c

Bt = EO + B3 (8. 218)

in the TM and TE cases, respectively, where the oft-mentioned conditions (of
continuity, Sommerfeld radiation conditions, and boundedness of scattered
energy) dictate the following forms for the scattered field

e = 7Sgn / AT wpye ™ (8. 219)
and -
sc m —Vv2—k?|z|
Ey = y ; B(v)Ji(vp)e dv; (8. 220)

the Sommerfeld radiation conditions require that Im(v/v2 —k2?) < 0, and
A(v), B(v) are unknown spectral density functions to be determined.
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The boundary conditions for TM waves are

aHtot 8Ht0t
‘ = = =0,p<a (8. 221)
9z |10 9z |,__g
H;C(pv +0) = H;C(pa _0)7 p>a (8 222)
and those for TE waves are
EZ(p,+0) = EX(p,—0) =0, p<a (8. 223)
aESC aEsc
- = £ , p>a (8. 224)
9z z=+0 0z z=—0

Enforcement of the boundary conditions leads to the dual integral equations

/ V2 —Ek2Av) 1 (vp)dy = —ik/ e VIR 1 (bp)dy, p < a
0 0
(8. 225)
/ A(w)J1(vp)dv =0, p>a (8. 226)
0

in the TM case, and to

oo %0 - /02 _k2d ,
/0 B(v)Ji(vp)dv = —zk/o ﬁu Ji(vp)dv, p<a (8. 227)

/00 V2 —Ek2B)Ji(vp)dv =0,p > a (8. 228)
0

in the TE case.

We now make use of the previously developed mathematical tools to convert
each set of dual series equations to their regularised form. In the TE case, we
obtain

/00 I/%A(V)J% (vp)dv =
0

{ -7 V%OZ(I/)J% (vp)dv — [;° vz AW)e(v, k)Js (vp)dv, p < a

8. 229
0, p>a ’ ( )

and in the TM case we obtain

/ V%Bl(y)J% (vp)dv =
0

{ — [ vEBW) Ty (vp)dv + [J7 vE Bi(v)p(v, k)]
0, p>a

(vp)dv,p < a

1
2

(8. 230)
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where By (v) = v~ 112 — k2B(v), the parameters (v, k) and pu(v, k) are given
by the formulae (8. 191), and

—V2—k2d
a(v) = ikve V7R By = ik S — (8. 231)

As both A(v) and B(v) belong to the class Ly(0,00), we may expand them
in the Neumann series

A)=a"5v72 ) (dn+5)? an2n+ s (va), (8. 232)
n=0

Bi(v)=a 575 (4n+3)? yudo, 2 (va), (8. 233)
n=0

where the coefficients z,,y, are to be determined. A standard argument
of the type used many times previously leads to the following second kind
i.s.l.a.e. in the TM case

T + Z Tnlnm = bm, (8. 234)
n=0

where m =0,1,2,...,

o = (an-+5) -+ 5) [ X @ (s (5. 239)
by = —isc (4m + 5)* /OOO gre VO, L (6)de (8. 236)

and » = ka, ¢ = d/a; in the TE case we obtain the i.s.l.a.e.
= f: YnCrm = Fms (8. 237)

D
where m = 0,1,2,..., and

com = [0 +3) (m 4 3] [P, @y (Ot (5. 239
Fon = —iz (4m +3)? /0 € Ty () (8. 239)
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Figure 8.11
Diffraction of a plane wave by a soft or rigid elliptic disc.

8.5 Diffraction from Elliptic Plates.

Compared to the literature on circular discs, the diffraction from elliptic
discs has been rather less well studied. There appear to be only a handful of
papers dealing with this subject; for example see [53] and [9].

In Section 8.2 of Part I [1] we studied some potential problems for elliptic
plates. The principle of regularisation relies on analytic inversion of the static
(or singular) part of the appropriate operator to solve dynamic (or wave-
scattering) problems. In other words solutions of Laplace’s equation can be
exploited to treat wave-scattering problems described by the Helmholtz equa-
tion or Maxwell’s equations. Diffraction from elliptic plates is no exception
and we will exploit useful features discovered in the potential theory setting
to treat the wave-scattering problem.

To make the ideas clearer, we consider the rather simple situations of diffrac-
tion of a normally incident acoustic plane wave from soft or rigid elliptic plate.

Let the elliptic plate with minor and major semi-axes a and b, respectively,
lie in the plane z = 0 with centre located at the origin (see Figure 8.11); let
q¢ = a/b(<1). It is excited by the normally incident plane wave (7 = i .)
with velocity potential

Uy = exp(ikz). (8. 240)

Let us seek the total field solution in Cartesian coordinates; it has the obvious
symmetry
Ut (x,y,2) = U (~x,y, 2) = U (z, —y, 2).
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Decompose as usual the total field as the sum
Ut = Uy + U*S, (8. 241)

where the scattered field has the form
U*(x,y,2 / ducosuw/ duf (v, 1) cos(puy)e VYT =Rzl (8. 249)
in the soft case, and the form

U*“(x,y, 2) :sz’gn(z)/ ducosmc/ dug(v, p) cos(py)e VY12 —kIz]
0 0

(8. 243)
in the rigid case. The unknown spectral density functions f and g are to be de-
termined; the Sommer feld radiation conditionsrequirethechoiceIm(y /42 + p2 — k2) <
0.

First, consider the soft case. The boundary conditions are

Ut (z,y,+0) = U (x,y, —0) = 0, /22/b2 + y2/a? < 1, (8. 244)
8USC aUSC

= 2 /b2 2/a? > 1. 8. 245

| O v (8. 245)

Enforcement of the boundary conditions leads to the two-dimensional dual
integral equations for f,

/ ducosua:/ duf(v, p)cos(uy) = =1, Va2 /b2 +y%/a?> <1 (8. 246)
0 0

/ dv cos wc/ dpn/v? + p? — k2 f (v, 1) cos(py) = 0,
0 0
22 /b2 +y2/a? > 1. (8. 247)

It is convenient to introduce the parametrisation x = bpcos p, y = apsin
so that the equations (8. 246)—(8. 247) become

/ ducos(ubpcoscp)/ duf(v, p)cos(uapsing) = —1, p <1, (8. 248)
0 0

/ dv cos(vbp cos @) / dpN/v? + p? — k2 f(v, 1) cos(papsin p) = 0,

p>1 (8. 249)

© 2002 by Chapman & Hall/CRC



for all ¢ € (0,27). Guided by the results of section 8.2 of Part I we expand

cos(vbp cos p) cos(pap sin @) =

(2 — (5?n) Jam (V2 + @2p2bp)Tom, (qu) Tom (cosp) .

V2 + @22

o0

m=0

(8. 250)

The completeness and orthogonality of the functions Tb,, (cos¢) on (0, g)
implies that Equations (8. 248)—(8. 249) are equivalent to

/ du/ duf (v, n)Jo (\/1/2 +q2,u2bp> =-1,p<1 (8. 251)
0 0
/ dV/ du\/v? + p? — k2 f(v, p)Jo (\/V2 + unpr) =0, p>1.

0 0

(8. 252)
Let us transform these equations by introducing the new spectral variable

T =12+ ¢?u? (8. 253)

and making use of Dirichlet’s formula (see [1.135] of Part I), to

o] T F
/0 dr - 1Jy (pr)/o dZ/\/T(?V’fTi2 =—q, p<l1 (8. 254)
oo T 72— (1 — )2 — k2
/0 dr - tJy (pr)/o dvF (v, T)\/ ( = _)V2 =0, p>1
(8. 255)

where F(v,7) = f(v, V72 — 1v2/q).
Taking into account the edge condition and anticipating a form that auto-
matically satisfies (8. 255), we expand F' in a Neumann series

(2b)}

1
2

(2= (1= )P = k] S andyy s (70) (8. 256)
k=0

F(v,7) = .

where the coefficients x; are to be determined. Substitution of this form
into equation (8. 255) leads to an equation containing integrals of Weber-
Schaftheitlin type

2 — >
- Zxk / T%Jo(rbp)J2k+%(Tb)dT =0,p>1 (8. 257)
k=0 0

because, in fact, equation (8. 257) is automatically satisfied term by term, as

N

~ 2t Tn+ 1) P (VI= )
72J(7bp) Jor L1 (Th)dT = — H((1-p).
| ooy e = S a1
(8. 258)

e
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The substitution of the representation (8. 256) into (8. 254) leads to

Zxk/ Téjo(pr)J2k+%(Tb)R(T;q,If)d’r =—q, p<l1 (8. 259)
k=0 70
where
T dv
R(1;9, k =/ : 8. 260
S Y e e P M
At the static extreme (k — 0) we have
T dv K (\/ 1 - q2>
R(7:4,0) :/ = (8. 261)
o VIE- A -0 "

where K denotes the complete elliptic integral of first kind. In accordance
with the concept of regularisation let us split (8. 259). Let

ge)

so that Q(7; ¢, k) is an asymptotically small parameter obeying Q(7;q,k) =
O (k*/7?) as 7 — oo. Carrying out the obvious transformations (using [8.
258]) we rewrite (8. 259) as

Q(r;q,k)=1— R(7;q,k) (8. 262)

o~ Lk +3)
kZ_OF(kj—l)ka% ( 1- Pz) = _I(’(;]—(]2)+

(2b)% Zxk/ TﬁéQ(T;q,k)Jo(pr)JQk_,'_%(Tb)dT, p<1l. (8.263)
k=0 70

Using the orthogonality of the functions Py, (\/ 1-— p2> with respect to the

_1
weight function p (1 — p?) * on (0, 1), we may reduce equation (8. 262) to a

second kind i.s.l.a.e. for the rescaled unknown coefficients X,, = (4n + 1)_% T,

X, — Zxks,m =W,, (8. 264)
k=0

where n =0,1,2,..., and

N|=

Sin = [(4k + 1) (dn + 1)] / QT 4, ) a3 (7D) a3 (),

(8. 265)
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q L(n+1) don
K( /1—q2> L(n+3)vVin+1
An accurate evaluation of the function Q(7; ¢, k) contained in the integrand

of (8. 262) is required; in fact it is simply expressible in terms of elliptic
integrals of the first kind. When the disc is circular (¢ = 1),

W, =— (8. 266)

T _1
R(r;1,k) = 3 (7'2 — k2) 2

and Q(7;1, k) degenerates to a form that is characteristic for scattering from
a soft circular disc,

T e(r, k)
N Al e e

where (7, k) and (7, k) are defined by (8. 251). Recall that the square root
must be chosen so that Im Q(7; 1, k) < 0, so that

. _Jl1—it/VEE -T2, 1<k
Q(T’l’k)_{l—T/m,T>k. (8. 268)

The form of the parameter Q(7;1,k) reflects the fact that when 7 < k the
spectral contribution is due to propagating waves, whereas when 7 > k the
spectral contribution comprises evanescent waves that are increasingly expo-
nentially damped as 7 — oo.

Explicit evaluation of R(7; ¢, k) depends upon whether 7 < gk, gk < 7 < k
or 7 > k. When 7 < ¢k,

R = [ ()]

— q\/kjiﬂK (q%;i;) . (8. 269)

Q(r;Lk)=1-

pu(r, k) (8. 267)

When 7 € (¢k, k), let ¢(7) = Tz_q;k and then

1
V1—=@*R(7;q,k) =

e(7) dv w /T dv
0 \/ —v2) [c3(1) — v?] c

Finally when 7 > k

R(7;q,k) = ! K( LAVA ) (8. 271)
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Thus, setting & = 7b, s, = ka and sq = kb, the function 7R(7;q,k) is
representable as

TR(T:q,k) =

q\/;§§2K< 1;4 \/%§§2>,§<%¢1
1{K<V§2_”)—HK( V”5‘52)},%a<§<%b. (8. 272)

1—q2 3

\/52_7%2 V1-— q \/5272 € >
We now consider the rigid case. The boundary conditions are

aUtot
0z

aUtot
oz

x2/b2 +y?/a? <1 (8. 273)

z=+0

Uz, y,+0) = U*(z,y,~0), v/a2J0% T g2 > 1 (8. 274)
where U*¢ is sought in the form (8. 243). In a similar way to the soft case,

the rigid disc problem generates the following dual integral equations to be
solved

) T 2 _ 1— 2 2 _ 2k2
/ dTTJo(pr)/ dvG(v, T)\/T ( 2q )VVQ T _ ikq®, p<1
0 0 ™=

z=—0

(8. 275)
and
/OOdTTJ Tb/ Cwr) o s, (8. 276)
0 olrve) o Wm0 '

where G(v,7) = g(v, V72 — 1%/q).

The transformation of (8. 275)—(8. 276) to a second kind i.s.l.a.e. is quite
similar to that for the system occurring with the soft elliptic plate. The
relevant expansion of G in a Neumann series is

b o0
e > Ukois 3 (70) (8. 277)
m T?2 k=0

wl=| Dl

Gv,7) =

where the coefficients y; are to be determined. This representation automati-
cally satisfies the equation (8. 276) and transforms equation (8. 275) into the
equivalent form

L I & T(k+ 2 2
T2 (1—p7) 22Hykp2k+1( 1—02):ik 1

(k+1 E(V1-¢)

T Zyk/ dr73 Jyy s (15) Q(73.0, k) Jo(rbp), p < 1
0

~
Il
=}
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where

21— 2 _ 212
Qg k) =1— j[ \/T C)V K 1, (s, 278)
TE 1—

2_ 2

Q(7; q, k) is an asymptotically small parameter that obeys Q(7; ¢, k) = O(k?/7?)
as T — oo.

As before we use the orthogonality of the functions Pag1 (\/1 - p2> with
respect to the weight function p (1 — p2)_1 on (0,1), i.e

/01 \/%7132“1 (M) Ponta (M) dp

5kn
dx =
(@) dz = ==,

1
P
= 7 P x) Po,
/0 Vg e () P

and also use the tabulated values

! 2: T'(n+3
/ pJo(Tbp) Popt1 (v 1- PQ> dp = ba(?),]%%(rb),
0
! 5077,
/ pPonir (VI— ) dp = (5. 279)
0

in+3

A standard argument produces the second kind i.s.l.a.e. for the rescaled
coefficients Y,, = (4n + 3) " 2 yp,

Y, — j{:y’s‘R> WiR), (8. 280)
k=0

where n =0,1,2,..., and

S = [0 +3) @+ 30} [ QU R T g (70) Ty (),
0

(8. 281)
2
wim — 2 s (8. 282)
\/§E<\/1—q2)
The integral
1 7 [72 — (1 —a2) 12 — g2k2
mmﬁm¢ﬂ2;l ¢T (Tﬁl; T g (8. 283)

contained in (8. 278) may be evaluated in terms of complete elliptic integrals
of the first and second kind, depending upon the relationship between 7 and
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the wavenumbers ¢k and k. When 7 < ¢k,

2 1 2
RB) (1;4,k) = \/1—q/ A dx

1— 22

where b? = (q2k2 — 7'2) / (1 — q2) 72. When ¢k < 7 < k, set a®> = —b?, and
then

R(riak m/\/ m/ s

WT 1-q)r MT
_i«/l—q2{E <qﬁ”1k2__q:> (Z _q)T2K<qﬁV1kQ__qT:>}. (8. 285)
When 7 > k,

—x2
(139, k \/lfq/\/l_x2

_ VT q2k2E< Vi ) (8. 286)
T

72 — q2k2

It should be noted that function R (7; ¢, k) is continuous for 7 € (0, 00). When
gk < 7 < k it is possible to represent R (7;¢, k) more compactly, using the
relation [30]

dk k

dK(k) 1] 1
(k')?

E(k) — K(k)] (8. 287)

where, as usual, ¥’ = v/1 — k2 denotes the complementary modulus; thus

Riria.) = VT { b 1) T it g S s ass)

where
o VTR R
Ve Vv
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It can be shown that the jump function is given by

aUSC
0z

B aUSC
0z z=—0 a

- 2/ dv cos(vx / duf (v, ) /2 + p? — k2 cos (uy) =
_2rH(1-p) p) 1 D(k+1) 5
P ;(41@“) kap% (\/1 —p ) (8. 289)

in the soft case, and by

U= (xa Y, +0) - U (xv Y, _0) =
2/ dv cos(ym)/ dug (v, 1) cos (py) =
0 0

\f H(l—p i{)4k+3 (Z ))Ykp%(\/ p2) (8. 290)

in the hard case. We recall that the boundary of the elliptic disc is given by
p = 1. Also we note that the Heaviside function is

/\

Lp<1
H(l_p):{O/p)>1'

We conclude with some illustrative calculations for the rigid elliptic plate.
The distributions of the normalised field |U**/Up| along the major axis (in
normalised units /) on the illuminated and shadowed sides of the elliptic
plate are given in Figures 8.12 and 8.13, respectively. Three values of the
aspect ratio ¢ are examined. When ¢ = 1, the plate is a circular disc and the
results are in excellent agreement with those of [13] (p. 547).

8.6 Wave Scattering Problems for Hollow Finite Cylin-
ders.

From a topological point of view, a screen shaped as a hollow cylinder of
finite length is rather more complicated than a disc. The disc is parameterised
by a single parameter (its radius), but the hollow cylinder is specified by its
radius a and length 2; from both diffraction and computational points of view
the magnitude of the ratio a/l is extremely important. Some useful references
on this subject are to be found in [123], [45], [70] and [55].

We continue to exploit polar cylindrical coordinates in solving some wave-
scattering problems for structures with a cavity and edges.
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3.5

[

[ue U, |

Figure 8.12
Normalised field distribution on the illuminated side of the rigid
elliptic plate, for various aspect ratios (normal incidence).

Consider the hollow finite cylinder with length 2! and of circular cross-
section with radius a. It is convenient to locate it symmetrically with respect

to the z-axis, so that it is described by
p=a, p€(0,2r), z € (=,1)

as shown in Figure 8.14. An acoustic plane wave is incident at angle o with

velocity potential
Uy = Uy (p’ ()072) — eik{psinacos(cp—«po)-i-z cos a}. (8 291)
Without loss of a generality we may set ¢g = 0, and then
Uy = ez cose Z (2= 69,) i™ Jpm (kpsin o) cosmep. (8. 292)
m=0
The total solution is decomposed in a familiar way as
(8. 293)

Utot — UO + []sc7

where the scattered field U®¢ satisfies the Helmholtz equation. Now suppose
that the surface of the finite hollow cylinder is acoustically soft; the scattered
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U, |

0.6F 1\

Figure 8.13
Normalised field distribution on the shadowed side of the rigid el-
liptic plate, for various aspect ratios (normal incidence).

velocity potential is continuous across the surface p = a for all z and ¢ €
(0,27),

Usc(a—i—O,cp,z):Usc(a—O,go,z).

Taking into account the Sommerfeld radiation condition, we seek the solution
in the form

Use — Z (2 —6p,) cos m<p/ [Ap, (v) cosvz + By, (v) sinvz] x
0

m=0
I (VE? —1v%p) , p<a

Im (VE2—1v2a 1 dv 8. 294
Hgi)((‘/w_ﬂa)) H7(") (ma) »p>a ( )

where Im (\/ k2 — u2) > 0. Note when k < v,

Im ( k2 — V2p> =Jn (z 2 — kzp) =i"I, ( vZ — k2p>
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Figure 8.14
Plane wave scattering by a hollow finite cylinder.

HY (Vi = v2p) = HD (iV/v? = k)

_ %(_i)m“ Ko (V2 =12p) (8. 295)

where I,,, and K,, are modified Bessel functions of first and third kind, re-
spectively.

For the acoustically soft hollow finite cylinder the boundary conditions take
the form

U (a+0,0,2) =U" (a—0,0,2) =0, |2| <l (8. 296)
ouse ouse
- L 2l > (8. 297)
ap p=a+0 ap p=a—0

for all ¢ € (0,27). After imposing the boundary conditions we obtain the
following pair of dual integral equations for the unknown spectral density
functions A,, (v) and B, (v),

/ A (V) I, (\/ k2 — 1/2a> cosvzdy =
0

—i"™Jm (kasina) cos (kcosaz), z <1l (8. 298)
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[eS) Am
/ - @) cosvzdy =0, z>1 (8. 299)
o Hp' (VE*>—12a)

and

/ By, (V) I, (\/ k2 — V2CL> sinvzdy =
0

i I (kasina) sin (kcosaz), z <1 (8. 300)

o By, (v) _
D sinvzdy =0, z> 1. (8. 301)
0 Hp’ (VE?—1v2a)

For an acoustically rigid (hard) hollow finite cylinder we require continuity
of the normal derivative of velocity potential

oU U

= - 2 . 2
o o , ©€(0,2m),]z] < 00 (8. 302)

p=a—0

p=a+0
and the appropriate form of solution is

oo

Use — Z (2 —06p,) cos mcp/ [Ap, (v) cosvz + By, (v) sinvz] x
0

m=0
Jm(vk’Q—VQP), p<a

J (VE2—v2a (1) dv. (8 303)
me (VA2 = v2p) .p>a
The boundary conditions to be enforced across the cylindrical surface p = a,
p € (0,27) are
acﬁm
dp

anm
dp

. 2 <1 (8. 304)
p=a+0

U (a+0,0,2) =U(a—0,0,2), |z] >1 (8. 305)

for all ¢ € (0,27), and the corresponding pair of dual integral equations for
the unknown spectral density functions A, (v) and By, (v) to be determined
are

/ VEk2—1v24,, (v)J), (\/ k2 — 1/2a) cosvzdy =
0
—i"ksinaJ), (kasina)cos (kcosaz), z <1 (8. 306)
/OO Am (v)
o VEZ—2HW (VEk? — v2a)

p=a—0

cosvzdy =0, z>1 (8. 307)

and

/ Vk2—1v2B,, (v)J), (\/ k2 — 1/2a) sinvzdy =
0

— "=k sinaJ), (kasina)sin (kcosaz), z <1 (8. 308)
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> B, (v)
/0 VIE = 2HY (VA — 0%a)

The dual integral equations are of the same type as those solved in Sec-
tion 8.1; the difference lies in the choice of asymptotically small parameters
determined by the products I, (2) K, (2) and I, (z) K}, (2). When v > k,

T (V= 020) B (VIE =) =
- ’%Im (V2= #2a) Ky (Vo2 = #2a) . (5. 310)

and using the well-known asymptotic formulae (see, for example, equations
[B.164]-[B.165] of Part I [1]) we find that

imvady, (\/ k2 — V2a) HD (\/ k2 — u2a) =140 (W) (8. 311)

va

sinvzdyv = 0, z> 1 (8. 309)

as va — oo. For the soft case, the asymptotic parameter is thus chosen to be
(v, k) = 1 —imvady, (ma) HY (ma) . (8. 312)
Also when v > k,
T (VIZ=v2a) B (V2 = 1%a) =
ng;n (Vo2 —2a) K, (V32 —K2a) (5. 313)

and
2 4
irval,, (\/ k2 — V2a) H’ (\/ k2 — V2a) =1+0 (W) (8. 314)

as va — oo. The appropriate asymptotically small parameter for the rigid
case is chosen to be

w(v, k) =1—invald), (\/ k2 — 1/2a> HL (\/ k2 — VQa) : (8. 315)
We now solve equations (8. 300)—(8. 301) after writing them in the form
oo
/ b (V) [1 — e (v, k)] sinvzdy = i"rwJy, (kasina) sin (kzcosar) , z < 1
0

(8. 316)
/ Vb, (V)sinvzdy =0, z > 1 (8. 317)
0

where

By, (v) = vaHP (\/ k2 — V2a) b, (V). (8. 318)
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A standard argument transforms equations (8. 316)—(8. 317) to the form
oo 1"k cos ady, (kasina) Jy (k cos az) +
/ Vb (v) Jo (v2)dv = § [)° Vbm (v) e (v, k) Jo (v2)dv,  z<1 (8.319)
0 0, z> 1.

Making the substitution
vy (4s+ 2)% Y™ Josi1 (V1) (8. 320)
s=0

leads to the second kind i.s.l.a.e. for the unknown coefficients y;*, for each
fixed m=0,1,2,...,

= Y Y = (8. 321)
s=0

where n = 0,1, 2, ... and

Nl

Yon = [(45 + 2) (4n + 2)] /000 v le (v, k) Jasp1 (V1) Jongr (VD) dv, (8. 322)

5™ = ™ (40 + 2)F 1 (kasina) Jang (Kl cosa). (8. 323)

n

The solution of the corresponding equations (8. 298)—(8. 299) for the soft
case is quite analogous to the solution for the soft strip (see [8. 25]-[8. 26]).
First, introduce the rescaled spectral density function

fm (v) = Ay (v) /HY (ma) (8. 324)

and set
gm (V) = fm (V) = i (0). (8. 325)
Then Equations (8. 298)—(8. 299) take the form

o0
/ v g (V) cosvzdy =
0

—imafm (0) /OO Im (\/ k2 — Vza) HWD (\/ k2 — 1/2a> cosvzdy
0

— ™M rad,, (kasina) cos (k cos az)

+/ v lgm (V) e (v, k) cosvedy,  z <1, (8. 326)
0

/ gm (V) cosvzdy = 0, z> 1. (8. 327)
0
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Now use the representation (8. 77) and, suppressing details of its deduction,
the regularised system is (for each fixed m =0,1,2,...)

X7 = X = —ix W £ (0) + B, (8. 328)
k=1
where n =1,2,..., and
=" X = —in W £ (0) + B (8. 329)
k=1

in these equations we set p = a/l, » = kl and

gm (V) = i VEXT Jar, (V1) (8. 330)
k=1

Nl

= 4 bn)? [ e () T (1) o (),
0
B = —i" L apld,, (xpsina) Ja, (s cosa),

w,r p/ooo I, ( %2 — 02p> HD ( 72 — v2p> Jon (v) dv,

and
e(u,s)=1—impJy, ( w2 — u2p) HY ( w2 — u2p) . (8. 331)

We now turn to the solution of the equations (8. 306)—(8. 309) describing
the rigid case. The noteworthy feature of the regularisation process in this
case is a two-stage extraction of the singular part. At the first stage we rescale
the unknown spectral densities according to

{Am (v), Bm (v)}
{am )b ) = e i (Vi —7a)

and transform the original equations to

(8. 332)

/0°° Mam W) [1 —e1 (v, k)] cosvzdy =

i rkasin !, (kasin ) cos (kcosaz), z <1 (8. 333)

/ am (V) cosvzdy =0, z >1 (8. 334)
0
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and

/000 V2 —k2b,, (V) [1 —e1 (v, k)] sinvzdy =

—i"rkasinaJ] (kasina)sin(kcosaz), z <1l (8. 335)

/ by, (V) sinvzdy =0, z> 1. (8. 336)
0

Next extract from both equations (8. 334) and (8. 336) the previously
encountered asymptotically small parameter

/2 _ 12
€9 (V,k):%k—le(yz/kQ), as v — oo (8. 337)

and transform (8. 334)—(8. 336) to
(o)
/ Vam (V) cosvzdy = i™ M rkasin aJ), (kasin a) cos (k cos az) +
0

/ Vay, (V) o (v, k) cosvzdy, z <1l (8. 338)
0

/ am, (V) cosvzdy =0,z > 1 (8. 339)
0
and
/ Vb, (V) sinvzdy = —i"wkasin aJ), (kasin «) sin (k cos az)
0
—|—/ Vb, (v) o (v, k)sinvzdy, z <1 (8. 340)
0
oo
/ by (V) sinvzdy =0, 2z >1, (8. 341)
0
where
oW k)= (v,k)—ea(v,k)[1 —e1 (v, k)]. (8. 342)

A standard application of the Abel integral transform converts (8. 338)—(8.
340) to the pre-regularised forms

o0 i lrkasin o), (kasina) Jo (k cos az)
/ Vap, (V) Jo (v2)dv = + [° vam (v) o (v, k) Jo (vz)dv, 2 <1
0 0, z>1
(8. 343)
and

o0 —i"wkasinaJ), (kasina) Jy (k cos az)
/ Vb (V) J1 (v2)dv = + [ vby (v) 0 (v, k) Jy (v2)dv, 2 <1
0 0, z > 1.
(8. 344)
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In the familiar way, we seek solutions in the form of a Neumann series
expansion

1 & 1
am (v) = > (4s+2)2 2l Jaeir (W), (8. 345)
s=0
1 & 1
b (V) = - D (s +4)2 Yl Taega (V1) (8. 346)

Il
o

S

where the coefficients z7*,y7" are determined as the solution of the second
kind i.s.l.a.e. (for each fixed m =0,1,2,...),

ap =y aly =g, (8. 347)
s=0

yr = >y, =, (8. 348)
s=0

where n =0,1,2,... and

Nl

A = [(4s + 2) (4n + 2)] / v lo (v, k) Jass1 (V1) Janyr (V1) dl
0
B = ™M rkatan aJ), (kasina) Jo, 1 (kl cos ) (4n + 2)

/ v o (1, k) Jasyo (V1) Jangoe (V1) dv
0

[N

[SE

Eim = 4[(s +1) (n +1)]

t=-2(n+ 1)% i"rkatan o), (kasin ) Jon 1o (Kl cosa) dv.

n

This concludes our examination of the acoustic scattering problem.

Let us now, briefly, describe how to solve the analogous wave-scattering
problems for more complex structures shown in Figure 8.15. The orientation
of the incident plane wave is the same as shown in Figure 8.14. From the
variety of possible situations we consider simple plane wave-scattering by two
equal and acoustically soft finite hollow cylinders. Related structures may be
treated in a similar way.

After imposing the corresponding boundary conditions the selected problem
produces a pair of triple integral equations for the unknown spectral density
functions g, (v) and by, (v) (see equations [8. 316]-[8. 317] and [8. 326]-[8.

/000 gm (V)cos (vz)dv = —7f, (0)6(2), 0<z<h (8. 349)
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Figure 8.15

Plane wave scattering by a) two equal hollow finite cylinders, and
b) two equal cuts in an infinitely long cylindrical tube.

/ v g (V) cos (v2) dv =
0

- Im (\/ k2 — 1/2a) HD ( k2 — Z/QCL) cos (vz) dv

—imafm (0) /
0
— "™ rald,, (kasin o cos (k cos az))

o0
+/ v gm (V) e (v, k) cos (vz)dv, h<z<l (8. 350)
0

/ gm (V)cos (vz)dv =0, | < z < o0 (8. 351)
0

and -
/ Vb (V)sin (vz)dv =0, 0<z<h (8. 352)
0

(o)
/ gm (V) sin (vz) dv = i"wJ,, (kasin o) sin (kz cos a)
0

+/ b, (V) e (v, k) sin (vz)dv, h <z <1l (8. 353)
0
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(o)
/ Vb, (V) sin (vz)dv =0, | < z < 0. (8. 354)
0
We now assume a Neumann series form of solution for g,, (v) defined by (8.
330), and for b,, (v) defined by (8. 320). Equations (8. 351) and (8. 354) are
then automatically satisfied. The triple integral equations are reduced to the
dual series equations. If we set

e = VET, (8. 355)

and p = z/l (so that pg = h/l < 1), the rescaled coefficients satisfy

S kT (VI= ) = —ZIV/I= 92 (0)3(p), p€ (0.p0) (8. 356)

o0
> T T ( 1 - PQ) =
k=1
— 7 fm (0) Vin (9) + Fon () + 25 KFIOF (), p € (po,1) (8. 357)
k=1
where

Vin (p) = /000 Im (\/ k2 — V2a) HWD (\/ k2 — l/2a) cos (vip) dv

= —i"™"raJ,, (kasina) cos (kl cos ap)

—
S
~

m

D (p) = /000 v e (v, k) Jagy1 (V1) cos (vip) du. (8. 358)

In a similar way the rescaled variables given by

Y = k+§ Yk

satisfy

DN | =

N

k=0

) 7 U (VI—#7) = 0. pe (0.) (8. 359)

S (VIZ ) =W () +23 (k4 5 ) TR (0 0 € (1)
k=0
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where

sin (kl cos ap)
p

Ry (p) = ,0_1/ v e (v, k) Jopi1 (VD) sin (vip) dv. (8. 361)
0

Wi (p) = i Jy (kasin «)

It is now obvious that the trigonometric substitution,

1
co8 50 = 1—p?, (8. 362)

transforms this pair to dual series equations with the trigonometric kernels

cos (k) and sin ((k + 3) ¢). Setting cos 3o = /1 — p2, equations (8. 359)—
(8. 360) become

oo

1 1
Z<k+2>§}fsin<k+2>@=07 ¢ € (0, o)

(o)
. : . 1 m (o
W, (sm %) sm% + 28111% g (k + ) Ui Ry (sm %) € (o, )
(8. 363)

and equations (8. 356)—(8. 357) become

> KEY coskp = —Zleos £ £ (0)3(9), ¢ € (0,00)
k=1

(o)
Z ! coskp = —imafm, (0) Vi, (sin %) +Fn (sin %)
k=1

+23 " kapap (sin g) ¢ € (o). (8. 364)
k=1

The regularisation of these equations is a routine application of the procedure
developed in Chapter 2 of Part I that we omit.

We conclude this section by the consideration of an electromagnetic prob-
lem, the excitation of a hollow finite cylinder by a vertical electric dipole. It
should be noted that excitation by a magnetic vertical dipole may be treated
similarly.
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Figure 8.16
Excitation of a hollow finite cylinder by a vertical electric dipole.

The problem geometry is shown in Figure 8.16. Based on the results, ob-
tained in Chapter 1, the electromagnetic field radiated by a vertical electric
dipole (VED) is described by the z-component of an electric Hertz vector

= —

HO =1 zHOp (8 365)

where p = || is the dipole moment of the VED, and Ily is the three-
dimensional Green’s function

1 e*R 1

= — - > (1) 2 _ 2 B
W= =g A (V=20 coslv (= — d)}dv. (8. 366)

where R = 4/p? + (2 — d)2. Henceforth we set p = 1. The field components
of the dipole are

19°11 oL 0
0 _ 0 0 _ 0 0 2
Ep—; pZ,H¢_zk—p, Ez_<z+k)ﬂo. (8. 367)

As usual, we seek a solution in the form

I -+
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where the scattered potential I15¢ satisfies the Helmholtz equation (and the
components of the scattered field are defined by the analogue of [8. 367]).The
continuity condition for the tangential electric field component EJ¢ across
p=ais

EX(a+0,2) =E(a—0,2),|z]| <0 (8. 368)
and bearing in mind the Sommerfeld radiation conditions the solution form
may be chosen as

Hsczﬂ H(l)(\/lcz—z/z) (\//@_Vz)p<a y
? 4 JO(\/F) (1)(\/k27) p>a

[A(v)cosvz + B (v)sinvz]dv. (8. 369)

After imposing the boundary conditions
Ef (a+0,2) = E" (a—0,2) =0, |2] <l (8. 370)
Hif (a+0,2) =H; (a—0,2), [2]>1 (8. 371)

we obtain the pair of dual integral equations

/000 (K> —v*) A(v) Jo (\/ k2 — 1/2a) a (\/ k2 — 1/2a> cos (vz) dv
=—q /000 (k* —v?) H(gl) (\/ k2 — V2a> cos (vd) cos (vz) dv, z € (0,1)

(8. 372)
/00 A(v)cos(vz)dv =0, z € (I,00), (8. 373)
and '
/OOO (k* —v*) B (v) Jo ( - 1/2a> H, (1) ( — V2a) sin (vz) dv
= —i/o (k? ) Hy (1) ( k2 —v2? )sin(yd) sin (vz)dv, z € (0,1)
(8. 374)
/OO B()sin(vz)dv =0, z € (I,00). (8. 375)
0

Using previous results we may transform these dual integral equations to
the following,

[ABD e Yoo
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[t a—o ccam s

where o (v, k) is defined in (8. 342).
A standard argument transforms the dual integral equations (8. 376)—(8.
377) to the second kind i.s.l.a.e.

2y — Y )z, =, (8. 378)
s=0

yn = ally, =B, (8. 379)
s=0

where n =0,1,2,..., and

[SIE

oll) = [(45 + 2) (4n + 2)] /0 - vlo (v, k) Jass1 (W) Jopyr (V1) dv

a = 4[(s+2) (n+2)]2 /0 - vlo (U, k) Jasyo (V) Jopyo (V1) dv

0o 2 1.2
57(11) = ma/4n + 2/ Y ” i Hél) (\/ k2 — 1/2a) Jant1 (V1) cos (vd) dv
0

2

o) _ k2
B3 = 2rav/n + 1/ l/iHél) (\/ k2 — 1/2a) Jant1 (V1) sin (vd) dv.
0 14
Of course there is a great variety of scattering problems for structures com-
posed of hollow finite cylinders. Here we just described the major points of a
rigorous approach to the analysis of such structures.

8.7 Wave Scattering Problems for Periodic Structures.

In this section we demonstrate the applicability of regularisation methods
for the analysis of scattering by an infinite array of identical canonical scatter-
ers, so-called periodic structures. Periodic structures have been the subject of
many studies in the literature (see for example [17]), and have many impor-
tant applications such as frequency selective surfaces, antenna array design,
and so on.

Of course this theme is too vast to be studied thoroughly within one single
section, so we concentrate on two instructive examples that illustrate the
applicability of regularisation treatments. The first is the periodic structure
cousisting of infinitely long parallel strips of the same width (see Figure 8.17);
the second is a periodic linear array of identical hollow finite cylinders (see
Figure 8.18). The first example is a typical two-dimensional problem, whereas
the second is three-dimensional.
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Figure 8.17
Scattering of an incident plane wave by a periodic array of infinitely
long strips.

8.7.1 Periodic Linear Array of Strips.

We consider plane wave-scattering for a periodic linear array of either acous-
tically soft or rigid strips; this corresponds to the electromagnetic scattering
of E- or H-polarized plane waves.

The geometry of the problem is shown in Figure 8.17, where [ denotes the
period of structure, and d is the gap between two neighbouring strips; the
strip width is [ — d. If the plane wave is incident at angle [, its velocity

potential is
UO (.’E, y> _ e—ik(x cos B+y sin [3). (8. 380)

As the structure is periodic with period [ then the scattered velocity poten-
tial U*¢ (x,y) is invariant under translation in the y-coordinate by distances
that are multiples of the periodic length {. Thus, we seek a continuous func-
tion U (x,y), that satisfies everywhere except on the strips the homogeneous
Helmholtz equation

AU 4+ E*U =0, (8. 381)

and the periodicity condition
U(z,y) =U(z,y £ nl) (8. 382)

where n is an arbitrary integer. Also U (z,y) satisfies the boundary conditions
for acoustically soft strips,

d l
U (+0,9) = U (=0,9) = 0, 5 <[yl < 5 (8. 383)
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Figure 8.18

Scattering of'an incident plane wave by a periodic array of identical
hollow finite cylinders.

8Utot
-~ oz

8 Utot
ox

d
Ll <5 (8. 384)

=40 x=—0

The boundary conditions also apply at translates of the function U (z,y)
according to (8. 382).

Taking into account the Sommerfeld radiation condition, we seek the total
potential in the form

tot UO (Z‘,y) + 200:7 anei k2—7,ﬁ$ei’yny7 x>0
U™ (z,y) = - n=—00 7Y (8. 385)
Y oo bne™"V K =7ae iy r <0
where 7, = 27n/l and Im (\/k‘2 - 'y%) > 0.
The continuity condition for U? (z,y) at = 0 shows that
sin (L&l sin
— "Mﬂzn = bp: (8. 386)
sklsin 3 + nm
in the case of normal incidence (3 = 0) we have
1+ ag = by,
ap = by, n#£0. (8. 387)

After imposing the boundary conditions (8. 383)—(8. 384) we obtain the dual
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series equations

oo 1 ] d
D (K = 2)% aneY = —kao, Iyl < 5 (8. 388)
n#0
> ; d !
D (an —an) e = —ag —ag, 5 <[yl <3 (8. 389)
n#0
where (1 )
sin (s klsin g
= (D" 8. 390
“ (=1) %klsinﬁ—kmr ( )
Equation (8. 388) can be easily transformed to the form
- : i d
Z [n| any/1 — 52 /n?m2e"Y = —scag, |y| < 3 (8. 391)
™
n#0

where s = %kl. Then, identifying the asymptotically small parameter

€n =1—1/1—32/nn2 (8. 392)

that obeys e, = O (%Qn_g) as n — oo, we may split equation (8. 391) into
static and dynamic parts,

E [n|an (1 —ep) €Y =isxag, |y| < 7 (8. 393)
n#0

Simple algebraic manipulation separates the pair (8. 393)—(8. 389) into two
independent systems of dual series equations with trigonometric kernels,

Z nat (1 —¢e,)cosng = %i%ao, o € (0,¢0) (8. 394)

n=1

oo 1 o0
Z al cosng = —3 (ap + o) — Z ot cosng, ¢ € (¢o, ) (8. 395)
n=1 n=1

and
> na, (1—e,)sinng =0, ¢ € (0, o) (8. 396)
n=1
oo oo
Z a, sinng = — Z a,, sinng, ¢ € (¢o, ™) (8. 397)
n=1 n=1
where ¢ = 2ry/l and ¢¢ = wd/l, and
al = 5 (an +a—yp),
1
a, = 3 (an —a—_n), (8. 398)
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1 n #sin Gsin (s sin )

+_ 2 — (-
n =39 (o +an) = (-1 »x2sin?® f —n2x2 '
_ 1 nt1  sin (sesin )
= —(ap —a_y,) = (-1 —_s— 8. 399
“n =39 (an —a—n) =(=1) 22 sin? § — n2n2 ( )

The substitutions v = 7 — ¢ and vy = 7 — ¢ reduce equations (8. 394)—(8.
397) to the standard form (see [2.39]-[2.42] in Chapter 2 of Part I [1]),

a0+ ao—l—z (af +a;f) cosnv =0, v € (0,v0) (8. 400)
—fz%Qo + Z (1—¢e,)cosnv =0, v € (vg,m) (8. 401)
and
Z (a,, + a;, ) sinnv =0, v € (0,vp) (8. 402)
Oo:
Z "na, (1 —¢,)sinnv =0, v € (vo, ). (8. 403)

n=1

In formulae (2.39)—(2.40) of Part I we make the replacements b — 5, Zo — ag,
go — _%OZO, In — (_l)n Ap s Gn 07 gn — _(_1) O[;t, a = _57'% fO = 07
Tn — En, and f, — 0 and the final regularised form for (8. 400)—(8. 401)
is given by (2.62) and (2.60) of Part I, whereas the regularised form for (8.
402)—(8. 403) is given by (2.46) of Part I.

We now investigate the companion scattering problem for rigid strips. The
problem statement is the same as for soft strips, except that the boundary
conditions are replaced by

oute! Ut d z
= =0, = = 8. 404
IR = BRI 7R SO
d
Ut (+0,y) = U™ (—0,y), 0 < |y| < 3 (8. 405)

As before we may seek a solution in the form (8. 385). Due to the continuity
conditions on the normal derivatives of the total velocity potential across
z =0,

6Utot aUtot

l
, yl < = (8. 406)
or |,_., or |,__, 2
the relation between the coefficients a,, and b,, is
—scosf3 sin (2¢sin § + nom) +a, = b,. (8. 407)

V3?2 —n272 (sesin § + nwr)
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Enforcement of the boundary conditions (8. 404)—(8. 405) leads to the dual
series equations

oo

; d
Y. (an+fa)e™ =0, Jyl < (8. 408)
l
Z anV 7% — n2u2emY = Z gne Y, — < ly| < (8. 409)
where
1 sin (%Sinﬂ + nﬂ') »xcos 3

n=75 - 8. 410

In 2 msinf+nrw 2 —n2n2 |’ ( )

Gn = %cosﬁsm (%smﬁ—l—nﬂ'); (8. 411)

»xsin B+ nw

in the case of normal incidence (8 =0), f, =0, go = », and g, = 0 when
n>1.

It may be shown that Equations (8. 408)—(8. 409) are equivalent to a pair
of dual series equations

% (ap + fo) + Z (af + fi) cosnp =0, ¢ € (0,¢0) (8. 412)

n=1

—1
o (sea0 — go) + Z na (1 —e,)cosng =

n=1
B % > gt cosng, ¢ € (do,m) (8. 413)
n=1
and

Z (a, + f)sinng =0, ¢ € (0, o)

Z na, (1 —ep)sinng = —% ;g; sinng, ¢ € (¢o,m) (8. 414)

where, as before, a)f = 1 (an +a—y);a, = % (an — a—y). Furthermore,

1 [1_ s cos 3 ] (—1)" s¢sin Bsin (ssin )

vaLr = 5(fn+f—n):

2 %% — n2n2 22 sin’ 3 — n2m?
5t = o) = 5 (1) s gL
i = g U= o) = (14 1= B ] S e )
= 5 = go) = (1) un RO RO, (3. 415)
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Again, the equations (8. 413)—(8. 414) may be identified with the stan-
dard equations (2.39)—(2.40) and (2.41)—(2.42) of Part I, respectively, and the
regularised solution is immediately deduced from that given in Section 2.2 of
Part L

In both soft and hard cases it is possible to find approximate solutions
under the conditions ¢y <« 1 (narrow slots) or m — ¢ < 1 (narrow strips),
including the additional restriction s sin ¢g < 1 or ssin ¢; < 1, where ¢ =
T—¢p. Also analytical approximate formulae can be obtained for the Rayleigh
scattering regime (s < 1) for an arbitrary ratio d/I. These results are ready
deductions from the second kind i.s.l.a.e..

Moreover the simple structure of &, (see definition [8. 392]) allows further
analytical treatment of the dual series equations to accelerate the convergence
rate of the resultant second kind i.s.l.a.e. using the same ideas as explained
on pages 165-166 of Part I.

8.7.2 Periodic Linear Array of Hollow Finite Cylinders.

In contrast with the previous problem, the periodic structure to be consid-
ered now consists of a linear array of three-dimensional elements, hollow fi-
nite cylinders. It is a fully three-dimensional problem in the sense that the
electromagnetic scattering problem is not reducible to some equivalent acous-
tic problem, or vice versa; both wave-scattering problems must be examined
separately. For the sake of simplicity we consider the acoustic plane wave
diffraction problem for the linear array of acoustically soft hollow finite cylin-
ders forming a periodic structure. The problem geometry is shown in Figure
8.18. The orientation of the incident plane wave is the same as that for the
analogous scattering problem for a single element (see Figure 8.14).

Thus, we suppose that an infinite number of hollow finite cylinders form a
periodic structure with a period [. The length of each cylinder is | — d, where
d is the gap between neighbouring cylinders. The acoustical plane wave is
described by the velocity potential

UO _ eikz cos ozeikpsinacos(qb—qbo) (8 416)

where, due to the problem symmetry, we set ¢y = 0, without loss of generality.
As usual, we decompose the total solution as a sum

Ut =u° + U, (8. 417)
where the scattered potential U®¢ satisfies the Helmholtz equation and the

Sommerfeld radiation condition; the solution is periodic in the z-coordinate,
ie.,

Ut (p, ¢, 2) = U (p, ¢, z £ nl) (8. 418)

© 2002 by Chapman & Hall/CRC



for all integers n. Thus we seek the scattered potential in the form

U*¢(p, b, 2) Z 2—(50 Cosm¢><
m=0

00 Im( 7721_]62/)); p<a
S ] (e
N =
where 7, = 27n/l and a]* are the unknown Fourier coefficients to be deter-

mined.
The incident potential may be expressed as the product

emE (8. 419)
- k’%) p>a

U°(p,¢,2) =U° (p,¢) U° (2) (8. 420)
where
U° (p, ) = ethpsinacosa (2= 62,) Ju (kpsina) cosme (8. 421)
m=0
and
UO (Z) _ eikz cosa _ Z S (%COSQ - ’I’L’ﬂ') ei’ynz’ (8 422)

2 COSQx — nm
m=—o00

where » = kl/2. Due to the periodicity it is sufficient to impose the boundary
conditions on the desired solution only within the single spatial period |z| < é,

Ut (a+0,6,2) = U (a—0,6,2) =0, |z\<%d (8. 423)
v _ o
ap - Op

p=a+0 p=a—0

for all ¢ € (0,27).
Imposition of the boundary conditions leads to the dual series equations

(=)™ T (ka) ag* — Jm, (kasina) By + Z am™l,, (\/WG) oin?

n#0
= I d
=Jn i e ? - — = .42
(kasmoz)Zﬁ e |z] < 573 (8. 425)
n#0
2 " > ™ l—d l
( ) +1 (16;0 an, ez — O, < |Z| < -
™ Hy) (ka) 125 Ko (VA2 = F2a) 2 2
(8. 426)
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where
sin (s cos « — nr)

ﬁn:

(8. 427)

»xCoOst — nm

Introducing the parameter
€n=1-— 471' 1| L (\/'y% - k2a) K, (\/'y?l — k2a)

that is asymptotically small (¢, = O (n_Q) as n — 00), we may split (8.
425)—(8. 426) into singular and regular parts,

> AT = B — (<) T (ka) 0" + Y (B + £n A7) €77,

n#0 n#0
l _
2] < —— (8. 428)
_ 2 m -

> | Apetn® = —= (i)™ % i=d 2] < l, (8. 429)

0 m oy (ka)” 2 2

where
= |n| K (\/7,% - k2a) Agum%,

Bnm = Jm (kasina) G,. (8. 430)

It can be readily shown that equations (8. 428)—(8. 429) are equivalent to
the following pair of dual series equations containing trigonometric kernels

> 1 1 m
> antcosng = SPom = 5 (=1)" Jm (ka) ag'+

n=1
+ ) (aen + Byn) cosng, ¢ € (0,¢0) (8. 431)
n=1
an cosng = —7( i)™ H(l)( o) ¢ € (¢o, ) (8. 432)
and

Z "M sinng = Z Yn'en + Brm) sinng, ¢ € (0,¢0) (8. 433)

n=1 n=1

Z nyll sinng = 0,6 € (do, ) (8. 434)
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Figure 8.19
The waveguide cross-section (shielded microstrip line).

where ¢ = 2mz/l, ¢o = w (1 — d/l) and

{z7tyn'} =

(52_7717 r:m) =35 (ﬁnm + ﬁfn,m) . (8 435)

(A £4™,),

e

[\

The desired regularisation is again provided by the solution of the canonical
equations (2.39)—(2.40) and (2.41)—(2.42) of Part I in the form of a second
kind i.s.l.a.e.

8.8 Shielded Microstrip Lines.

In this section we consider shielded microstrip lines and examine a particular
case selected from the variety of related problems for these structures. Our
aim is to demonstrate that the method of regularisation can equally be used
for waveguide problems as well as wave-scattering problems, and may be used
to develop a full-wave analysis of such structures.

The particular geometry is shown in Figure 8.19. A thin conducting strip
of a width w is placed over lossless dielectric material of height i and relative
dielectric constant €. The structure is shielded by perfectly conducting walls.
The region above the microstrip line (|| < £L,, h <y < L) is the vacuum
region. The problem is to find accurate values of the propagation constants
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that characterise wave transmission along the waveguide (in the z-direction).
This aim can be realised by employing a full modal expansion, and imposing
the boundary conditions; regularisation methods lead to a fast converging and
stable matrix equation that can be solved in some cases analytically and in
the remainder may be solved numerically with guaranteed accuracy.

Waveguides are discussed by Jones [38] and Collin [17]. The electromagnetic
fields in such a structure are described completely by the z-components of the
electric and magnetic Hertz vectors

I = 7,00, 0™ = mm. (8. 436)
In the guided wave scenario we seek electromagnetic waves that propagate

along the positive z-axis, so that the functions II, and H/(zm) are representable

in the form
IL, (z,y, 2) = II (x,y) eP*,
0 (z,y,2) = T (2,y) 2, (8. 437)
where 3 is a propagation constant.

Using the symmetric form of Maxwell’s equations, the electromagnetic field
components are defined by the formulae

oot
E, = zﬁ% + ik 3
871'1 B ‘kaﬂ(m)
Y 0 ox
z = 92H
on orem)
g o— g
@ ik ay +1i0 o
o1l ot
H, =ik +i
y =ik ox +i6 dy
H, = g*11™ (8. 438)

where the z-subscript has been suppressed and ¢? = k? —32. The wavenumber
k refers to the vacuum or the dielectric medium as appropriate. Furthermore,
in (8. 438) we have suppressed the time harmonic dependence e~** and the
common factor e*(Fz—wt),

The traditional approach to the analysis of microstrip lines describes the
field in terms of the so-called scalar potentials 1) and ®

_oyp ko® . _ kdy 0P
E"”_aerﬁay’Hx_ ﬁ@y+8x
. _ov_kov Koy o0
Yoy Box’ Y pox Oy
g9’ 9’
E,=—=y;H, = —-i= 8. 439
ﬂll) 5 ( )
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where
Y =i, & =ipIm™. (8. 440)

The space inside the waveguide is divided into two regions, (1) |z| < %Lz;
0<y<hand (2) |z|] < $Ly; h <y < L,. Satisfaction of the Helmholtz
equation, for each region, and of the boundary conditions, on the walls of the
guide leads us to seek solutions for the scalar potentials 1)(*) and @@ (7 = 1, 2)
in the form

1/1(1) ZA sin (y,x )smh( (1) )7 (8. 441)

n=1

®W (z,y) = By cosh (040 y) ZB cos (Ynx) cosh( () ), (8. 442)

Y@ (z,y) = i C,, sin (y,,2) sinh {ag) (Ly — y)] , (8. 443)

n=1
o2 (z,y) = Dg cosh [agf) (Ly — y)} +

Z D,, cos (ynx) cosh (aS}) (L, — y)) , (8. 444)

n=1
where A,,, By, Cp, D, are unknown coefficients to be determined; furthermore
we use the notations
2nm
M= Tl =2+ 02—kl = 12+ 62 - (8. 445)
xr

where kg = w/c andky = /eko.
The continuity conditions for tangential components of the electric field at
the interface |z| < L, /2, y = h are

EM (z,h) = EP (a,h), (8. 446)
EM (z,h) = EP (x,h), (8. 447)
implying
9 ko O
9 (0 _ @) L kO (s _g@) _
5 (00 —u®) £ 22 (20— a®) =0, (5. 448)
(kf = 8%) v = (k§ — 8°) v® (8. 449)

at the interface. It follows instantly from (8. 449) that

— 32 sinh ( )
= — B ginh [047(1) (L, — h)} A (8 450)
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An additional relation follows from (8. 448)

BYn k% _ k(2) sinh (a%l)h)

D, =
ool k§ — B ginh [a,(f) (L, — h)]

An

ky ol sinh (ag)h)
kfﬁsmh [a%) (Ly — h)]

B,. (8. 451)

The last relation reflects the coupling of TE and TM waves in the microstrip
line. The coupling vanishes when the interior of the waveguide is a vacuum
(or is completely filled by homogeneous dielectric material). In this limiting
case we have

sinh ( mh)

C, = An,
sinh [an (Ly — )}
D, — snb ( l)h) B,. (8. 452)
smh [agl ) (Ly — h)}

Also, the continuity conditions, (8. 448)—(8. 449), may be re-formulated in
decoupled form,

L,
W (@, h) = ) (2,h), ol < F
d 0 L
=W (z,y)| =0 (z,y)| o[ < (8. 453)
y y=h dy y=h 2
The boundary conditions in the limiting case above are
D (2, h) =@ (2,h) =0, |z| < % (8. 454)
0 0 w L,
— W (z,y = @ (z,y ;= <lz|< =2 (8. 455
a9 ()y:h By ()y:h2|| 5 )
oo™ %)
90 @)l _ D g@ gy —o, w < (s 456)
dy y=n Oy y=h 2
L,
oW (z,1) = 8@ (2, 1), % <l < 2. (8. 457)

After imposing the boundary conditions we obtain the following decoupled
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dual series equations for the coefficients A,, and B,

oo
Z A, sinh (agll)h) sin (y,x) =0, x| < % (8. 458)
n=1

sinh (ag)Ly)

o0 L(E
Z Anolt) sin (y,2) = 0, % <|z| < - (8. 459)
n=1

sinh [ag) (Ly — h)}
and

aél) sinh (aél)h) By + Z Bpall sinh (a%l)h) cos (ypx) =0, |z| < %
n=1

(8. 460)

sinh (a(()l)Ly> 00 sinh (a%l)Ly)
sinh {a(()l) (L, — h)} o 7;1 b sinh {aﬁf) (Ly —h)

] sin (y,x) = 0,
w L,

— —. . 461
2<|ac|< 5 (8. 461)

We commence the regularization process by the rescaling

oé}) sinh (ag)Ly>

a, = A, (8. 462)
T ginh [ag) (Ly — h)}
: (1)
sinh ( oy, ' L
by = GD B,. (8. 463)

sinh [aél) (Ly — h)}

Furthermore, set ¢ = 2nz/L, and ¢9 = ww/L,. Then we introduce the
asymptotically small parameters

4o Tesinh [ag) (Ly — h)} sinh (a%l)h)

en=1— : (8. 464)
Lq ag) sinh (ag)h)
1ol sinh {aﬁf) (L, — h)} sinh (a,(})h)

pp =1 -2 ; (8. 465)

a nsinh (af'L, )

Ens fbn = O (n_Q) as n — oo.
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Taken together, we may reduce equations (8. 458)—(8. 459) and (8. 460)—(8.
461) to the desired form

Y an (1 - eq)sinng =0, ¢ € (0,0), (8. 466)
n=1

> naysinng =0, ¢ € (¢o, ) (8. 467)
n=1

and

La: 1) . 1 -
7aé ) sinh (aé )h) By + Z:lnbn (1= pn)cosng =0, ¢ € (0,00), (8. 468)

sinh (a(()l) Ly)

Bo+ S by, cosné =0, ¢ € (b, 8. 469
sinh |:Oéél) (Ly ~ h):| 0 ngl COos N ( 0 '/T) ( )

The regularised system to be derived from these dual series equations can
be immediately deduced by reference to the standard equations (2.39)—(2.40)
and (2.41)—(2.42) analysed in Part I [1]. With the identification

Vo > 403 Yn F Ans Qn > by = 057 — 05 Ry — 0 (8. 470)

the desired solution is given by the system (2.46) of Part I.
To make a proper identification of the equations (2.39)—(2.40) of Part I with
(8. 468)—(8. 469) we set ¢ = m — v; ¢o = ™ — vy and make the identification

sinh (aél)Ly>
Ty — (=1)" by; 29 — Bo;b—

sinh [a(()l) (Ly — h)} ;

L,
9o = qn = gn — 0;a — —"Ca(()l) sin (a(()l)h) :
T
fo = far— 070 — . (8. 471)

In this case the desired solution is given by the formulae (2.60) and (2.62) of
Part L.

Thus in both cases we have obtained the well-conditioned homogeneous
i.s.l.a.e of the second kind. The propagation constants are the values of g for
which there are nontrivial solutions of these homogeneous equations. Prac-
tically, this requires the finding of the roots of the determinantal equation
formed from the corresponding matrix of the truncated i.s.l.a.e., of form

det {A} =0 (8. 472)

for an appropriate matrix A. It most cases these equations are solvable nu-
merically. In a very few cases it is possible to treat them analytically at some
extreme values of the parameters.

© 2002 by Chapman & Hall/CRC



References

1]

2]

Vinogradov, S.S., Smith, P.D. and Vinogradova, E.D., Canonical Prob-
lems in Scattering and Potential Theory, Part I: Canonical Structures
in Potential Theory, Chapman & Hall/CRC, Boca Raton, FL (2001).

Abramov, A.A., Vainshtein, L.A., Dyshko, A.L. and Konyukhova, N.B.,
“Numerical investigations of the free electrical axisymmetrical oscilla-
tions of an ideally conducting prolate spheroid,” USSR Comput. Maths.
Math. Phys. (English Transl.), 29(2), 140-153 (1989).

Abramowitz, M. and Stegun, I.A., Handbook of Mathematical Func-
tions, Dover, New York, NY (1965).

ApRhys, T.L., “The design of radially symmetric lenses,” IEEFE Trans.
Antennas Propagat., AP-18(4), (1970).

Asano, S. and Yamamoto, G., “Light scattering by a spheroidal parti-
cle,” Appl. Opt., 14(1), 29-49 (1975).

Bekefi, G. and Farnell, G.W., “A homogeneous dielectric sphere as a
microwave lens,” Can. J. Phys., 34, 790-803 (1956).

Belander, P.A. and Couture, M., “Boundary diffraction of an inhomo-
geneous wave,” J. Opt. Soc. Am., 73, 446-450 (1983).

Bérenger, J.P. “A perfectly matched layer for the absorption of electro-
magnetic waves,” J. Computat. Phys. 114, 185-200 (1994).

Bjorkberg, J. and Kristensson, G., “Electromagnetic scattering by a
perfectly conducting elliptic disc,” Can. J. Phys., 65, 723-734 (1987).

Blaschak, J.G. and Kriegsmann, G.A. “A comparative study of absorb-
ing boundary conditions,” J. Comp. Phys. 77(1), 109-139 (1988).

Bleszynski, E., Bleszynski, M. and Jaroszewicz, T., “Surface integral
equations for electromagnetic scattering for impenetrable and penetra-
ble sheets,” Antennas & Propagation Mag., 35(6), 14-25 (1993).

Born, M. and Wolf, E., Principles of Optics, 3rd edition, Pergamon
Press, Oxford UK (1965).

Bowman, J.J., Senior, T.B.A. and Uslenghi, P.L.E., Electromagnetic
and Acoustic Scattering by Simple Shapes, Hemisphere Publishing
Corp., revised printing, New York, NY (1987).

©2002 CRC PressLLC



[14] Byrd, P.F. and Friedman, M.D., Handbook of Elliptic Integrals for En-
gineers and Scientists, 2nd edition (revised), Springer-Verlag, Berlin,
Heidelberg, New York NY (1971).

[15] Chako, N., “Diffraction of electromagnetic waves by circular apertures
and discs. Integral representation method,” Acta Phys. Polon., 24(5),
621-627 (1963).

[16] Clemmow, P.C., The Plane Wave Spectrum Representation of Electro-
magnetic Fields, Oxford University Press, Oxford, UK (1966).

[17] Collin, R.E., Field Theory of Guided Waves, Second edition, IEEE
Press, New York, NY (1991).

[18] Collins, W.D., “On the solution of some axisymmetric boundary value
problems by means of integral equations. V. Some scalar diffraction
problems for circular discs,” Quart. J. Mech. Appl. Math., 14(1), 101-
117 (1961).

[19] Collins, W.D., “Some scalar diffraction problems for a spherical cap,”
Arch. Ration. Mech. Analysis, 10(3), 249-266 (1962).

[20] Drabowitch, S., Papiernik, A., Griffiths, H., Encinas, J. and Smith,
B.L., Modern Antennas, Chapman & Hall, London, UK (1998).

[21] Dyshko, A.L. and Konyukhova, N.B., “Numerical investigations of
forced electrical axisymmetrical oscillations of a perfectly conduct-
ing prolate spheroid,” USSR Comput. Maths. Math. Phys. (English
Transl.), 35(5), 753-771 (1995).

[22] Engquist, B. and Majda, A., “Absorbing boundary conditions for the
numerical simulation of waves,” Math. Comp. 31, 629-651 (1977).

[23] Erdelyi, A., Magnus, W., Oberhittinger, F. and Tricomi, F.G., Higher
Transcendental Functions, vols. 1-3, Bateman Manuscript Project,
McGraw-Hill, New York NY (1953).

[24] Erdelyi, A., Magnus, W., Oberhittinger, F. and Tricomi, F.G., Tables
of Integral Transforms, Vols. 1 and 2, Bateman Manuscript Project,
McGraw-Hill, New York, NY (1954).

[25] Farafonov, V.G., “Diffraction of a plane electromagnetic-wave at a
dielectric spheroid,” Differential Equations (English Transl.), 19(10),
1319-1329 (1983).

[26] Farafonov, V.G., “Electromagnetic-wave scattering on a perfectly con-
ducting spheroid,” Radiotechnika I Electronika (in Russian), 29(10),
1857-1863 (1984).

[27] Faulkner, T.R., “Diffraction of an electromagnetic plane wave by a
metallic strip,” J. Inst. Math. Applic., 1(2), 149-163 (1965).

©2002 CRC PressLLC



[28] Felsen, L.B. and Marcuvitz , N. Radiation and Scattering of Waves,
Prentice-Hall, London, UK (1973).

[29] Flammer, C., Spheroidal Wave Functions, Stanford University Press,
Stanford, CA (1957).

[30] Gradshteyn, I.S. and Rhyzik, I.M., Tables of Integrals, Series and Prod-
ucts, 5th edition (edited by A. Jeffrey), Academic Press, San Diego, CA
(1994).

[31] Harrington, R.F., Field Computation by Moment Methods, Macmillan,
New York, NY (1968).

[32] Heins, A.E., “On an integral equation in diffraction theory,” Composito
Math., 18(1-2), 49-54 (1966).

[33] Hyge, G. and Spencer, R.C., “Studies of the focal region of a spherical
reflector: polarisation effects,” IEEE Trans. Antennas Propagat., AP-
16(4), 399-404 (1968).

[34] Jain, D.L. and Kanwal, R.P., “Acoustic diffraction by a rigid annular
spherical cap,” Trans. ASME, E39(1), 139-147 (1971).

[35] James, G.L., The Geometrical Theory of Diffraction, Institution of Elec-
trical Engineers, London UK (1976).

[36] Johnson, W.A. and Ziolkowski, R.W., “The scattering of H-polarised
plane waves from an axially slotted infinite cylinder: a dual series ap-
proach,” Radio Sci., 19(1), 275-291 (1984).

[37] Jomes, D.S. and Noble, B., “The low-frequency scattering by a perfectly
conducting strip,” Proc. Camb. Phil. Soc., 57(2), 364-366 (1961).

[38] Jones, D.S., The Theory of Electromagnetism, Pergamom Press, Oxford,
UK (1964).

[39] Jones, D.S., “Diffraction at high frequencies by a circular disc,” Proc.
Camb. Phil. Soc., 65(1), 223-245 (1965).

[40] Jones, D.S., “Diffraction of a high-frequency plane electromagnetic wave
by a perfectly conducting circular disc,” Proc. Camb. Phil. Soc., 61(1),
241-270 (1965).

[41] Jones, D.S., Acoustic and Electromagnetic Waves, Oxford University
Press, Oxford, UK (1986).

[42] Jones, D.S., Methods in FElectromagnetic Wave Propagation, Oxford
University Press, Oxford, UK (1994).

[43] Jones, R.K. and Shumpert, T.H., “Surface currents and RCS of a spher-
ical shell with a circular aperture,” IEEE Trans. Antennas Propagat.,
AP-28(1), 128-132 (1980).

©2002 CRC PressLLC



[44] Kantorovich, L.V. and Akilov, G.P., Functional analysis in normed
spaces, Pergamom Press, Oxford, UK (1974).

[45] Kao, C.C., “Electromagnetic scattering from a finite tubular cylinder:
numerical solutions,” Radio Sci., 5(3), 617-624 (1970).

[46] Keller, J.B., “Geometric theory of diffraction,” J. Opt. Soc. Am., 1962,
52, 116-130.

[47] Khizhnyak, A.N. and Vinogradov, S.S., “Scalar plane wave diffraction
by finite number of equidistant coaxial circular discs,” Microwave and
Optical Technology Letters, 17(5), 328-332 (1998).

[48] Kildal, P.S., “Studies of elements patterns and excitations of the line
feeds of the spherical reflector antenna in Arecibo,” IEEE Trans. An-
tennas Propagat., AP-34(2), 197-207 (1986).

[49] King, R.W.P. and Wu, T.T., The Scattering and Diffraction of Waves,
Harvard University Press, Cambridge, MA (1959).

[50] Komarov, I.V., Ponomarev, L.I. and Slavyanov, S.Yu., Spheroidal and
Coulomb’s Spheroidal Functions, Nauka, Moscow, Russia (1976).

[51] Koshparenok, V.N. and Shestopalov, V.P., “Diffraction of a plane elec-
tromagnetic wave by a circular cylinder with a longitudinal slot,” USSR
Comput. Maths. Math. Phys. (English Transl.), 11(3), 222-243 (1971).

[52] Kraus, J.D., Antennas, Second edition, McGraw-Hill, New York, NY
(1988).

[53] Kristensson, G., “Acoustic scattering by a soft elliptic disc,” J. Sound
and Vibration, 103(4), 487-498.

[54] Kumar, A. and Hristov, H.D., Microwave Cavity Antennas, Artech
House (1989).

[55] Lapta, S.I. and Sologub, V.G., “Scattering of a dipole field by a short
segment of circular waveguide,” Izv. Vuz. Radiofiz. (in Russian), 16(10),
1588-1598 (1973).

[56] Lebedev, N.N and Skalskata, I.P., “Applying dual integral equations to
the electromagnetic diffraction problem for thin conducting strip,” Zh.
Tekh. Fiz. (in Russian), 42(4), 681-690 (1972).

[57] Li, L.W., Leong, M.S., Yeo, T.S., Kooi, P.S. and Tan, K.Y., “Computa-
tions of spheroidal harmonics with complex arguments: a review with

an algorithm,” Physical Review E, 58(5), 6792-6806 (1998).

[58] Luneberg, R.K., The Mathematical Theory of Optics, Brown University
Press, Providence, RI (1944).

©2002 CRC PressLLC



[59] Mautz, J.R. and Harrington, R.F., “Electromagnetic penetration into
a conducting circular cylinder through a narrow slot, TM case,” J.
Electromagn. Waves Appl., 2(3/4), 269-293 (1988).

[60] Mautz, J.R. and Harrington, R.F., “Electromagnetic penetration into a
conducting circular cylinder through a narrow slot, TE case,” J. Elec-
tromagn. Waves Appl., 3(4), 307-336 (1989).

[61] Mieras, H., “Radiation pattern computation of a spherical lens using
Mie series,” IEEE Trans. Antennas Propagat., AP-30(6), 1221-1224
(1982).

[62] Miles, J.W., “Potential and Rayleigh-scattering theory for a spherical
cap,” Quart. Appl. Math., 29(1), 109-123 (1971).

[63] Miles, J.W., “Scattering by a spherical cap,” J. Acoust. Soc. Am., 50(3),
892-903 (1971).

[64] Miller, E.K., Medgyesi-Mitschang, L. and Newman, E.H. (Editors),
Computational FElectromagnetics: Frequency-Domain Method of Mo-
ments, IEEE Press, New York, NY (1992).

[65] Morse, P.M. and Feshbach, H., Methods of Theoretical Physics, Part 11,
McGraw-Hill, New York, NY (1953).

[66] Nag, S. and Sinha, B.P., “Electromagnetic plane wave scattering by
a system of two uniformly lossy dielectric prolate spheroids in arbi-
trary orientation,” IEEE Trans. Antennas Propagat., AP-43(3), 322-
327 (1995).

[67] Nicolsky, V.V., Electromagnetics and Propagation of Radio Waves (in
Russian), Nauka, Moscow, Russia (1973).

[68] Norris, A.N., “Complex point-source representation of real point sources
and the Gaussian beam summation method,” J. Opt. Soc. Am., 3, 2005-
2010 (1986).

[69] Norris, A.N. and Hansen, T.B., “Exact complex source representation
of time-harmonic radiation,” Wave Motion, 25, 127-141 (1997).

[70] Pereira, C.S. and Tai, C.T., “Cylindrical ground-clutter shield,” IEFE
Trans. Antennas Propagat., AP-24(2), 208-216 (1976).

[71] Peterson, A.F., Ray, S.L. and Mittra, R., Computational Methods for
FElectromagnetics, IEEE Press, New York, NY (1998).

[72] Petropoulos, P.G., “Fourth-order accurate staggered finite difference
schemes for the time-dependent Maxwell equations,” in Smith, P.D. and
Jarvis, R.J., (Editors), Ordinary and Partial Differential Equations V,
Pitman Research Notes in Mathematics 370, 85-104, Addison Wesley
Longman, Harlow, UK (1997).

©2002 CRC PressLLC



[73] Radin, A.M. and Shestopalov, V.P., “Diffraction of waves by sphere
with holes,” Doklady Akademii Nauk SSSR (in Russian), 212(4), 838-
841 (1973).

[74] Ramo, S., Whinnery, J.R. and Van Duzer, T., Fields and Waves in
Communication Electronics, Third edition, John Wiley & Sons, Inc.,
New York, NY (1994).

[75] Lord Rayleigh, “Theory of the Helmholtz resonator,” Proc. Roy. Soc.
Lond., Ser. A, 92, 265-275 (1915).

[76] Rudge, A.W., Milne, K., Olver, A.D. and Knight, P., The handbook of
antenna design, vol. 1, Peter Peregrinus Ltd, London, UK (1982).

[77] Ruck, G.T., Barrick, D.E., Stuart, W.D. and Krichbaum, C.K., Radar-
Cross Section Handbook, Vols. I and II, Plenum Press, New York NY
(1970).

[78] Sakurai, H., Hashidate, T., Ohki, M., et al., “Electromagnetic scattering
by the Luneberg lens with reflecting cap,” IEEE Trans. Electromayg.
Compat., EMC-40(2), 94-96 (1998).

[79] Shestopalov, V.P., Series Equations in Modern Diffraction Theory,
Naukova dumka, Kiev, Ukraine (1983).

[80] Shestopalov, V.P., Tuchkin, Yu.A., Poedinchuk, A.E. and Sirenko,
Yu.K., New Methods of Solving Direct and Inverse Diffraction Prob-
lems (in Russian), Osnova, Kharkiv, Ukraine (1997).

[81] Smith, P.D., “Time domain integral equation techniques in electro-
magnetic scattering,” in Serbest, A.H. and Cloude, S.R. (Editors), Di-
rect and Inverse FElectromagnetic Scattering, Pitman Research Notes
in Mathematics 361, 171-188, Addison Wesley Longman, Harlow, UK
(1996).

[82] Smith, P.D. and Vinogradova E.D., “Radiation from an open spheroi-
dal antenna with an impedance surface coating,” Proc. Int. Conf. Elec-
tromagnetics in Advanced Applications (ICEAA 99), 293-296, Torino,
Italy, September 1999.

[83] Smith, P.D. and Vinogradova, E.D.,“Mixed boundary value problems of
diffraction theory: the spheroidal cavity,” Proc. Int. Conf. Mathematical
and Numerical Aspects of Wave Propagation (WAVES’2000), Santiago
de Compostela, Spain, July 2000, 246-252.

[84] Sneddon, I.N., Mized Boundary Value Problems in Potential Theory,
North-Holland Publishing Company, Amsterdam, Holland (1966).

[85] Sologub, V.G., “High frequency asymptotics of a solution of the diffrac-
tion problem for a circular disc,” USSR Comput. Maths. and Math.
Phys. (English Transl.), 12(2), 388-412 (1972).

©2002 CRC PressLLC



[86] Spahn, R.J., “The diffraction of a plane wave by an infinite slit,” Quart.
Appl. Math., 40(1), 105-110 (1982).

[87] Spencer, R.C. and Hyge, G., “Studies of the focal region of a spheri-
cal reflector: geometric optics,” IEEE Trans. Antennas Propagat., AP-
16(3), 317-324 (1968).

[88] Stratton, J.A., Electromagnetic Theory, McGraw-Hill, New York, NY
(1941).

[89] Suedan, G.A. and Jull, E.V., “Scalar beam diffraction by a wide circular
aperture,” J. Opt. Soc. Am., 5(10), 1629-1634 (1988).

[90] Szegd, G., Orthogonal polynomials, American Mathematical Society,
Colloquium publications, Vol. 23, Providence, RI (1939).

[91] Tai, C.T., “Electromagnetic theory of spherical Luneberg lens,” Appl.
Sci. Res., Ser B, 7, 113-130 (1958).

[92] Thomas, D.P.; “Diffraction by a spherical cap,” Proc. Camb. Phil. Soc.,
59(1), 197-209 (1963).

[93] Tikhonov, A.N. and Samarskii, A.A., Equations of Mathematical
Physics, Pergamon Press, Oxford UK (1963).

[94] Tuchkin, Yu.A., “Wave scattering by open cylindrical screens of arbi-
trary profile with Dirichlet boundary conditions,” Sov. Physics Doklady
(English Transl.) 30(12), 1027-1029 (1985).

[95] Uslenghi, P.L.E. and Zich, R.E., “Radiation and scattering from isore-
fractive bodies of revolution,” IEEE Trans. Antennas Propagat., AP-
46(11), 1606-1611 (1998).

[96] Vaid, B.K. and Jain, D.L., “Acoustic diffraction by two concentric coax-
ial soft spherical caps,” J. Eng. Math., 8(2), 81-88 (1974).

[97) Van de Hulst, H.C., Light Scattering by Small Particles, John Wiley
and Sons, New York, NY (1957).

[98] Vinogradov, S.S., Radin, A.M. and Shestopalov, V.P., “Diffraction of
the field of a vertical dipole by a spherical segment,” Doklady Akademii
Nauk Ukrainskoi SSR (in Russian), Ser. A, N8, 2741-2745 (1976).

[99] Vinogradov, S.S. and Shestopalov, V.P., “Solution of a vectorial scat-
tering problem for a sphere with a hole,” Doklady Akademii Nauk SSSR
(in Russian), 237(1), 60-63 (1977).

[100] Vinogradov, S.S., Tuchkin, Yu.A. and Shestopalov, V.P., “An effective
solution of paired summation equations with kernels in the form of
Legendre associated functions,” Sov. Physics Doklady (English Transl.),
23(9), 650-651 (1978).

©2002 CRC PressLLC



[101]

[102]

103]

[104]

[105)

[106]

[107]

[108]

109]

[110]

[111]

[112]

[113]

Vinogradov, S.S., Tuchkin, Yu.A. and Shestopalov, V.P., “An effec-
tive solution of dual series equations involving associated Legendre
functions,” Doklady Akademii Nauk SSSR (in Russian), 242(1), 80-83
(1978).

Vinogradov, S.S., “Soft spherical cap irradiated by a plane sound wave,”
USSR J. Math. Physics and Comp. Math. (English Transl.), 5 (1978).

Vinogradov, S.S., Tuchkin, Yu.A. and Shestopalov, V.P., “Summator
equations with kernels in the form of Jacobi polynomials,” Sov. Phys.
Doklady (English Transl.), 25(7), 231-232 (1980).

Vinogradov, S.S., Tuchkin, Yu.A. and Shestopalov, V.P., “Investiga-
tion of the dual series equations involving Jacobi polynomials,” Doklady
Akademii Nauk SSSR (in Russian), 253(2), 318-321 (1980).

Vinogradov, S.S., Wave Scattering by Unclosed Spherical Shells (in Rus-
sian), Kharkov University Press, Dissertation for Degree of Candidate
of Science in the Physical and Mathematical Sciences, Kharkhov State
University Press (1980).

Vinogradov, S.S., Tuchkin, Yu.A. and Shestopalov, V.P., “On the the-
ory of the scattering of waves by nonclosed screens of spherical shape,”
Sov. Physics Doklady (English Transl.), 26(2), 169-171 (1981).

Vinogradov, S.S., Tuchkin, Yu.A. and Shestopalov, V.P., “On the
Abel transformation in diffraction problem for a thin strip,” Doklady
Akademii Nauk SSSR (in Russian), 267(2), 330-334 (1982).

Vinogradov, S.S., “Plane wave diffraction by the structure consisting
of an absolutely rigid disc and a spherical mirror,” Doklady Akademii
Nauk Ukrainskoi SSR (in Russian), Ser. A, N7, 55-59 (1983).

Vinogradov, S.S. and Shestopalov, V.P., “On one class of integro-series
equations of diffraction theory,” Sov. Physics Doklady (English Transl.),
28(6), 449-450 (1983).

Vinogradov, S.S.,; “On one method of solving the diffraction problem
for a thin disc,” Doklady Akademii Nauk Ukrainskoi SSR (in Russian),
Ser. A, N6, 37-40 (1983).

Vinogradov, S.S., “Reflectivity of a spherical shield,” Radiophys. Quan-
tum Electron. (English Transl.), 26(1), 78-88 (1983).

Vinogradov, S.S. and Sulima, A.V., “Investigation of the absorption
cross-section for a partially screened dielectric sphere,” Radiophys.
Quantum Electron. (English transl.), 26(10), 1276-1281 (1983).

Vinogradov, S.S. and Lutsenko, E.D.; “Calculation of electrostatic fields
of spheroidal shells with two circular holes,” Elektrichestvo (in Russian)
2, 52-56, (1988).

©2002 CRC PressLLC



[114]

[115]

[116]

[117]

[118]

[119]

[120]

[121]

[122]

[123]
[124]
[125]

[126]

Vinogradov, S.S. and Sulima, A.V., “Investigation of a Poynting vector
flux inside a partially shielded dielectric sphere,” Radiophys. Quantum
Electron. (English Transl.), 32(2) (1989).

Vinogradov, S.S., Vinogradova, E.D.; Nosich, A.I., et al., “Analytical
regularisation based analysis of a spherical reflector symmetrically illu-
minated by an acoustic beam,” J. Acoust. Soc. Am., 107(6), 2999-3005
(2000).

Vinogradova, E.D., “Plane wave diffraction on an ideally rigid thin
spheroidal screen,” Doklady Akademii Nauk Ukrainskoi SSR (in Rus-
sian), Ser. A, N5, 36-40 (1991).

Vinogradova, E.D., “On the theory of resonant spheroidal antenna,”
Proc. Electromagnetic Theory Symposium, 501-502, St.Petersburg, Rus-
sia, May 1995.

Vinogradova, E.D., “Analysis of radiation of a surface spheroidal an-
tenna,” IEEE Antennas & Propagation Society Symposium, Baltimore,
July 1996.

Vinogradova, E.D. and Smith, P.D., “Impact of a hollow spheroi-
dal cylinder on electric dipole radiation features,” Proc. Int. Conf.
Mathematical Methods in EM Theory (MMET*98), 760-762, Kharkov,
Ukraine, June 1998.

Vinogradova, E.D. and Smith, P.D., “Radiation of the Shielded Spheroi-
dal Antenna,” IEEE Antennas & Propagation Society Symposium, 296,
Atlanta, GA, June 1998.

Volakis, J.M., Senior, T.B.A., Legault, S.R., Ozdemir, T. and Cas-
ciato, M., “Artificial absorbers for truncating finite mesh elements,”
in Serbest, A.H. and Cloude, S.R. (Editors), Direct and Inverse Elec-
tromagnetic Scattering, Pitman Research Notes in Mathematics 361,
15-24, Addison Wesley Longman, Harlow, UK (1996).

Wait, J.R., “Electromagnetic radiation from spheroidal structures,” in
Collin, R.E. and Zucker, F.J., Antenna theory, vol. 2, 523-529, McGraw-
Hill, New York, NY (1969).

Williams, W.E., “Diffraction by a cylinder of finite length,” Proc. Camb.
Phil. Soc., 52, 322-335 (1956).

Williams, W.E., “High frequency diffraction by a circular disc,” Proc.
Camb. Phil. Soc., 7T1(2), 423-430 (1972).

Wolfe, P., “The diffraction of waves by slits and strips,” SIAM J. Appl.
Math., 19(1), 20-32 (1970).

Wolfe, P., “Diffraction of a plane wave by a strip: exact and asymptotic
solutions,” STAM J. Appl. Math., 23(1), 118-132 (1972).

©2002 CRC PressLLC



[127] Wolfe, P., “Diffraction of a plane wave on a circular disc,” J. Math.
Anal. Appl., 67(1), 35-57 (1979).

[128] Ziolkowski, R.W. and Johnson, W.A., “Electromagnetic scattering of an
arbitrary plane wave from a spherical shell with a circular aperture,” J.
Math. Phys., 28(6), 1293-1324 (1987).

[129] Ziolkowski, R.W., Marsland, D.P., Libelo, L.F. and Pisane, G.E., “Scat-
tering from an open spherical shell having a circular aperture and enclos-
ing a concentric dielectric sphere,” IEEE Trans. Antennas Propagat.,
AP-36, 985-999 (1988).

©2002 CRC PressLLC



	Canonical Problems in Scattering and Potential Theory, Part II: Acoustic and Electromagnetic Diffraction by Canonical Structu
	Table of Contents
	Preface

	c1631ch01.pdf
	Canonical Problems in Scattering and Potential Theory, Part II: Acoustic and Electromagnetic Diffraction by Canonical Structu
	Table of Contents
	Chapter 1: Mathematical Aspects of Wave Scattering.
	1.1 The Equations of Acoustic and ElectromagneticWaves.
	1.2 Solution of the Helmholtz Equation: Separation of Variables.
	1.3 Fields of Elementary Sources. Green’s Functions.
	1.4 Representations of Incident Electromagnetic Waves.
	1.5 Formulation of Wave Scattering Theory for Structures with Edges.
	1.6 Single- or Double-Layer Surface Potentials and Dual Series Equations.
	1.7 A Survey of Methods for Scattering.
	References



	c1631ch02.pdf
	Canonical Problems in Scattering and Potential Theory, Part II: Acoustic and Electromagnetic Diffraction by Canonical Structu
	Table of Contents
	Chapter 2: Acoustic Diffraction from a Circular Hole in a Thin Spherical Shell.
	2.1 Plane Wave Diffraction from a Soft or Hard Spherical Cap.
	2.2 Rigorous Theory of the Spherical Helmholtz Resonator.
	2.3 Quasi-Eigenoscillations: Spectrum of the Open Spherical Shell.
	2.4 Total and Sonar Cross-Sections.
	2.4.1 Rayleigh Scattering.
	2.4.2 Resonance Region.
	2.4.3 High Frequency Regime.

	2.5 The Mechanical Force Factor.
	2.6 The Focal Region of a Spherical Reflector Antenna.
	2.7 The Transmitting Spherical Reflector Antenna.
	2.7.1 Complex Point Source.
	2.7.2 Regularised Solution and Far-Field Characteristics.
	2.7.3 Numerical Results.

	References



	c1631ch03.pdf
	Canonical Problems in Scattering and Potential Theory, Part II: Acoustic and Electromagnetic Diffraction by Canonical Structu
	Table of Contents
	Chapter 3: Acoustic Diffraction from Various Spherical Cavities.
	3.1 The Hard Spherical Barrel and Soft Slotted Spherical Shell.
	3.2 The Soft Spherical Barrel and Hard Slotted Spherical Shell.
	3.3 Helmholtz Resonators: Barrelled or Slotted Spherical Shells.
	3.4 Quasi-Eigenoscillations of the Spherical Cavity.
	3.5 Total and Sonar Cross-Sections; Mechanical Force Factor.
	References



	c1631ch04.pdf
	Canonical Problems in Scattering and Potential Theory, Part II: Acoustic and Electromagnetic Diffraction by Canonical Structu
	Table of Contents
	Chapter 4: Electromagnetic Di raction from a Metallic Spherical Cavity.
	4.1 Electric or Magnetic Dipole Excitation.
	4.1.1 The Vertical Electric Dipole (TM Case).
	4.1.2 The Vertical Magnetic Dipole (TE Case)

	4.2 Plane Wave Di raction from a Circular Hole in a Thin Metallic Sphere.
	4.3 Reflectivity of Open Spherical Shells.
	4.4 The Focal Region of a Receiving Spherical Reflector Antenna.
	4.5 The Transmitting Spherical Reflector Antenna.
	4.5.1 The Complex-Point Huygens Source: Debye Potentials.
	4.5.2 Excitation of the Reflector by a CPHS.
	4.5.3 Numerical Results

	References



	c1631ch05.pdf
	Canonical Problems in Scattering and Potential Theory, Part II: Acoustic and Electromagnetic Diffraction by Canonical Structu
	Table of Contents
	Chapter 5: Electromagnetic Di raction from Various Spherical Cavities.
	5.1 EM PlaneWave Scattering by Two Concentric Spherical Shells.
	5.2 Dipole Excitation of a Slotted Sphere.
	5.2.1 The Vertical Electric Dipole.
	5.2.2 The Vertical Magnetic Dipole

	5.3 DipoleExcitationof Doubly-ConnectedSpherical Shells.
	5.4 Plane Wave Di raction: Perfectly Conducting Slotted Spherical Shell.
	5.5 Magnetic Dipole Excitation of an Open Spherical Resonator.
	5.6 Open Resonators Composed of Spherical and Disc Mirrors.
	References



	c1631ch06.pdf
	Canonical Problems in Scattering and Potential Theory, Part II: Acoustic and Electromagnetic Diffraction by Canonical Structu
	Table of Contents
	Chapter 6: Spherical Cavities with Spherical Dielectric Inclusions.
	6.1 Resonant Cavity Heating of a Small Lossy Dielectric Sphere.
	6.2 Reflectivity of a Partially Screened Dielectric Sphere.
	6.3 The Luneberg Lens Reflector.
	References



	c1631ch07.pdf
	Canonical Problems in Scattering and Potential Theory, Part II: Acoustic and Electromagnetic Diffraction by Canonical Structu
	Table of Contents
	Chapter 7: Diffraction from Spheroidal Cavities.
	7.1 Regularisation in Spheroidal Coordinates.
	7.2 Acoustic Scattering by a Rigid Spheroidal Shell with a Circular Hole
	7.3 Rigorous Theory of the Spheroidal Helmholtz Resonator.
	7.4 Axial Electric Dipole Excitation of a Metallic Spheroidal Cavity.
	7.5 Axial Magnetic Dipole Excitation of a Metallic Spheroidal Cavity.
	7.6 Axial Electric Dipole Excitation of a Spheroidal Barrel.
	7.6.1 The Series Equations with Odd Index Coe cients.
	7.6.2 The Series Equations with Even Index Coe cients.
	7.6.3 Numerical Results.

	7.7 Impedance Loading of the Spheroidal Barrel.
	7.8 Spheroid Embedded in a Spheroidal Cavity with Two Holes.
	References



	c1631ch08.pdf
	Canonical Problems in Scattering and Potential Theory, Part II: Acoustic and Electromagnetic Diffraction by Canonical Structu
	Table of Contents
	Chapter 8: Wave Scattering Problems for Selected Structures.
	8.1 Plane Wave Diffraction from Infinitely Long Strips.
	8.2 Axially Slotted Infinitely Long Circular Cylinders.
	8.3 Axially Slotted Cylinders of Arbitrary Profile.
	8.4 Diffraction from Circular Discs.
	8.5 Diffraction from Elliptic Plates.
	8.6 Wave Scattering Problems for Hollow Finite Cylinders.
	8.7 Wave Scattering Problems for Periodic Structures.
	8.7.1 Periodic Linear Array of Strips.
	8.7.2 Periodic Linear Array of Hollow Finite Cylinders.

	8.8 Shielded Microstrip Lines.
	References



	c1631ref.pdf
	Canonical Problems in Scattering and Potential Theory, Part II: Acoustic and Electromagnetic Diffraction by Canonical Structu
	Table of Contents
	References



